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Preface

In Spring 2004 I obtained the opportunity to write a book of my researches
on mathematical fixed-point theory and economic equilibrium from Profes-
sor Tatsuro Ichiishi, the editor (in that period) of this monograph series. I
had written several papers on a certain general class of fixed-point theorems
(that are treated in Chapter 2 of this book), and he suggested that I develop
those arguments into a monograph and submit it to his series. Since then,
for five years, I have devoted myself to this special task: the existence
of economic equilibria and fixed-point arguments in general topological
spaces. Usually, researches in my area (economic theory) are first supplied
as relatively short papers, so writing a book based on a certain subject
without being bothered by restrictions of pages or contents (except for the
minimal ones that I had written in the prospectus), and the development
of discussions is an ideally luxurious condition. With this opportunity, I
could explore many topics that I had never intended to visit; e.g., almost
all equilibrium arguments are given under one of the most general abstract
convexity structures without vector space structures (Chapters 3-5); fixed-
point arguments are related to the Vietoris-Cech homology theory and the
extension theorems for the Lefschetz number and fixed-point indexes are
obtained (Chapters 6 and 7); the fixed-point and equilibrium arguments
are reconsidered from the methodological viewpoint of social science to
give extensional arguments for Gédel’s Second Incompleteness Theorem and
Tarski’s Truth Definition Theorem (Chapter 9), and the final development
into the perspective for human rationality as a fixed-point view of the world
(Chapter 10). I am very grateful to Professor Ichiishi for giving me this
fantastic experience.

vii
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1 This Book’s Outline

The material included does not comprehensively cover every topic of
mathematical economics; instead, I have collected the principal results and
issues from (1) the central topics of the foundation of general equilibrium
analysis, and (2) what seems highly mathematical and abstract but crucial
from a methodological viewpoint in the social sciences. The former includes
fixed-point theorems for multivalued mappings (Chapter 2), the existence
of Nash and generalized Nash equilibria (Chapter 3), market equilibrium
(Gale-Nikaido-Debreu) theorems (Chapter 4), and general equilibrium
theory with non-ordered preferences and infinite dimensional commodity
spaces (Chapter 5). The latter includes homological (algebraic) methods
in fixed-point arguments (Chapter 6), a homological type of index theory
(Chapter 7), and axiomatic set theory with mathematical logic as the most
fundamental method to describe objects in the social sciences (Chapter 9).

In addition, there is a general introduction for basic tools (Chapter 1),
a chapter on miscellaneous arguments about closely related issues (Chap-
ter 8), a concluding discussion (Chapter 10), and appendices for further
mathematical study and supplemental theorems and proofs (Appendices I,
I1, and III).

2 This Book and Current Stream of
Economic Theory

Economic theory explains human society, and a theory of human society is
difficult to construct on a static or an unchangeable framework. Although
the topics in almost all the chapters of this book are taken from traditional
ones in mathematical economics, the methods, discussions, and results are
aimed to develop new theories and approaches in economics that are firmly
based on abstract (algebraic topological) settings and systematic (axiomatic
set-theoretical) arguments.

Since the 1950s, rigorous axiomatic approaches to general equilibrium
theory have advanced on the basis of the framework of the Arrow—Debreu
economy, or, more generally, non-cooperative n-person games. Of course,
the six decades since World War II have seen great strides in the formation
of the total system of economic theories. Even from this book’s particular
focus, many influential works exist, including Debreu’s Theory of Value
(1959), Nikaido’s Convex Structures and Economic Theory (1969), Arrow
and Hahn’s General Competitive Analysis (1971), Scart’s The Computation
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of Economic Equilibria (1973), and Hildenbrand’s Core and Equilibria of
a Large Economy (1974). We have also seen the introduction of game-
theoretic methods and tools for economic equilibrium theory, including
Ichiishi’s Game Theory for Economic Analysis (1983). From the late 1970s
to the early 1990s, research was particularly vibrant on equilibrium analysis
for economies with non-ordered preferences, non-convex preferences and
technologies, and infinite dimensional commodity and price spaces. Note
also the introduction of structural stability and global analysis methods
of using differentiable approaches as treated in Mas-Colell’s The Theory
of General Economic Equilibrium (1985) and Balasko’s Foundations of the
Theory of General Equilibrium (1988).

Such developments may be considered great successes in the description
of human society as a total mechanism consisting of rational individuals,
for example, the static economic worldview. The main purpose of this book
is to give a unified perspective on these arguments through a fixed-point
method and equilibrium-existence theorems by clarifying their minimal
requirements or their limits in view of social science. Particularly, the use
of algebraic settings under homological arguments over the problems and a
systematic approach based on the general space settings forms this book’s
methodologically distinctive features and contributes to this area.

Note also that the developments of the static worldview the past six
decades do not seem successfully directed to other important problems
in describing human society, i.e., dealing with the dynamic aspects of
the mutual interaction between individuals and society as a whole. For
example, an axiomatic (Arrow—Debreu type) approach to economic agents
clearly fails to deal with changing informational structures or developing
knowledge, which causes many serious problems in describing the dynamic
world, e.g., firm’s objective functions, market viability problems under
asymmetric information, survival conditions and defaults, objective demand
functions in oligopolistic markets, and many other situations inquiring what
our (economic) rationality (based on the model we have confronted) is.

Although completely describing such dynamic aspects in this world
would be impossible, it does not seem to be a good idea to restrict or even
condense our arguments to a static framework.! Indeed, many general equi-
librium theorists today are unwilling to interpret their models to approxi-
mate (even in an idealized sense) the “whole” world. For example, Balasko

1One way to treat all dynamic aspects through the static framework is the perfect
foresight equilibrium concept.
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(1988, p. 2) says, “A widespread but rather unfortunate practice of economic
theory is to consider the market as universal, in the sense that it is
unique and that every commodity is traded there, an interpretation that
cannot be seriously defended.” Such a standpoint, however, sacrifices a
clear distinction between general and partial equilibrium concepts, and one
of the most important implications of general equilibrium is to grasp human
society as a whole (or giving an economic worldview).2

In standard economic theory, the market is a clearly defined math-
ematical mechanism that can be treated as a fact for each member of
society. A price, however, is in some sense a value that depends on our
thoughts, expectations, beliefs, reason, etc., as we can easily see in cases
with dynamic or incomplete market models. It may be possible to study
market mechanisms simply from mathematical or engineering viewpoints,
though in such cases, as with financial theory, we must take the price
process as given. In many cases, we must treat expectations exactly as
our preferences (i.e., as merely data given from outside the world being
considered), as in cases with the temporary general equilibrium theory, or to
use the model’s consistency as an excuse for accepting the validity of such
prices, as in cases with perfect foresight or rational expectation equilibria
for the incomplete-market general equilibrium theory. The former is one
extreme (eliminating the consideration of dynamic human factors), and the
latter is another extreme (considering only economic agents compatible with
the theory). It follows that we have to restrict, condense, or even sacrifice
the meaning of general equilibrium theory and/or stop thinking about man
and dynamism in the human world as long as we base our discussion on
the classical static worldview.

Although this book’s generalized fixed-point theorems and homological
arguments by themselves contain many applied examples, the main purpose
of their algebraic and axiomatic settings is not a simple generalization of
conditions for such a static framework. In this book, using fixed-point
arguments and methods not merely as tools for describing the world
but as tools of agents for thinking about the world, I have attempted to
clarify minimal mathematical requirements or restrictions for constructing

2For example, in Dougakuteki Keizai Riron (Dynamic Economic Theory, p.1, 1950),
Morishima says that economics and those economists who support general equilibrium
theory aim to obtain “ultimate principles of explanation” for “all economic phenomena”
through analysis “finally based on non-economic world” described as the data that
economists take as given.
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a social theory with equilibrium views of the world and reconstructing
standard equilibrium arguments to more properly deal with man and
society in economic theory. The concept “fixed point” is used not only
as a mathematical term but also as a general notion or method of thinking
in ordinary language, like its use for thoughts, language, recognition, and
knowledge. From this viewpoint, the book’s generalizations on such issues
as convexity, continuity, and the reconstruction of commodity/price duality
and homological settings in Chapters 2-8 will have different meanings: the
dual-system and fixed-point arguments will be considered a general method
to capture the world, and the minimal settings for equilibrium arguments
under the algebraic structure are crucial requirements for equilibrium the-
ory itself to be coded as objects in mathematical theory. Several interesting
consequences of such a unified viewpoint or method are obtained in a
rigorous mathematical framework through axiomatic set theory including
formal logic and model theory in Chapters 9 and 10. I believe they construct
important methodological arguments in economics, and, as a conclusion to
this book, provide a new basis for using mathematical arguments in the
social sciences.

3 For General Readers

Since this is a research monograph in mathematical economics, the tools
and methods presented include highly abstract mathematics. Abstract
convexity, homology theory, and mathematical logic under axiomatic set
theory may be less familiar to economists (even mathematical economists)
than tools in linear algebra, measure theory, differential topology, etc. One
purpose of this book is to serve as an introductory text in mathematical
economics including these concepts and methods for all researchers and
students who are interested in rigorous and new mathematical methods in
economics.

Indeed, the basic mathematics in Chapter 1 with Appendices 1 and
IT may be used as a preparatory course of mathematics (general topology
and topological vector space) for undergraduate mathematical economics.
Following it, Chapter 2, Section 2.1 can provide the essence of all fixed-
point arguments without using the abstract convexity concept. Almost
all the theorems in Chapters 3-5 retain their generality even under such
ordinary interpretations. (The abstract convexity will help us, however,
incorporate notions in vector spaces with the homological arguments in
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Chapters 6 and 7.) Chapter 9, Section 9.1 may also be used independently
as an introductory course in mathematical logic and model theory based
on axiomatic set theory for economic and game-theoretic treatment of indi-
viduals, rationality, social scientific recognition, and society. The necessary
tools and concepts for the theorems in Chapter 9 are closed in this chapter.
For the main discussions in Chapter 10, one must add the definition of
direct limits (in Section 6.1) and one existence theorem of Nash equilibrium
in Chapter 3.

I recommend that readers concerned with the homological argument
in this book (1) study the ordinary proof of Brouwer’s fixed-point theorem
through Sperner’s lemma (see, e.g., Nikaido (1968), Ichiishi (1983)), and
(2) then study Section 6.1, where one may skip the proof of Theorem 6.1.3,
(3) and directly go to subsection, Analogue of Sperner’s Lemma, in
Section 6.3, where one should omit the concept of Vietoris—Begle barycen-
tric subdivision and take Theorems 6.2.2 and 6.3.3 (The Vietoris—Begle
Mapping Theorem) as granted. One may read to the end of Chapter 6.
Then consider their proofs as the final purpose for Chapter 6.

I also hope this book can serve as an introduction to economic
equilibrium theory for mathematicians and researchers in all areas who
are familiar with the type of reasoning used in mathematics and who are
interested in the use of general equilibrium theory as an economic way to
view the world.

For updated information about this book, see the following URL:

http://math.econ.osaka-u.ac.jp/LABORATORYe.html

4 Relation to Other Works

Beside the books mentioned above, most works in mathematical economics
since the 1980s have important connections to at least one chapter in this
book. Looking at the theorems presented in Chapters 2-5, this book is
nothing but an extension of the work presented in books published in the
1980s and 1990s, such as Border’s Fized Point Theorems with Applications
to Economics and Game Theory (1985), Aliprantis-Brown-Burkinshaw’s
Ezistence and Optimality of Competitive Equilibria (1989), Equilibrium
Theory in Infinite Dimensional Spaces (1991) edited by Kahn and Yannelis,
and Aliprantis’s Problems in Equilibrium Theory (1996).

The new perspective on algebraic topological methods for equilib-
rium analysis (Chapters 6 and 7) may provide a unified viewpoint on
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classical convexity approaches (Debreu (1959), Hildenbrand (1974), etc.)
and differentiable approaches (Mas-Colell (1985), Balasko (1988), etc.)
based on generalized convexity and duality structure. The mathematical
arguments for economic rationality and knowledge based on axiomatic
set theory with logic and model theory (Chapters 9 and 10) are closely
related to recent arguments on the foundation of game theory (player’s
rationality, common knowledge, etc.) or game logic. I have based, however,
my arguments on an axiomatic set theory that is strong enough to code itself
into its objects (sets). At least for describing human society (rationality or
knowledge) and discussing the methodology of social science, I believe that
this recursive feature is essential as a minimal requirement that the basic
theory must have.?

5 Acknowledgments

I wish to express gratitude to all my teachers, colleagues, research assistants,
and collaborators who so generously supported me during the years of
preparation for this manuscript. I am much indebted to Professor Kiyoshi
Kuga for his many lectures and for all the mathematical bases in this book,
including the algebraic, the topological and axiomatic set-theoretic ones. I
also appreciate the instructions of Professor Toshihiko Hayashi who gave
me my basic standpoint as a theorist in social science. Professor Hiroaki
Nagatani, the chief referee of my doctoral dissertation, and Professors
Masamitsu Ohnishi and Takuo Dome, also gave me lots of important
instructions and comments on the preparatory draft of this monograph.
During these preparation years, I obtained much from conversations with
my colleagues at Osaka University, especially Yoshiyuki Takeuchi and
Takuo Dome and their insights into social science beyond economic theory.
With respect to philosophical arguments, I owe much to the lectures and
books of Professor Takenori Inoki and conversations with Tadashi Shigoka
and Yasushi Urai. For my basic knowledge in mathematical logic, I am
obliged to Professor Mariko Yasugi when I was a member of the Kyoto-
Sangyo University. Takashi Hayashi, Akihiko Yoshimachi, Kousuke Yokota,
the coauthors of my earlier papers, Professors Jun Iritani, Tomoyuki

3Discussions that fail to have this recursive feature will be called arguments from God’s
eyes (Chapter 10).



xiv Fixzed Points and Economic Equilibria

Kamo, Toshiji Miyakawa, the members of the Joint Seminar in Kobe-
Osaka University, Kazuya Kamiya, Mamoru Kaneko, Akira Yamazaki, Toru
Maruyama, Hidetoshi Komiya, and Wataru Takahashi offered valuable
suggestions and inspiration over the years and in various stages of writing,
all of which I sincerely appreciate.

A part of this research was supported by the Grant-in-Aid for Scientific
Research from the Japan Society for the Promotion of Science in 2009
(No. 21653017).

I must also thank the anonymous referees of this monograph. With
their efforts, at least four chapters of this book (Chapters 1, 2, 9, and 10)
were drastically improved. Moreover, my thanks are due to Professor Ezra
Einy, the editor-in-chief of this monograph series, Kayoko Araki and Akiko
Watabe, secretaries of the joint laboratory, Ron Read, Chris Oleson, Atsuko
Watanabe, members of Kurdyla and Associates Co., Ltd., and Pauline
Chan, Juliet Lee, and Yvonne Tan, editors of World Scientific Publishing
Co. Pte. Ltd. for their kind help.

I would like to thank my family (Kai, Momoka, Reiko) for their
tolerance of my late-night work. During the last five years, my son has
moved from being a toddler to elementary school and my elementary school
daughter has become a high school student. Finally, let me again express my
special gratitude to Professor Tatsuro Ichiishi. Without his encouragement
and inspiration, I could not have conceived or completed this project.

Ken Urai
Osaka
April 2009



Contents

Preface

1

2

3

4

Introduction

1.1 Mathematics is Language . . . . . .. ... ...
1.2 Notes on Some Mathematical Tools

in This Book . . . . ... ... ... .......
1.3 Basic Mathematical Concepts and Definitions .

Fixed-Point Theorems

2.1 Classical Results and Basic Extensions . . . . .
2.2 Convexity and Duality for General Spaces . . .
2.3 Extension of Classical Results to General Spaces

Nash Equilibrium and Abstract Economy

3.1 Multi-Agent Product Settings for Games . . . .
3.2 Nash Equilibrium . . .. ... .. ... .....
3.3 Abstract Economy . . . . ... ...

Gale—Nikaido—Debreu’s Theorem

4.1 Gale—Nikaido—Debreu’s Theorem . . . . . . . . .
4.2 Market Equilibria in General Vector Spaces . . .
4.3 Demand-Supply Coincidence in General Spaces

XV

vii

12

27

27
39
46

57

57
67
75

87

87
91
99



Xvi

10

Fixzed Points and Economic Equilibria
General Economic Equilibrium 101
5.1 General Preferences and Basic Existence Theorems . . . 101
5.2 Pareto Optimal Allocations . . . . . .. . ... ... ... 109
5.3 Existence of General Equilibrium . . .. ... ... ... 111
The Cech Type Homology Theory and Fixed Points 125
6.1 Basic Concepts in Algebraic Topology . . . . . . .. . .. 125
6.2 Vietoris—Begle Mapping and Local Connectedness . . . . 142
6.3 Nikaido’s Analogue of Sperner’s Lemma . . . . . .. . .. 150
6.4 Eilenberg-Montgomery’s Theorem . . . . . . . ... ... 164
Convex Structure and Fixed-Point Index 167
7.1 Lefschetz’s Fixed-Point Theorem and
Its Extensions . . . . . ... ... o oL 167
7.2 Cohomology Theory for General Spaces . . . . . .. ... 175
7.3 Dual-System Structure and Differentiability . . . . . .. 177
7.4 Linear Approximation for Isolated Fixed Points . . . . . 177
7.5 Indices for Compact Set of Fixed Points. . . . . . . . .. 180
Applications to Related Topics 183
8.1 KKM, KKMS, and Core Existence . . . . . . .. .. ... 183
8.2 Eaves’ Theorem . . .. .. ... .. .. ... ... .... 187
8.3 Fan-Browder’s Coincidence Theorem . . . ... .. ... 189
8.4 L-majorized Mappings . . . .. .. .. ... ... .... 190
8.5 Variational Inequality Problem . . . . . . .. .. ... .. 191
8.6 Equilibrium with Cooperative Concepts . . . . . . . . .. 192
8.7 System of Inequalities and Affine Transformations . . . . 195
Mathematics and Social Science 201
9.1 Basic Concepts in Axiomatic Set Theory . . .. ... .. 201
9.2 Individuals and Rationality . . . . . .. .. ... .. ... 218
9.3 Society and Values . . .. ... ... ... ... ... 232
Concluding Discussions 243
10.1 Fixed Points and Economic Equilibria . . . . . . . .. .. 243

10.2 Rationality and Fixed-Point Views of the World . . . . . 250



Contents

Mathematical Appendix I
Mathematical Appendix IT
Mathematical Appendix III
References

Index

xvii

257

263

273

277

285



This page intentionally left blank



Chapter 1

Introduction

1.1 Mathematics is Language

For the role of mathematics in the economic theory, Paul A. Samuelson’s
front page motto in his landmark, Foundation of Economic Analysis
(Samuelson 1947), “Mathematics is a language,” is famous among econ-
omists. The statement was taken from J. Willard Gibbs. Later, Samuelson
(1952) shortened it to “Mathematics is language,” to emphasize its funda-
mental role of mathematics as a methodological and analytical prerogative
tool, not only for communication but also for thinking and constructing
economic theory and economic problems.! The statement declares that
economics is an exact science based on logical and precise mathematical
language.

Mathematical economics may generally be considered a wide-sense
application of various mathematical methods to many problems posed
in economics. In this book, however, I base my arguments on the above
standpoint: “Mathematics is language.” In other words, this book shows
how a special mathematical method (a tool for thinking) can be utilized
for constructing or developing part of an economic theory. This is the
main justification for my restriction of arguments on a single mathematical
method, a “fixed point,” and a special topic, “economic equilibria.”

In economics, the mathematical theory of a fixed point is closely related
to the classical theorem on the existence of competitive equilibrium.?
Moreover, it is also related to many equilibrium arguments and existence
results in economics, such as the Nash equilibrium, core allocation existence,

IDixit wrote: “...‘Mathematics is a language.” Paul improved this to ‘Mathematics is

language.” Viewed thus, it should be a tool for thinking as well as for communication.
The dichotomy that many of us make between economics or intuition on the one hand
and mathematics on the other is just as artificial ... Ideally, mathematics and intuition
should fuse into one overall Weltanschauung about economics. ...” (Dixit 2005).

2Tt is even possible to recognize the existence of competitive equilibrium as a mathemat-
ical problem that is equivalent to Brouwer’s fixed-point theorem (Uzawa 1962).
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the rational expectation equilibrium, maximal element existence, and
maximal balanced growth.3

Many of the theorems in this book are technical extensions of such
mathematical fixed-point arguments and methods for economic equilibrium
results. The main concern of this book, however, is not only to show
abundant ways to apply such extensions, but also to list the minimal
logical, set-theoretical, or algebraic requirements for the construction of
an economic equilibrium theory. Simplification by such abstraction is
essential for further generalization and theory construction. To extract an
indispensable framework in the construction of economic arguments, we
expect theory development from the basic level of language (i.e., a necessary
development in mathematics for economic theory).

Accordingly, in this book I use many highly abstract settings (e.g.,
fixed-point arguments based on algebraic settings, preference or demand
actions without continuity conditions and/or convexity conditions, spaces
without linear structures, and axiomatic set theory with mathematical
logic) while basing my arguments on topics that are quite orthodox. Among
others, the concept of conver combination, the dual system of spaces,
algebraic approaches in topology (general homology theories), and methods
based on mathematical logic form the distinguishing features of this book’s
mathematical arguments. The next section briefly introduces these subjects
in an informal discussion preceding rigorous treatments in later chapters
with comments on their necessity as vocabulary for further construction of
an economic equilibrium theory.

1.2 Notes on Some Mathematical Tools
in This Book

1.2.1 Convexity

Convexity theory and topology have been the central tools for the rigorous
axiomatic treatment of economic theory since the 1950s. The notion of
convexity is used to describe ideas within a mixture of alternative choices,
a moderate view among extremes, and especially to ensure the existence

3The paper of von Neumann (1937) should also be listed as one major predecessor of
work on the existence of competitive equilibrium in the fifties. According to McKenzie
(1981), he first used a fixed-point theorem for an existence argument in economics.
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of equilibrium depending on such stable actions as a fixed point for a
mathematical model of society.

Strictly speaking, convexity, in the ordinary sense, is not a mathemat-
ical structure but a property for subsets in a space with a vector-space
(linear) structure.* In this book, however, we often treat the concept as
an independent mathematical structure, as an abstract conver structure,
without referring to linear structure in the space. Of course, such abstract
convexity can always be replaced with conventional convexity as long as
the space has a linear structure. (Although some theorems might lose
generality, most general results in this book do not depend on convexity but
on the more general concept of acyclicity.?) As seen in the classical fixed-
point theorem of Eilenberg and Montgomery (1946), the vector structure
for topological space is not a necessary setting for fixed-point arguments.
Even for classical equilibrium theorems for non-cooperative games, it is
recognized that the vector structure is superfluous and that the necessary
setting is “a compact... set in which the convex linear combination of
finitely many points depends continuously on its coefficients” (Nikaido 1959,
p. 362, Main Theorem). The main reason we use the concept of abstract
convexity is to utilize intuitive images (like concepts in vector-space fixed-
point and game-theoretic equilibrium arguments in Chapters 2-5) even for
general spaces without linear structures in Chapters 6 and 7.

The mathematical structure of abstract convexity is given by axiom-
atizing the concept of convex combination among finite points in a space.
Briefly, for each non-empty finite subset B of topological space X, a set-
B-dependent weighted sum among points in B is defined as the value of
continuous function fp : A® — X, where AP = {¢le : B — R,Va €
B,e(a) > 0,3, cpe(a) = 1}.% Axioms define for each non-empty finite

4The word structure, which has a special meaning in mathematics, is a rigorously defined
mathematical object in axiomatic set theory, e.g., an order structure (an order relation),
a group structure (a group operator), and a topological structure (the family of all
open sets). Names like “order,” “topology,” “group,” and “vector space” are all used to
represent a species of such structures. (See, e.g., Bourbaki (1939).) This concept will be
explained more fully in Chapters 6 and 9 as needed. Until then, interpret structure as
used in ordinary language.

5 The ordinary definition of convexity with linear (vector) space structure is given in the
next section (Section 1.3.3) as a basic mathematical concept. Acyclicity is described in
the first section of Chapter 6.

SThroughout this book, function f on set U to V is denoted by f : U — V, and R
denotes the set of real numbers. Basic mathematical notation and concepts are restated
in the next section. A complete definition of convexity is given in Chapter 2 (Section 2.2).
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Figure 1: Convex combination of finite points

subset A of X how the set of all convex combinations among points in
A, C(A) C X, is characterized by set-dependent continuous functions. For
example, we may request C(A) to include all possible set A’-dependent
weighted sums among points in A such that A" > A.” The list of such
continuous functions and sets,

{(fa,C(A))|A is a non-empty finite subset of X}, (1.1)

forms a conver structure on X. Set Z C X is said to be convex if
for each finite subset B of Z, we have C(B) C Z. The set-dependent
notion of weighted sums among finite points is intuitively represented
by the continuous image of the abstract simplex formed by those points
(Figure 1). Although the image varies from finite set to finite set to which
it belongs, these tools with some axioms are sufficient for the essential
part of convexity arguments, especially for fixed-point (and the existence
of economic equilibrium) problems.

Throughout this book, all economic equilibrium arguments are based
on algebraic or purely set-theoretic methods for fixed-point arguments. For
the fixed-point results in Chapters 6 and 7, we do not presuppose any vector
space structures on the domain of mappings. The abstract convexity and
duality structure (discussed below) of general spaces is useful for relating

"The convexity concept obtained from this condition is called L-convexity (Ben-El-
Mechaiekh et al. 1998).
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our ordinary methods and intuitions in vector-space convexity theory and
general equilibrium analysis to more advanced contexts.

1.2.2 Duality

In Gerard Debreu’s celebrated work on the modern axiomatic analysis of
economic equilibrium theory, the Theory of Value, the duality between
facts and values, the commodity/price duality, is one crucial framework
for characterizing economic equilibrium theory. General equilibrium theory
is nothing but an attempt to describe the total system defining social
value (prices), based on our individual judgments of the facts (preferences,
technologies, and rules like price-taking behaviors). Such fact/value classi-
fication (not by its rigid and total dichotomy or the dualism on its objects
but merely as a method for analysis) establishes the essential features of
economic equilibrium theory.

When commodity space is taken to be finite dimensional vector space
E, prices may usually be taken in set E’ of all real valued linear functions on
the commodity space (the dual vector space). Mathematically, the triplet
of E, E', and the evaluation function (the canonical bilinear form) f :
EXE'> (x,p) — p(x) € Ris called the dual system. More generally, for two
topological vector spaces, X and Y, if there is bilinear form f: X XY — R,
we may identify each element y € Y with linear function f(-,y): X — R
and € X with f(x,-):Y — R. If for each z # 0 and y # 0, there exist y’
and 2’ such that f(z,y’) # 0 and f(2’,y) # 0, the triplet (XY, f) is called
a dual system or a system of duality over real field R.

Linear functions have important meanings and properties based on
linear (vector-space) structure. For our purpose, however, such a totality
of structure on the base space may not be necessary or, in some cases,
may even be restrictive to describe the world. For example, when X is a
commodity space and P is a price space, each p € P gives value p(x) for
each point z € X as well as the value necessary to change the position
from = to 2’ € X, p(z/ — z), which inherently equals p(z’) — p(z) under
a linear structure (Figure 2a). In view of equilibrium theory, the latter
concept (value necessary to change the position) must be used to describe
the constraints for individual actions under such a social mechanism as the
market. In other words, we require the concept of the value of commodity
bundle z’ relative to initial holding x or, more generally, the set of all
available alternatives for x under a certain social value system. (See
Figure 2b, where the value of 2’ depends on the initial holding. If the initial
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Figure 2: Constraints for individual choices
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holding is , then the value of ' equals the value of z. If the initial holding
is T, the value of 2’ also equals the value of Z. The value of z, however, is
greater than 7 if the initial holding is Z. On the other hand, the value of
is also greater than z if the initial holding is . We often experience such
a situation in reality when we confront nonlinear prices, transaction costs,
bid-ask spreads, etc.)

If we want to describe the above situation while preserving our
(methodological) fact/value classification, we should extend the notion of
duality between two spaces, X and Y, as a structure for recognizing each
y € Y as a mechanism to define a subset of X for each x € X, for example,
the set of available alternatives for x. For this purpose, consider that given
two topological spaces, X and Y, function g on X x X XY x Y to real field
R gives a generalized duality (dual-system) structure or, more directly, we
identify each point y € Y with a correspondence V(-,y) : X — X (e.g.,
V(z,y) ={z € X|g(x, z,y,y) > 0}) defining a subset of X for each z € X,
and (X,Y,V) forms a generalized dual-system structure on X and Y. Here,
we do not assume any extra property of g or V', although in later chapters
we assume additional conditions on them such as continuity, closedness for
their graphs, and (abstract) convexity or acyclicity for their sections.

The generalized system of duality in this sense is intended to be
a direct generalization of ordinary commodity/price duality, so we can
directly utilize it in many social equilibrium settings (as extensions of
ordinary commodity/price or fact/value settings) without referring to
any linear (vector-space) structures. Later, we obtain one of the most
general types of Gale-Nikaido—Debreu’s lemma (for market demand/supply
coincidence) and the existence of a competitive equilibrium theorem as a
direct application of our concept of duality for spaces with or without linear
structures (Chapters 4 and 5).
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Mathematically, in combination with the concept of convexity, the
duality concept may be used to intuitively describe a certain kind of
direction in a space, in the same way that we might characterize the
normal vector of a hyperplane or the gradient vector at each point for
a real valued mapping on the space. This concept also enables us to extend
several important fixed-point theorems, including the theorems of Fan-
Browder and Kakutani, to more general spaces without locally convex
vector-space structures (Chapters 2 and 3). Moreover, by applying such
methods to fixed-point arguments in general homology theories (where the
concept of convexity is mainly replaced by the more essential property
of being acyclic), we can obtain further results, including an extension of
Lefschetz’s fixed-point theorem (Chapter 6) and arguments on the fized-point
index (Chapter 7) for non-continuous functions and multivalued mappings.
Of course, these results may also be utilized for further developments in
economic theory.

1.2.3 Algebraic methods

The most significant feature of this book’s integration of convexity, duality,
and differentiability is the algebraic methods provided in fixed-point and
equilibrium arguments. In particular, the general homology theories of the
Cech type play essential roles in Chapters 6 and 7.

We use algebraic methods because basing the theory on more elemen-
tary tools is preferable than those in standard calculus, convex analysis,
differential topology, and so on. Each mathematical theory is associated
with a different way of analyzing the world. Since algebra as well as the
theory of sets is one of the most fundamental tools for any mathematical
argument, a crucial difference exists between, for example, a differentiable
approach (research based on differential calculus) and an approach based
directly on set-theoretical and algebraic methods. The former mainly con-
sists of analytic works that result from seeing the world as a differentiable
object, while the latter is mainly a synthetic attempt or method to construct
models that are more appropriate for describing our real world. They should
be reexamined under more primitive concepts, like finiteness, sequences, or
limits under set-theoretical or algebraic methods.® In this sense, we must

8The ‘limit’ is listed here not as standing for the topological one, but for more primitive
concepts such as inverse (projective) and direct (inductive) limits.
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always use more primitive or fundamental mathematical concepts with more
general mathematical methods.

One may ask why some theories of sets and elementary algebra are
specially classified as fundamental tools for all mathematical arguments.
Of course, what is called fundamental or elementary may also vary as our
knowledge or common sense changes. Therefore, some of today’s theories
of sets and algebra might be replaced by more desirable ones in the future.
In this sense, perhaps we cannot obtain what is ultimately fundamental
or elementary. Even so, I am convinced that the linguistic feature of
mathematics itself will never change in our development of knowledge.
With the theory of sets, algebraic theory provides a structure to describe
our words, sentences, and even our logic used in mathematics or ordinary
mathematical arguments.

As long as our knowledge is represented by language, it can be coded
into algebraic or at least elementary set-theoretical objects. Therefore, the
set-theoretic and algebraic methods used in this book must provide a basic
framework for arguments that depend not on well-behaved (continuous
and/or differentiable) mappings, but on the well-founded minimum require-
ments for mappings on a primitive finite set of points. They provide a
possible framework for coding themselves as knowledge to be used in well-
founded theories constructed by themselves.

Homology theory is the algebraic study of the connectivity characteris-
tics of a space. Cech-type theory begins this study by approximating the
space by sufficiently refined open coverings, thus reducing the connectivity
problem to the intersection property among open sets. In Figure 3a, 1-
dimensional space X is covered by open covering .# = { My, My, Ma, M3}.
In this case, X is approximated by the set of abstract points and lines
represented in Figure 3b. Each abstract point (vertex or 0-dimensional
simplex) is associated with the name of an open set in the covering, and
each line (1-dimensional simplex) indicates that two open sets related to the
two vertices of the line intersect. The totality of such abstract simplices (the
abstract complez) is called the nerve of covering .4 . By taking refinement
A ={Ny, N1, Na, N3, Ny} of covering .# (Figure 4a), we obtain the nerve
of covering A as a better approximation for space X (Figure 4b).

A careful reader might think that even if a covering refinement gives
a better approximation for the connectivity of space, it may also cause a
problem: The dimensions of approximating simplices become too high. In
Figure ba, the nerve of the covering, two open sets, offers a sufficiently
good approximation for space X. If we take further refinement for the
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M.

Figure 3: Nerve of covering I

Figure 4: Nerve of covering II

covering, as shown in Figure 5b, the dimensions of simplices approximating
X increase, which apparently cannot be reduced under any process of taking
refinements. How can we argue that 5b is a better approximation than 5a?

The answer precisely illustrates the homological argument. In homology
theory, the difference between the shapes in Figures 5a and 5b is not
important. Both sets are called acyclic, which is essentially identified with
a single point under homological arguments. Homology theory associates
topological space X with set Hgy(X), (¢g-th homology group of X) with
an algebraic structure (e.g., groups, modules, and vector spaces) for each
dimension ¢ = 0,1,2,.... Intuitively, the ¢-th homology group, H,(X),
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Figure 6: H is a hole in 2-dimensional space X. a, b, ¢, and d are 1-dimensional
chains. b, ¢, and d are 1-dimensional cycles. ¢ and d are in the same equivalence
class of 1-cycles, but not b

represents the connectivity of space X through an equivalence class of ¢-
dimensional cycles, i.e., a closed chain formed by ¢-dimensional simplexes
in X (see Figure 6). The equivalence class is defined by regarding two g-
dimensional cycles as equal if their difference can be identified with the
boundary of a certain (¢ + 1)-dimensional chain in X. (In Figure 6, the
special feature, hole H in space X, is expressed by the equivalence class of
1-cycle b.) For the present, suppose that such Hqo(X)’s, ¢ =0,1,2,..., are
vector spaces over real field R and the algebraic structure on each of them
successfully stands for the above intuitive discussion about chain formation.
The series of such a graded vector space

- — Hgp1(X) = Hy(X) = Hy1 — -+ — Hi(X) — Ho(X) — 0
(1.2)

describes all of the necessary features of space X, where arrows represent the
canonical linear functions determined by the concept to take the boundary
of the chains and 0 denotes the vector space of {0}. If X is a single point,
each g-th homology group is 0 except for Hy(X) ~ R. The acyclic sets
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are those whose homology groups are exactly the same as those of a single
point.

Since there is essentially no difference between acyclic sets and single
points, it is not surprising that under homology theory we obtain fixed-point
theorems for acyclic valued mappings. Eilenberg—Montgomery’s fived-point
theorem, one of the most basic results for such multivalued mappings, is
far more general than theorems for convex valued mappings, as long as
we permit conditions on the space that enable us to use such homolog-
ical arguments as Cech theory (e.g., polyhedron, absolute neighborhood
retracts, and the local connectedness condition). Such an identification of
sets and points also plays an essential role in relating our convex and
topological arguments to algebraic ones (e.g., there is a standard method for
constructing associated algebraic mappings, the method of acyclic models)
and in presenting basic theorems for the settings of Cech-type homology
theory (e.g., the Vietoris mapping theorem).

The methods and approaches in Chapters 2-5 may be summarized as
the replacement of continuity and/or convexity conditions for equilibrium
and fixed-point theorems by weaker conditions using the directions of
points defined by the dual-system structure. Chapters 6 and 7 show their
relationship to the algebraic properties described under homological theory.
Moreover, one can see how the underlying ideas in earlier chapters are also
utilized for further progress in the arguments, even in algebraic homological
settings.

As noted before, the use of algebraic topology rather than differential
topology is related to the main purpose of this book: to list minimal logical,
set-theoretic, and algebraic requirements for economic equilibrium and its
closely related arguments. The point will also be summarized in Chapters 9
and 10, where all basic features and discussions before Chapter 9 are
reexamined through finitistic and recursive methods in an axiomatic set
theory.

1.2.4 Axiomatic set theory

Chapter 9 refers to the foundation of mathematics as a basic tool or a
language for describing a theory of social sciences. Since one important
purpose of social science is to describe human society as a well-founded
and -defined entity, or a model, a formal treatment of our basic tool of
thought (mathematics) itself is critical to formalize the foundation of our
knowledge.
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Mathematically, all arguments in this book are based on ZF, the
Zermelo—Fraenkel set theory (the most standard axiomatic set theory) writ-
ten by first-order predicate logic (one of the most popular formal languages).
Such a framework, as our basic standpoint, is necessary because our basic
theory must be sufficiently strong to incorporate not only our ordinary
mathematical arguments but also all necessary procedures in describing
the theory itself as formal objects. Indeed, the list of axioms in Zermelo—
Fraenkel set theory, which can be used to develop almost all of our ordinary
mathematics, is also simple enough to be characterized by standard finitistic
or recursive methods that are obviously incorporated in ZF.

Of course, until Chapter 9, readers need not be concerned about what
axioms our basic theory depends on. The basic mathematical concepts and
methods in this book (introduced in the next section) presume a merely
natural and naive interpretation of ordinary language. Note, however, that
such set-theoretic axioms and their finitistic or recursive methods are not
special concepts for a certain field of mathematics, but rather relate to
the one thing that never changes in our development of knowledge: the
linguistic feature of mathematics.

1.3 Basic Mathematical Concepts and Definitions

The mathematical concepts and definitions that are necessary but not
immediately connected with this book’s fixed-point or economic equilibrium
arguments are gathered into three parts: this section for general fundamen-
tal notions, the first section of Chapter 6 for an introduction to algebraic
topology, and the first section of Chapter 9 for concepts in axiomatic set
theory and mathematical logic. The main purpose of these sections is merely
to give definitions of mathematical terms.

In principle, all the concepts and theorems in this book can be explained
without any presupposed notion in mathematics and are completely
supported in the book. Consequently, all the mathematical topics could
be arranged from the basic to the advanced ones so that no theorem is used
to prove other results before its own proof is presented. Such an attempt,
however, would almost certainly force readers to study several boring
mathematical textbooks before reaching the special topics of this book that
are not necessarily based on mathematical details and proofs. Therefore,
throughout this book, several mathematical theorems and properties are
treated (at first) as given, and their proofs are given in later chapters.
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Moreover, to facilitate the descriptions of ordinary notions in mathematical
economics in Chapters 2-5, readers are expected at least to have a basic
knowledge of Euclidean spaces equivalent to college freshman calculus and
linear algebra.

In this section, with the definitions of mathematical terms in elementary
topology (Subsection 1.3.1), I will introduce two important basic theorems:
the partition of unity theorem (Subsection 1.3.2) and the separation
hyperplane theorem (Subsection 1.3.3).°

1.3.1 Sets, topologies, and notational
conventions

All the mathematical arguments in this book are based on Zermelo—Fraenkel
set theory with Axiom of Choice, written by first-order predicate calculus.
As stated before, these comprise one of the most common pairs of an
axiomatic theory of sets and a basic formal language. I merely note here
that the following chapters are based on a very standard foundation of
mathematics. The formal treatments of the axiomatic set theory and formal
language are given in Chapter 9.1 We also use the notions of Bourbaki
(1939) (e.g., structures and inverse and direct limits) in later chapters and
Kelley (1955) (many definitions in topology), as long as the underlying
set-theoretic differences are not significant.

Sets

Theory of sets is a theory that has only two predicates, € and =,
elementhood and equality. We often denote a set by the form {z|P(z)},
where P(x) denotes a property of = described under our formal language
(first-order predicate calculus). Notation {z|P(x)} represents the class of
objects having property P which, in some cases, may not be treated as
a proper mathematical object or a set. The axioms of the theory of sets
(e.g., ZF with Axiom of Choice) give rules for a property under which class
{z|P(x)} may be called a set. (A careless use of such properties may cause

9In this book, adding to these two theorems, Brouwer’s fixed-point theorem (in
Chapter 2) will be introduced and repeatedly used before its proof is presented. The
proof of Brouwer’s fixed-point theorem is given in Chapter 6. Proofs for other theorems
are given in Mathematical Appendices I and II.

10For references, see also Fraenkel et al. (1973), Kunen (1980), Jech (1997), etc.
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problems like the well-known Russell Paradox.'!) For example, the class
of all natural numbers, N = {0,1,2,...}, the family of two sets z and y,
{z,y}, the ordered pair of two sets x and y, (z,y), the class of all subsets of
set A (the power set of A), #(A) = {X| X C A}, and unions and products
for the family of sets (see below) are assured to be sets under the axioms
of ZF.

Family of sets

For family (set of sets) %, we denote by |J% the union of elements of
% . If the elements of family % are indexed by set I as # = {U;|i € I},
we often write (J;.; U; instead of |J% . If family % = {U;|i € I} is not
empty, we denote by (1% or (),c; U; the intersection of elements of % .
Denote by A\ B the set-theoretic difference between two sets A and B, i.e.,
A\ B ={z|r € A and = ¢ B}. Given set X and non-empty family {U;]i €
I}, the following important relations hold among unions, intersections, and
differences: X \ U;c; Ui = ;e (X \Ui) and X \ (;c; Ui = U;e (X \ Up)
(De Morgan’s laws).

Cartesian products and relations

Given two sets, X and Y, the Cartesian product (or direct product) X XY
is the set of all ordered pairs (x,y) such that x € X and y € Y. A relation
is a set of ordered pairs. A subset of Cartesian product X x Y of X and
Y is called a relation on X to Y. For relation ¢, the domain of ¢ is the
set dom (¢) = {z|Jy, (x,y) € ¢}, and the range of ¢ is the set ran (p) =
{y| 3z, (z,y) € ¢}. If ¢ and ¢ are relations, the composition of ¢ and ¥ is
the relation ¢ = {(z, 2)| Jy, (z,y) € ¢ and (y, z) € ¥}, and ¢ is denoted by
¥ o@. For relation ¢ on X to Y, the upper section of ¢ at x € X (z-section
of ) is the set {y|(z,y) € ¢}, which is denoted by ¢(x). Similarly, the
lower section of ¢ at y € Y is the set {x|(z,y) € ¢}. We define ¢! for
relation ¢ as ¢! = {(z,y)| (y,x) € ¢}. Then, the lower section of ¢ at
y € ran (p) is nothing but ¢~!(y), which is the upper section of =1 at y.

1 Let T = {z|z ¢ x}. Consider whether T is an element of T. If T € T, then by the
definition of T', we have T ¢ T, a contradiction. Hence, we have a proof for T' ¢ T. On
the other hand, T' ¢ T implies that T satisfies the sufficient condition for an element of
T. Therefore, we have also a proof for T' € T'. It follows that for the consistency of the
theory, we cannot treat such T as a set (object) in the domain of discourse.
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For two relations ¢ and v, ¢ is a restriction of ¢ if dom () C dom (¢) and
o(x) = ¢(z) for all z € dom (¢), and v is an extension of ¢ if v C 1.

Functions and correspondences

A function f on X to Y, denoted by f: X — Y, is a relation on X to Y
such that dom (f) = X and every upper section is a singleton. Function
@ on X to 2Y, where 2¥ denotes the family of all subsets of Y, is called
a correspondence on X to Y and is also denoted by ¢ : X — Y or, more
precisely, by ¢ : X 3 2 — ¢(z) C Y. For function f on X to Y, the unique
element of the upper section (not the singleton itself) at z is traditionally
denoted by f(x), so we write f : X - Y and f : X > 2 — f(z) € Y.
Element f(z) is also called the image of x under f. On the other hand, the
lower section of f at y € Y, f=1(y), itself is called the inverse image of y
under f. Function f : X — Y is said to be injective (one to one) if for all x
and 2’ in X, x # 2/ means f(z) # f(2’) and is said to be surjective (onto)
if for all y € Y there is element 2 € X such that y = f(x). Two sets X and
Y are said to have the same cardinality if there is a bijective (injective and
surjective) function f : X — Y. A set having the same cardinality with a
subset of N = {0,1,2,...} is called a countable set.

Binary relations

A binary relation on X is a subset of X x X. For binary relation Z C X x X,
we customarily write 2y instead of (z,y) € #. Binary relation # on X
is said to be a preordering if it is reflexive (Vx € X,x%x) and transitive
(Vz,y,z € X, (x¢Ry and y#z) = x%#=z). The pair of X and preordering
Z on X, (X, %), is called a preordered set. A directed set is a non-empty
preordered set such that for each of its elements i, j, element k satisfies k%
and kZj. Preordering #Z on X is said to be an ordering if it is antisymmetric
(Vx,y € X, (zRy and yZx) = © = y). If preordering Z on X is symmetric
(Va,y € X, (xRy) = yZx), it is called an equivalence relation on X.
Given two preordered sets (X, Z) and (Y, 2), mapping f: X — Y is said
to be monotone (isotone, order preserving) if xZ%z implies f(x)2f(z) for
each z,z € X.

Axiom of choice and products of a family of sets

Given family (set) of sets {X;|i € I}, the Cartesian product of the family

of sets, [],c; Xi, is the set of functions on I to (J;.; X; such that for each
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i € I, the image of i, x;, belongs to X;. Such a function, f: I — [J;c; Xi,
is called a choice function. The existence of at least one choice function
for each non-empty family of non-empty sets is assured in the theory of
sets as an axiom called the Aziom of Choice. If there is binary relation
2; on X; for each i € I, we may naturally define the product relation 2
on X = [[;c; Xi as f2g if and only if f(i)2;g(i) for all i € I. Product
relation 2 is reflexive, transitive, and anti-symmetric if all 2;s are reflexive,
transitive, and anti-symmetric respectively. Hence, (X, 2) is a directed,
preordered, and ordered set as long as all component spaces are directed,
preordered, and ordered sets respectively, where for the non-emptiness of
X and @, the choice axiom is necessary.

Topology

A topology on space (set) X is a family of subsets of X, .7, satisfying the
conditions that (1) X € 7, (2) 0 € .7, (3) for each non-empty finite subset
% C 7, the intersection (1% = (\yeq U is an element of .7, and (4) for
each subset %7 C .7, the union % = Uycq U is an element of 7. Pair
(X, ) is called a topological space, and each element U € 7 is said to be
an open set in topological space (X, 7). The complement of an open set,
X\U,U € 7, is called a closed set. For each point z in a topological space,
set V including open set U 3 z is called a neighborhood of x. For subset A
of topological space (X,.7), we define the relativization T4 of T on A as
Ty ={UNA|U € T}. (Verity that Z4 is a topology on A.)

Closure and interior

By the definition of topology, it is clear that (1) 0 is closed, (2) total space
X is closed, (3) the finite union of closed sets is closed, and (4) an arbitrary
intersection of closed sets is closed. For subset A of topological space X,
therefore, we may define the smallest closed set containing A, the closure
of A, as clA = ({B|A C B, B is closed in X}. In the same way, we may
define the largest open set contained in A, the interior of A, as int A =
\U{B|B C A, B is open in X}.

Continuity

If (X,7x) and (Y, Z3) are topological spaces, function f : X — Y is
continuous if, for each open set Uy € Jy, the inverse image of set Uy,
f(Uy) = {z € X|f(z) € Uy}, is an element of Zx. The condition is
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equivalent to saying that at each x € X for every open set U > f(z), there
is open set V' 3 x such that the image of set V, f(V) = {f(2)|z € V},is a
subset of U. (Since a set is open iff for each of its elements there is an open
neighborhood contained in the set, the latter condition is sufficient for the
former. For the necessity, use the property that f(f~(U)) C U for any
U CY.)Itis easy to see that if f: X — Y and g:Y — Z are continuous,
then their composition g o f is also continuous.

Convergence

A net in topological space X is a function S : D — X whose domain
(D, >) is a directed set. If D is the set of all natural numbers with the
ordinary > relation, net is called a sequence. Net S in X converges to
z* € X, if for each neighborhood U of x* there exists ¥ € D such that
Vv >, S(v) € U. (Net S is said to be eventually in U.) Net (also called a
generalized sequence) is a useful concept to describe closedness, continuity
of mappings, etc., for general topological spaces in exactly the same way as
the notion of convergent sequence does in Euclidean spaces. One can verify
that set A C X is closed if and only if for every net in A converging to a
certain point x in X, x € A necessarily follows. Furthermore, we may prove
that function f : X — Y is continuous if and only if for everynet S : D — X
on X, net foS:D — Y converges to f(z*) € Y as long as S converges
to z* € X. (Use the second condition, YU > f(x),3V > z, f(V) C U, for
the continuity. The necessity of this third net-characterization condition is
trivial. For the sufficiency, define net S on the directed set of neighborhoods
of * € X at which the second condition for the continuity is not satisfied.)

Subnet and cluster point

A subnet of net S : D — X isnet T : E — X such that mapping M
exists on directed set E to D satisfying T = S o M and the condition
that for all m € D element 7 € E exists such that M(n) > m for all
n > n. The condition is typically satisfied when M is monotone and for
all m € D element n € E exists such that M(n) > m. (More specifically,
when F is a subset of D such that for all m € D there is an element n € E,
i.e., E is a cofinal subset of D. Although this may seem a standard way
of constructing subnets, such a simple class of subnets is not sufficient for
all purposes, unfortunately.) For net S : D — X, point z € X is called
a cluster point of S if for all neighborhoods U of z, for all ¥ in D, there
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is v > v such that S(v) € U. (Net S is said to be frequently in U.) One
may prove that if x is a cluster point of net S : D — X, then there is a
subnet of S converging to x. (To see this, let .4 be the set of all open
neighborhoods of x directed by the inclusion, and for each N € A" let Dy
be the cofinal subset of D such that S(v) € N for all v € Dy. Consider
mapping M : A X [[yey Dnv 2 (N, f) — f(N) € D on the product
directed set and subnet T'= S o M. Or let E C D x A4 be the set of all
pairs (d, N) such that S(d) € N under product ordering, define M on E to
D as M(d,N) = d, and consider subnet T'= S o M.)

Base for a topology

Let (X, .7) be a topological space. A base for topology .7, 4, is a subset of
Z such that the set of arbitrary unions of elements of %, {|J¥|¢ C %},
equals 7. A subbase for topology 7, ., is a subset of .7 such that the set of
finite intersections of the members of ., {(€|¥ is a finite subset of .7},
is a base for topology 7. The concept of subbase (or base) for a topology is
important because it characterizes such properties as minimal requirements
in various topological arguments for a given topology. For example, we can
see that net S : D — X in X converges to z* € X if and only if for
every neighborhood U of z* belonging to a subbase for the topology, S is
eventually in U.

Product topology

Consider family of sets {X;|i € I'}. If each X; is a topological space with
topology 7, the product topology on [],.; X; is a topology whose subbase
is the family that consists of set {f|f : I — U;c; Xi,Vi € T\ {5}, f(i) €
X, f(j) € Uj} for some j € I and U; € J;. By considering the definition
of subbase, product topology may be characterized as the weakest topology
such that for every j € I, the projection pr; : [[;c; Xi 2 (-, 2j,-++) =
x; € X, is continuous. It can also be verified that net .S in product space
[I;c; Xi (the product set under the product topology) converges to x* if
and only if each net pr; oS in j-th coordinate space, X, converges to the
j-th coordinate z} = pr;(z*) of z*.

Quotient topology

Assume that Z is an equivalence relation on topological space X. For each
x € X, denote by [z] the equivalence class of z, i.e., [z] = {y € X|yZz}. The
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family of all such equivalence classes, {[z]|z € X}, gives a decomposition
(partition) of X, i.e., a disjoint family of subsets of X whose union is X.
Decomposition {[z]|x € X}, which is also denoted by X/Z, is called the
quotient set of X with respect to Z. On X to X/%, we may naturally
define function P : X — X/Z to assign each x € X to its equivalence class
[x] € X/Z. P is called the projection (quotient map) of X onto quotient set
X/%. The quotient topology on quotient set X/Z of topological space X
is family {O|O C X/%, P~*(O)is open}, which is the finest topology such
that quotient map P : X — X/ is continuous.

Other concepts

For finite set A, we denote by $A4 the number of elements of A. The set of
real numbers is denoted by R. We assume that readers have basic knowledge
of the topological and algebraic features of R as a conditionally complete
ordered field.'> Denote by R, (resp., by R, y) the set of all non-negative
reals (resp., strictly positive reals) and by R™ the n-th product of the set
of real numbers. If there are no additional explanations, R™ is supposed
to have the product of the usual (order) topology of R with vector-space,
inner-product, and Euclidean-metric structures (n-dimensional Euclidean
space). For easily understanding this book, the reader needs the most basic
knowledge of Euclidean spaces.

1.3.2 Compact sets, open coverings, and
partition of unity

Since the open covering of a space is an extremely important concept
throughout this book, it is appropriate to use one subsection here to state
several inherent concepts and properties that are repeatedly used in later
chapters.

Let X be a topological space. A family of open subsets of X, {M,|i €
I}, is said to be a covering of X if (J,.; M; = X. For two coverings,
M = {M;|i € I} and A = {N;|j € J} of X, A is a subcovering (resp.,
refinement) of . , if and only if for all N; € 4/, there exists M; € .# such
that N; = M; (resp., N; C M;). Covering ./ is said to be finite if 4 is a
finite set.

121f unsure, see Debreu (1959).
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Topological space X is compact if each covering of X has a finite
subcovering. Equivalently, it can be said that space X is compact if
and only if arbitrary non-empty family {F;|i € I} of closed sets in X
having the finite intersection property (every finite intersection among sets
in {F;|i € I} has a non-empty intersection) has a non-empty intersection.
The compactness can also be characterized through the convergence of nets
in the space.

THEOREM 1.3.1: (Net Characterization of Compactness) Topo-
logical space X is compact iff every net in X has a converging subnet.

PROOF: To see that every net S : (D,>) — X in compact set X has
a converging subnet, use the finite intersection property of the family of
closures of sets A,,, = {S(n)|n > m}, m € D. To see the sufficiency, suppose
that every net in X has a converging subnet. Then for arbitrary family
{F;|i € I} of closed sets in X having the finite intersection property, if
we consider a net on the set of finite subsets of I directed by inclusion as
S F(I)> A S(A) € (V;c4 Fi, the limit point of a converging subnet of
S is easily seen to belong to all F;, i € I. ]

In Euclidean n-space, a closed bounded set is compact. (The fact is
known as the Heine-Borel covering theorem.)

In this book, we base many theorems on Brouwer’s classical fixed-point
theorem (Theorem 2.1.1) that may be applicable to all sets homeomorphic
to a non-empty compact convex subset of Euclidean space R".'? So it is
useful to remember the next property on the homeomorphism between
compact spaces. (Topological space X is said to be Hausdorff if for all
xz,y € X, z # y, two open sets U, and U, exist such that z € U, y € U,
and U, NU, =0.)

THEOREM 1.3.2: (Isomorphism Between Compact Sets) A con-
tinuous bijection on compact space X to Hausdorff space Y is a homeomor-
phism.

PROOF: Let f: X — Y be a continuous bijection. (Note that by the
continuity of bijection f, Y is also compact and X is also a Hausdorff

13Topological spaces X and Y are said to be homeomorphic if continuous bijection f :
X — Y exists such that f~1 is also continuous. (Function f is called a homeomorphism
between X and Y.) One can prove that if X has the fixed-point property (i.e., every
continuous mapping on the space to itself has a fixed point), space Y homeomorphic to
X also has the fixed-point property.
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space.) We have to show that f~! is continuous. Consider net {y”} in ¥’
that converges to y* € Y. Since X is compact, net ¥ = {f~1(y")} in X
has a subnet {f~(y*®)} in X converging to point z* € X. Since f is
continuous, f(z*(") must converge to f(z*), so f(z*) is a cluster point
of converging net {y”}; i.e.,, f(z*) must equal y* since Y is a Hausdorff
space. It remains to be shown that net {f~'(y”)} converges to z*. The
above argument ensures that every converging subnet of {f *l(y”)} must
converge to the same point, z* = f~1(y*). If {f~1(2¥)} does not converge
to z*, again by the compactness of X, net {f~1(y”)} has a subnet that
converges to a point different from z*: a contradiction. |

By definition, every closed subset of a compact space is obviously also
compact under the relativized topology. One can also prove that compact
subset X of topological space Y is closed if the topology of Y is Hausdorff.

Hausdorff space X is said to be normal if for any two closed subsets, A
and B, such that AN B = ), there are two open sets, U4 and Up, such that
Us D A, Ug D Band UyNUg = (). From the definition, in normal space X,
every open neighborhood U of x € X clearly includes closed neighborhood
C of z. (Consider two closed sets, X \ U and {z}.) It is also easy to prove
that every compact Hausdorff space is normal.

THEOREM 1.3.3: (Partition of Unity) Let X be a normal space,
and let % = {Uy,..., Uy} be a finite covering of X. It is known that a
family of non-negative real valued continuous functions exists, f1 : X —
Ry,....fn: X — Ry, such that fi(z) =0 for all x € X \ U; for each 1,
and >0, fi(z) =1 for allz € X.

The family of functions stated in the above theorem is called a partition of
unity on space X subordinate to covering % . The theorem is an immediate
consequence of the so-called Urysohn’s Lemma on two closed subsets of a
normal space.' A complete proof is given in Mathematical Appendix I.

1.3.3 Vector space duality and hyperplane

We denote by R} (resp., by R, ) the set {(z1,...,2,)|z1 € Ry,..., 2y €
R.} (vesp., {(x1,...,%n)|x1 € Ris,...,xn € Ryy}) in n-dimensional

14The proof of this theorem is easy when the topology of X is given through a metric
as in the Euclidean spaces. Let F;(z) be the distance from z to X \ U; and define f;(z)
as normalization F;(z)/3°7_, Fj(z) for each i and = € X.
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Euclidean space R". Readers are expected to have the most basic knowledge
of vector-space structure in Euclidean spaces.

A wvector space over real field R is a set L on which mapping (z,y) —
x+yon Lx L to L, called addition, and mapping (a,z) — azx on R X
L to L, called scalar multiplication, are defined to satisfy the following
axioms: (In the following, z,y, 2z and a,b are arbitrary elements of L and
R, respectively.)

(1) @+y)+z=c+(y+2)

2) z+y=y+u

(3) alz +y) = 0z + ay

(4) (a+b)x =ax+bx

(5) a(bx) = (ab)x

(6) 30,0+zx=2z+0=2x

(M) Vz,3—z, 2+ (—z)=(—2)+2=0
8) lx=x

Mapping f on vector space L over R to vector space M over R is linear if
flax +by) =af(x)+bf(y) forallz € L,y € L, and a,b € R.

m

For m points z',...,2™ of vector space L over R and m scalars

at,...,am in R, point = >, a;z" in L is a linear combination (under
coefficients ay,...,a,,) of points z*,... 2™, Points z!,..., 2™ are linearly
independent if 3" ;' = 0 = a1 = 0,a2 = 0,...,a;, = 0. In other
words, points ', ..., 2™ are linearly independent if no x* can be represented
as a linear combination of other points. More generally, if subset A of L is
such that no element = of A can be represented as a linear combination of
other (finite) points in A, then set A of the points is linearly independent.
If A is not linearly independent, it is linearly dependent.

Subset M of vector space L is a linear subspace of L if all additions
between points in M and all scalar multiplications of points in M are
also points in M. For subspace M of L, the subset of form z + M =
{z 4+ 2|z € M} for some z € L is called an affine subspace of L. If A
is a linearly independent subset of vector space L over R, the set of all
linear combinations of points in A, L(A), forms a subspace of L. Linearly
independent subset A is called a basis (Hamel basis) of L(A). Linear
mapping on L(A) is uniquely determined by the images of elements of
the basis.

In vector space L over R, if m coefficients a1,...,a, for m points

xz',...,2™ belong to R, and satisfy 221 a; = 1, linear combination
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S aat s called a conver combination (under coefficients ai,...,am)
of points x',...,2™. Subset X of vector space L over R is convez if all
convex combinations of two points in X are also elements of X. Given
set A of vector space L, co A denotes the set of all convex combinations
among points in A. One may prove that co A is the smallest convex set
that includes A, which is also equal to the intersection of all convex sets
that include A. (Use the fact that an arbitrary intersection of convex sets
is also convex.1?)

A topological vector space over R is a vector space having a topology
on which the addition and scalar multiplication are continuous. (Since
(a¥zh+b"yC) — (a*x* +b*y*) = (a¥z" —a*z*)+ (b"yS —b*y*), one can verify
that they are indeed jointly continuous.) Therefore, if A = {x1,...,2¢} is a
linearly independent subset of topological vector space over R, bijective
linear mapping f : R’ 2 (a1,...,a7) +— ajxy + -+ + apzy € L(A) is
continuous. A family of neighborhoods of z € X, %, such that for each
neighborhood U, of z, member U of family % included in U, exists, is
called a neighborhood base at x. Neighborhood base at 0 € X is called
a 0-neighborhood base. This concept is important since the topological
features of a topological vector space are completely determined by a 0-
neighborhood base. A locally convez space is a Hausdorff topological vector
space with a 0-neighborhood base consisting of convex sets.

For vector space E, real valued linear function f is called a (real) linear
form (or a linear functional) on E. The set of all real linear forms, E*, may
also be considered a vector space by defining (f + g)(z) as f(x) + g(z) and
(af)(z) as af(z). E* is called the algebraic dual space (or algebraic dual)
of E. On topological vector space F, the set of all continuous real linear
forms, E’, is also recognized as a vector space and is called the topological
dual space (or topological dual) of E.*6 The weak topology on E, o(E, E'), is
a topology whose subbase is constructed by sets of form {y € E|f(y) < a}
for some f € E' and a € R. It is the weakest locally convex topology under

15 As stated in Section 1.2, although the “convexity” concept in this book is often used
in the generalized sense, it may not be so harmful to give priority to the vector-space
interpretation over the generalized one when a vector space structure is explicitly given.
16For example, let R>® be the set of the countably infinite product of R and let Roo be
the subspace of R°® that consists of points whose coordinates are all 0 except for finite
components. By considering the duality operation, ((1,1,---),(z1, -+ ,2n,0,---,0)) =
lz1 + -+ + lzy for (z1, -+ ,2n,0,---) € Roo, we can recognize (1,1,---) € R* as an
algebraic linear form on Roo. The element (1,1, ---) € R* is not continuous, however,
if we relativize the product topology on R*° to Rec.
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which every f € E’ is continuous. On the other hand, the topology on E’,
whose subbase is constructed by sets of form {f € E'|f(y) < a} for some
y € F and o € R, is called the weak star topology on E', o(E’, E).

If f is a real linear form on vector space F, set H of form {y € E|f(y) =
a} for some « € R is called a hyperplane in E. In topological vector space E,
hyperplane H is closed if and only if it is associated with continuous linear
form f. We say that two sets, A and B, in vector space E are separated
(resp., strictly separated) by a hyperplane if hyperplane H = {y|f(y) = a}
exists such that Va € A,Vb € B, f(a) < a < f(b), (resp., f(a) < a < f(b)).
The next theorem is especially critical for economic arguments. (For the
proof, see Mathematical Appendix II. See also Schaefer (1971, p. 64, 9.1).)

THEOREM 1.3.4: (First Separation Theorem) In topological vector
space E, if A is a conver set whose interior int A is non-empty and B is
a non-empty convex set such that int AN B =0, then closed hyperplane H
exists that separates A and B. If both A and B are open, we may choose
H so that A and B are strictly separated.

THEOREM 1.3.5: (Second Separation Theorem) In locally convex
space E, if A is a non-empty closed convexr set and B is a non-empty
compact convex set such that AN B = (), then a closed hyperplane exists
that strictly separates A and B.

PROOF: Under the basic property of vector space topology, set —A =
{—a|la € A} is closed. Since B is compact, we can also verify that B +
(—=A) = {b+ (—a)|b € B,a € A} is closed. (Use a net and a converging
subnet in compact set B.) Then, there is convex 0-neighborhood U that does
not intersect with B+ (—A). (In the following, for subsets in a vector space,
such notations as A+ B, —A and B + (—A4) = B — A will be used without
any explanations. If one such set is a singleton, we often write x + A instead
of {z} + A.) Without loss of generality, we may assume U to be open. (Note
that the interior of a convex set is always open under vector space topology.)
Let W =UN-U and define V as V = (1/3)W = {(1/3)w|w € W}. Then,
A+V and B+ V are two disjoint convex open sets satisfying all conditions
in Theorem 1.3.4, and thus the result is an immediate consequence of the
First Separation Theorem. |
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Notes on References

Since this is a research monograph, many theorems and arguments must
be supplemented with sources to establish priority or confidence. At the
same time, I want this book to be readable as a text for graduate students
in economics who are concerned with rigorous mathematical arguments.
Therefore, in the main sections of this book, references to the literature
for every important (especially mathematical) theorem and concept have
been minimized as suggestions for further reading from an educational
viewpoint. References necessary for research-level arguments are given in
the last section of each chapter as Bibliographic Notes.



This page intentionally left blank



Chapter 2

Fixed-Point Theorems

2.1 Classical Results and Basic Extensions

2.1.1 Classical fixed-point arguments

Let X be a topological space. Function f : X — X is said to have a fized
point if the element z* of X exists such that f(z*) = «*. For set valued
mapping (or a correspondence) ¢ : X — 2% z* is a fized point of ¢ if
x* € p(x*). The set of all fixed points (fized-point set) of f (resp., of ¢) is
denoted by Fix(f) (resp., by Fix(p)). The next theorem from L. Brouwer
is one of the most fundamental results in the theory of fixed points.

THEOREM 2.1.1: (Brouwer’s Fixed-Point Theorem) If X is a
non-empty compact convex subset of an n-dimensional Fuclidean space R™,
then for every continuous function f : X — X, Fix(f) # 0.

A proof of Brouwer’s fixed-point theorem is given in Chapter 6. Until then,
we use it as a given result to show other important theorems on multivalued
mappings and their extensions.

Most of the results in this book are related to fixed-point arguments
on correspondences. Therefore, it is appropriate here to start by defining
several basic notions and properties that characterize the topological
property (the continuity) of correspondences.

Let X and Y be topological spaces. Correspondence ¢ : X — Y has the
open-lowersection property if for each y € Y, lower section ¢~ !(y) is open.
We also say that correspondence ¢ : X — Y has the local-intersection
property at x € X on K C X if there is at least one y* € Y and an
open neighborhood U(z) of x such that for all z € U(z) N K, y* € ¢(z).
Correspondence ¢ is said to have the local-intersection property on K C X
if it simply has the local-intersection property at each x € K on K. It
is clear that if correspondence ¢ : X — X has the open-lowersection
property, then it has the local-intersection property on {z € X|p(x) # 0}.
If non-empty valued ¢ : X — X has an open graph in X x X, i.e., the

27
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Figure 7: Fixed points

graph, G, = {(z,y) € X x X|y € ¢(2)}, is open under the product
topology on X x X, then ¢ has the open-lowersection property on X.!
Fixed-point theorems on such mappings (open graph) constitute one of the
most important arguments in the fixed-point theory of correspondences.
The basic theorem given by Browder (1968) is that on a non-empty
compact convex subset of Hausdorff topological vector space, every non-
empty convex valued correspondence having an open graph (in X x X
under the product topology) has a fixed point, or more generally:

THEOREM 2.1.2: (Browder) Let X be a non-empty compact convex
subset of Hausdorff topological vector space E. If ¢ : X — X 1is a non-
emptly convex valued correspondence having the open-lowersection property,
then ¢ has a fized point.

The proof of this theorem will be given in the next subsection. (Local
continuous selections and the partition of unity theorem play essential
roles.) Such mappings (with more generality including mappings with local-
intersection properties) are later called mappings of the Browder type.
Another important kind of correspondence in fixed-point theory is the
class of closed correspondences. Correspondence ¢ : X — Y, where X
and Y are topological spaces, is said to be closed if the graph of ¢, G, =
{(z,y)|ly € p(x)},is closed in X xY under the product topology. The class of
closed correspondences has great significance since it includes all continuous
functions (as single valued correspondences), so a fixed-point argument may
be regarded as an extention of Brouwer’s theorem. A representative theorem

1Rigorously speaking, since a correspondence is defined in this book as a relation defined
as a set of ordered pairs (Subsection 1.3.1), no difference exists between a correspondence
¢ and its graph G, (or function f and its graph) as a mathematical entity.
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of this type was developed by Kakutani (1941), which was then generalized
by Fan (1952) and Glicksberg (1952) in locally convex topological vector
spaces.

THEOREM 2.1.3: (Kakutani-Fan—Glicksberg) Let X be a non-
empty compact convexr subset of Hausdorff locally convex topological vector
space B and ¢ be a non-empty convex valued correspondence on X to X
having a closed graph. Then @ has a fixed point.

The proof of Theorem 2.1.3 is also given in the later part of this section
with more general versions of it. As with the previous Browder’s case, the
generalized class of correspondences, including the above mappings with
closed graphs, is called the Kakutani type. The generalization and proofs in
this book are given through the following concept of upper semicontinuity
that abstracts a certain property from mappings with closed graph and
relates it to the same arguments in cases with mappings having an open
graph (on local continuous selections and partition of unity method). Let
X and Y be topological spaces. Correspondence ¢ : X — Y is upper
semicontinuous if for each € X and for each open set U D ¢(x), open
set V' > z exists such that Vz € V, U D ¢(z). It is said to be lower
semicontinuous if for each z € X and for each open set U such that
U N(x) # 0, open set V 3 x exists such that V2 € V, U Ny (2) # 0, and it
is said to be continuous if it is both upper and lower semicontinuous. If range
of correspondence ¢ : X — Y is contained in a compact set (especially if
Y is compact), we may restate the property having a closed graph through
the upper semicontinuity as follows.

THEOREM 2.1.4: (Closed Graph and Upper Semicontinuity) Let
X and Y be Hausdorff spaces. If Y is compact, then ¢ : X — Y is closed
if and only if it is closed valued and upper semicontinuous.

PROOF: Suppose that ¢ is closed valued and upper semicontinuous and
that S is a converging net in graph G, of ¢ to point (z,y) € X xY under the
product topology. Assume that y ¢ ¢(x). Since Y is normal, two disjointed
open sets, A 3 y and B D ¢(z), exist in Y. By the upper semicontinuity of
©, however, net S is eventually in X x B, so projection pry o S is eventually
in B, a contradiction. Consequently, we have y € ¢(z), and G, is closed. If
graph G, of ¢ : X — Y is closed in X XY, every x € X section of G, is
obviously closed under the product topology, and thus ¢ is closed valued.
Arbitrarily take z € X and open set U including ¢(z). Let y be a point in
Y\U. Since (z,y) € X x Y\G,, neighborhoods V, , of z and U, of y exist
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such that V,, , x U, NG, = 0. Since {U}U{U,|y € Y\U} is a covering of Y,
there is a finite subcovering, {U} U {U,,,..., Uy, }. Let V. = NI, V..
Then, from p(z) C U for all 2 € V, the upper semicontinuity of ¢
follows. |

The notion of closed correspondence, therefore, may be generalized through
an extension of the closed valued upper semicontinuity. The details are given
in the next subsection.

Brouwer’s Theorem 2.1.1 is so fundamental that all the fixed-point
results in this book, including both Browder and Kakutani types, may
essentially be considered merely corollaries to it. Under the simplest case of
the argument, let us see this point as a summary to this subsection. If X is
the unit interval, I = {xr € R |0 < x < 1}, and f is a continuous function
on [ into I. On product space I x I, the graph of f is a continuous curve
that begins at a point in {0} x I and ends at a point in {1} x I (Figure 8a).
Brouwer’s fixed-point theorem, in this case, maintains the obvious fact
that every graph of continuous function necessarily intersects with diagonal
A = {(z,z)|z € I}. Of course if f is not continuous, the intersection may
not necessarily exist (Figure 8b). It is easy to check that for a function,
the condition of continuity is equivalent to the closedness of its graph. In
general, if we consider a correspondence, however, the closedness of its graph
is not sufficient to assure the existence of fixed points (Figure 9a). Even in
this case, if the correspondence is convex valued, we expect the existence of
fixed points as before (Figure 9b). This is the case with Kakutani’s fixed-
point theorem.

Rigorously speaking, to obtain Kakutani-type results, we must use some
limit arguments that relate the conditions of convexity and closedness to
known fixed-point results like Brouwer’s theorem. The difference between

Figure 8: Graph of continuous function in I x I
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Figure 9: Mapping with closed graph in I x I

Figure 10: Mapping with closed graph in I x I

Figures 8a and 9b is not as simple as we can intuitively see in the figures.
In this book, we base our approach on an argument of continuous selections
that are more directly related to the following Browder-type theorems. The
case of correspondence ¢ on I to I having an open graph is illustrated
in Figure 10a, where the open graph property (or the local intersection
property) ensures the existence of local constant mapping selections of .
Local selections may be amalgamated (through the “partition of unity”)
into a continuous selection of ¢ as long as ¢ is convex valued. Hence, by
Brouwer’s fixed-point theorem, we have a fixed-point of ¢ : [ — I.

2.1.2 Extensions of classic results

In economics, one of the most general settings assumes the open-
lowersection property for mappings like preference correspondences or
better set correspondences. (Precise definitions for such mappings are given
in later chapters.) It is also known that in such equilibrium arguments, the
full convexity for the value of such mappings, that is, better sets, is not
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necessary. In fact, for the existence of equilibria or individual maxima, the
condition where x does not belong to the convex hull of the better set
relative to z is sufficient. Let us begin with a theorem that applies this
type of argument to fixed-point theory as a generalization of Browder’s
Theorem 2.1.2.

THEOREM 2.1.5: Let X be a non-empty compact convex subset of
Hausdorff topological vector space E, and let ¢ be a non-empty valued
mapping having the open-lowersection property. Assume that for each v ¢
Fix(p), conver set U(x) exists such that o(x) C ¥(z) and x ¢ V(x). Then
@ has a fixed point.

In Theorem 2.1.5, convexity for the value of ¢ in Browder’s theorem is
replaced by the existence of convex set ¥(zx) including ¢(x) at each = such
that z € X\Fix(p). Note also that ¥ may be considered a correspondence
satisfying a local intersection property on X\Fix(p). The key concept
behind the theorem is a characterization of mappings relative to the set
of their fixed points.

To prove Theorem 2.1.5, therefore, it is sufficient to show the next
theorem, which is written through further general concepts and properties
for correspondence ¢ relative to the set of its fixed points. As we see in later
chapters (e.g., discussions for Lefschetz’s number in Chapter 6 and fixed-
point degree in Chapter 7), this type of argument is not only quite useful
but also important for relating our fixed-point results in earlier chapters to
algebraic ones. We say that correspondence ¥ : X — X is a fized-point-free
extension of o : X — X on A C X if U is an extension of ¢ having no fixed
point on A (i.e., if (z) C U(z) and = ¢ U(x) for all x € A).

(?(x)

. @(x)

Figure 11: Convex set ¥(z) such that ¢(x) C ¥(z) and x ¢ ¥(x)
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THEOREM 2.1.6: Let X be a non-empty compact convex subset of
Hausdorff topological vector space E, and let ¢ be a mon-empty valued
correspondence on X to X satisfying the following condition:

(K*) ¢ has a convex valued fized-point-free extension having a local
intersection property on X\Fix(p).

Then ¢ has a fixed point.

PROOF: Suppose that ¢ does not have a fixed point. Let ¥ be a fixed-
point-free extension of ¢ satisfying condition (K*) on X = X \Fiz(p). For
each z € X, let U(x) be an open neighborhood of x on which the local
intersection property of ¥ holds. Since X\Fix(p) = X is compact, by
taking a finite subcovering of covering {U(x)|x € X} of X, we have finite
points 21, ..., 2™ € X and their open neighborhoods U (z1),...,U(z") that
cover X, and for each t = 1,...,n, point 3 satisfies Vz € U(z!), z ¢ U(z2)
and y‘”t € U(z) by the local intersection property of correspondence V.
Let 8 : X — [0,1], t = 1,...,n be a partition of unity subordinate to
U(z'),...,U(2™) (see Theorem 1.3.3). Denote by A set {y* ,...,y*"} and
by D set A% ={ele: A — R,Va € A e(a) > 0,3, e(a) = 1} identified
with the (n — 1)-dimensional unit simplex in Euclidean space R™ under
isomorphism that maps e’, the mapping satisfying e*(y*") = 1, to the i-th
unit vector in R™ for each ¢ =1,...,n. Let g : D — X be the continuous
mapping e — >, e(y™ )y®" and let us consider function f on D to itself
such that f(e) = Y7, Bi(g(e))e’. Then, since f is a continuous function on
finite dimensional compact set D to itself, f has fixed-point e* by Brouwer’s
fixed-point theorem. On the other hand, for all i such that g(e*) € U(z?),
y® € U(g(e*)). Moreover, since ¥ is convex valued, we have g(e*) =
o) = o(S0, Algle)e) = T[S0, Bilae )™ ' =
S [Be(gle)etl(y™ )y™ = Y7, Be(g(e))y™ € ¥(g(e*)), which contra-
dicts condition g(e*) ¢ U (g(e*)). |

The theorem immediately yields the following special cases,
Theorems 2.1.7 and 2.1.8, which may also be considered direct extensions
of Theorems 2.1.5 and 2.1.2, respectively.

THEOREM 2.1.7: Let X be a non-empty compact convex subset of
Hausdorff topological vector space E, and let ¢ be a mapping having a local
intersection property on X\Fix(p). Assume that for each x € X\Fix(p),
x does not belong to C(p(x)), the set of all convexr combinations among
points in p(x). Then ¢ has a fixed point.
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PROOF: For each x ¢ Fix(yp), define ¥(x) as ¥(z) = C(p(z)) and for
each x € Fix(p), define ¥(z) as ¥(z) = p(x). Then, correspondence ¥ :
X — X is a fixed-point-free extension of ¢ satisfying condition (K*) in
Theorem 2.1.6. |

THEOREM 2.1.8: Let X be a non-empty compact convex subset of Haus-
dorff topological vector space E, and let ¢ be a convex valued correspondence
on X to X. If ¢ has a local intersection property on X\Fix(p), then ¢ has
a fixed point.

PRrROOF: In Theorem 2.1.6, define ¥ as ¥ = ¢. |

In the proof of Theorem 2.1.6, it is an essential feature that the
compactness of X enables us to choose finite covering {U(z1),...,U(z")}
such that on each member, the key property of local intersection of the
mapping is ensured. Accordingly, let us define mappings of the Browder
type for correspondences in Hausdorff topological vector spaces as follows.
Let X be a normal convex subset of Hausdorff topological vector space.
Correspondence ¢ : X — X is said to be of the Browder type if the next
condition is satisfied:

(Browder-Type Mapping: Hausdorff t.v.s.) For each open set U D
Fix(p) of X, finite open sets Ul,..., U™ of X exist such that
(1) {U,UL,...,U"} covers X, and (2) convex valued fixed-point-
free extension W of p on (J;_; U’ to X satisfies that (), o ¥(x) # 0
foreacht=1,...,n.

Note that condition (2) ensures the existence of a fixed-point-free convex
valued extension ¥ of ¢ having the local-intersection property on J;_, U*.
One can easily verify that the proof of Theorem 2.1.6 actually shows the

Figure 12: Mappings of Browder type — 3" € (), ¢+ ¥()
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existence of fixed points for all non-empty valued Browder-type mappings
on convex subset X of the Hausdorff topological vector space to itself.?

THEOREM 2.1.9: FEvery non-empty valued Browder type mapping on a
normal convex subset of Hausdorff topological vector space to itself has a
fixed point.

We next consider the case with mappings with closed graphs and an
extension of Kakutani—-Fan—Glicksberg’s theorem. As shown in the previous
subsection (Theorem 2.1.4), the correspondence on the Hausdorff compact
set to itself having a closed graph is closed valued and upper semicontinuous.
Moreover, if ¢ is convex valued and if the topology is locally convex, we
can strictly separate x and ¢(x) by closed hyperplane H,, (continuous linear
functional) as long as x € X\Fix(p) (Second Separation Theorem 1.3.5).
The upper semicontinuity of ¢ means that such a hyperplane may be chosen
in common at least for all z near x (left illustration in Figure 13). Hence,
in the same way as with Browder’s case, we may define a generalized
class of mappings including those treated in the Kakutani—-Fan—Glicksberg
Theorem as follows. Let X be a normal subset of Hausdorff topological
vector space. Correspondence ¢ : X — X is of the Kakutani type if the
next condition is satisfied:

(Kakutani-Type Mapping: Hausdorff t.v.s.) For each open set
U D Fiz(p) of X, finite open sets U, ..., U™ of X with continuous

¢ixy

Figure 13: Closed hyperplane H, strictly separates z and ¢(z) for all z near x

2In this theorem, even closedness for domain X is not necessary. Characterization based
on coverings (instead of continuity arguments like (K*)) has advantages in its generality
for the domain of mappings and its development of discussion for Cech and Vietoris
homological treatment of this problem in later chapters. The condition is not necessarily
weaker than (K*) since each U? must be open in X (not in X\Fiz(p)).
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Figure 14: Mappings of Kakutani type

linear functionals p',...,p" exist such that (1) {U,U%,...,U"}
covers X, and (2) for each ¢, a hyperplane defined by p' strictly
separates U and (¢« ¢(2).

Figure 14 shows mapping ¢ of the Kakutani type, where H; denotes
the hyperplane defined by p‘. The concept of Kakutani-type mapping is
extended in the last section of this chapter based on the condition shown
by the illustration on the right in Figure 13, where K, denotes a general
closed convex set. This concept will be further generalized through the
notion of acyclicity in Chapter 6 to spaces without convex structures. In
this section, based on the vector space structure and the system of duality,
we show a fixed-point theorem for a wide class of mappings, including the
Kakutani type.

Let us consider the following extension of Kakutani-Fan—Glicksberg’s
theorem, where the continuity, the convexity for values, and locally convex
topology are generalized entirely through the condition characterized by
the mathematical structure of duality.

THEOREM 2.1.10: Let X be a non-empty compact convexr subset of
Hausdorff topological vector space E, and let ¢ be a mon-empty valued
correspondence on X to X . Suppose that o satisfies the following condition:

(K1) For each x such that x € X\Fix(p), continuous linear
functional p € E' and open neighborhood U of x exist such that
for all z € UN (X\Fix(p)), we have p(v) > 0 for all v € p(z) — .

Then ¢ has a fixed point.

PROOF: Assume that ¢ has no fixed point. Since X = X\Fix(p) is
compact, there are finite continuous linear functionals, p*,...,p" € E’, and
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open covering U',...,U" of X such that for all t = 1,...,n and z € U?,
pt(v) > 0forallv € p(z)—2. Let By : X — [0,1], £ =1,...,n be a partition
of unity subordinate to {U!,...,U"}. For each z € X, define ¥(z) as

U(z) = {y € X‘ [Zﬁt(@pt] (y—2z)> 0} :
t=1

For all z € X, for all y € ¢(z), and for all ¢ such that z € U, we have p'(y—
z) > 0, so that > i, Bi(z)(p'(y — 2)) = D1y Be(2)p'](y — z) > 0. That
is, ¥(z) D ¢(z) for all z € X. Therefore, ¥ : X — X is a fixed-point-free
convex extension of ¢ on X. Moreover, ¥ has a local intersection property
on X\Fix(p) = X, since if x € X and y* € p(z), open neighborhood V ()
of x in X exists such that Vz € V(z), y* € ¥(z). (Indeed, since y* € ¥(z),
we have D), Bi(2)p'](y* — 2) > 0 for all z near by the continuity of
value [32 Be(2)p"](y" —2) = 254_1 Be(2)P*(y" — 2)] = 201 P*(Be(2) (" —
z)) with respect to variable z.) Therefore, ¢ has a fixed point by
Theorem 2.1.6. ]

In the above proof, the essential feature is that the compactness of
X ensures the existence of finite linear functionals, p',...,p", and open
covering {U1, ..., U™}. Consequently, as before, we have the following result
for Kakutani-type mappings on a normal subset of Hausdorff topological
vector space to itself.

THEOREM 2.1.11: FEvery non-empty valued Kakutani-type mapping on
a normal convex subset of Hausdorff topological vector space to itself has a
fized point.

We have now completed all of the proofs for Theorems 2.1.2-2.1.11.
Discussions about Browder- and Kakutani-type mappings comprise two
important streams in fixed-point theory, so we mainly treat such mappings
throughout this book. As obviously seen in the definitions of Browder- and
Kakutani-type mappings, the arguments in the main theorems, 2.1.9, 2.1.10,
and 2.1.11, merely depend on two concepts, “convexity” and “dual space,”
except for the general topological frameworks. Hence, if we abstract these
concepts as structures independent of topological vector space structure,
we may argue and extend these results freely in general topological
spaces where we can base our economic equilibrium arguments on minimal
mathematical requirements (Chapters 3-5) and also relate our fixed-point
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methods to purely algebraic ones (Chapters 6 and 7). The following two
Sections, 2.2 and 2.3, are devoted to this task.

We complete this section with an additional fixed-point theorem that
can be treated under the same conditions as (K*) and (K1), but depends
directly on the linear structure of vector spaces. Different from (K*) and
(K1), condition (K#) in the next theorem asserts the existence of vectors
that must be added at each point of the space, so the concept of vectorial
addition is essential for characterizing this class of mappings.

THEOREM 2.1.12: Let X be a non-empty compact convexr subset of
Hausdorff topological vector space E over R, and let ¢ be a correspondence
on X to X. Suppose that ¢ satisfies the following condition:

(K#) For each x € X\Fix(p) there is vector v, with open neighborhood
Vo of © such that for each z € V,, we may choose A\, > 0 to satisfy
z 4+ Az € 9(2).

Then ¢ has a fized point.

PROOF: Assume that Fix(p) = 0. Since X = X\Fix(p) is compact, we
obtain finite points z', ..., 2" € X, their open neighbourhoods U?,...,U"
which cover X, and vectors v',...,v" € E such that forallt =1,...,n and
for all z € U?, positive real number \!(z) > 0 satisfies that \(z)v! € p(2)—
z. Let gt : U — [0,1], t = 1,...,n be the partition of unity subordinate
to U', t = 1,...,n such that 8*(z) > 0 iff 2 € U? for all t. Denote by X
the intersection of X and the finite dimensional topological vector space
E spanned by z',...,2" and v!,...,v". Clearly X is a compact convex
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subset of finite dimensional topological vector space E. Let f: X — X be
mapping defined by

Zﬂt )(z + A (2)0"),

where \f(z) = max{\ € Ry |z + A’ € X} > A(2) > 0. It is easy to verify
that A’ is continuous for each ¢ so that f is a continuous function on the
finite dimensional compact convex set X to itself. Hence, f has fixed-point
z* by Brouwer’s fixed point theorem. On the other hand, for all ¢ such
that z* € U?, 2* + X (z*)v! is an element of ¢(z*), so that z* 4+ Af(z*)v!
is an element of $(z*) = {y € X|y = 2* + Aw,\ € R, w € @(z*) — 2*}.
Therefore, since $(z*) is convex, we have Y11 | B*(2*)(z* + N (z*)vt) €
$(z*). That is, we have f(z*) = z* € ¢(z*), which is impossible by the
definition of ¢(z*) since z* ¢ p(z*). [ |

2.2 Convexity and Duality for General Spaces

As seen in the classical fixed-point theorem of Eilenberg and Montgomery
(1946) and its further generalization by Begle (1950b), the vector-space
structure for topological space is not a necessary setting for fixed-point
arguments. Even for cases with the classical Gale-Nikaido-Debreu lemma
for which a certain kind of duality structure seems necessary, the vector
structure is superfluous and the necessary setting is “a compact ...space
in which the convex linear combination of finitely many points depends
continuously on its coefficients” (Nikaido 1959, p. 362, Theorem 4). Since
we finally relate our fixed-point arguments to such homological settings in
Chapters 6 and 7, convexity and duality must be defined independently of
the linear (vector-space) structure.

Let A be a non-empty finite subset of space X. Recall that for
finite set A, #4 denotes the number of elements of A. Denote by A4
the set of all functions e : A — Ry such that )] _,e(a) = 1. For
each a € A, denote by e the element of A“ such that e%(a) = 1
and e%(a’) = 0 for each o/ € A\{a}. Identify A4 with the (4 — 1)-
dimensional standard simplex in R4, the §A-dimensional Euclidean space,
by identifying e® with an appropriately chosen element of the standard
basis, {(1,0,...,0),(0,1,0,...,0),...,(0,...,0,1)}, of R*. Moreover, for
each finite set A’ O A, regard A“ as a subset of AA by identifying e € A4
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with element ¢/ € A" such that ¢/(a) = e(a) for each a € A and ¢/(a’) = 0
for each o’ € A"\ A.

2.2.1 Convex structure and convex combination

The abstract setting for convexity in this book is simply an extraction of
the concept of “convex combination” from vector-space structure. Let X
be a topological space. Denote by .#(X) the set of all non-empty finite
subsets of X. We say that on space X a convex structure is defined if for
each A € .Z(X), there is function f4 on A4 to X (intuitively, defining
set-A-dependent weighted sums among points in A) and set C(4) C X
(representing the set of all convex combinations among points in A),
satisfying the following conditions:

(C1) For each A € F(X), fa: A% — X is continuous.

(C2) For each A € #(X), C(A) C X is non-empty.

(C3) For each A € .#(X), there is at least one A D A such that f;(AP) C
C(B) for all non-empty B C A.

We call fa4 a set-dependent weighted sum function for each A, and C a
convex combination operator. Condition (C3) is the minimum requirement
for set-dependent weighted sums to be consistent with the global convex
combination concept.

A convex structure on X, therefore, is a list ({fa]d € F(X)},C) of
set-dependent weighted sum functions giving local candidates for weighted
sums among finite points that continuously depend on their coefficients,
and total operator C : .F(X) — 2%, directly defining the set of all convex
combinations among points in A, C'(A4), for each A € .7 (X).

Given convex structure ({fa]4 € F(X)},C), subset Z of X is said to
be convez if for any non-empty finite subset A of Z, we have C(4) C Z.3
It is easy to check that X is a convex set and that an arbitrary intersection
of convex sets is also a convex set. Therefore, the smallest convex set
containing Z, the convex hull, co Z, of Z C X always exists. It is natural to

3The convexity concept defined here includes the concept of L-convezity, which is one of
the most general settings in such treatments (Ben-El-Mechaiekh et al., 1998). General
convexity settings will be utilized in later chapters. For example, when X has a special
point such that the implications of “convex combination” change crucially depending on
whether the point is included.
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A-fa,b}

Figure 16: Convex combination C'(A)

extend the convex combination operator on infinite subsets, Z C X, Z # (),
Z ¢ F(X) as

C(z) = U cw.

ACZ,AcF(X)

Then, by definition, we have C(Z) C co Z for all Z C X. Note, however,
that conditions (C1)—(C3) are not sufficient to ensure that C'(Z) is convex.
In this sense, C(Z) = co Z is not necessarily the case, although it is always
true for ordinary vector-space convexity.

REMARK 2.2.1: (Standard Vector-Space Convexity) If X is a
subset of topological vector space, standard vector-space convexity (defined
in Subsection 1.3.3) can be obtained by identifying for each A € 7 (X),
convex combination function f4 : A4 — X with the ordinary vector-space
convex combination and the value of convex combination operator C'(A)
with the set of all convex combinations of points in A. Even in such a
standard convexity case, the fixed-point results in this book have sufficient
generality. Hence, although “convexity” will be used in an abstract sense for
the remainder of this book, it is unnecessary for readers (especially those
who are unconcerned with the “relation” between our general fixed-point
arguments and algebraic homological arguments) to be fully aware of the
significance of abstract convexity. For such cases, remember the following:
(1) a “convexity” or “convex combination” may be defined even with no
linear (vector) space structure, (2) C(A) denotes the set of all convex
combinations among points in finite set A, and (3) in proofs, read f4 as the
ordinary operator to define the convex combination among finite points in
Aaser Y c4e(a)a for each e € A.
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2.2.2 System of duality

The notion of conver combination in the previous subsection plays a central
role in describing the “extensional” condition for convexity, an essential
feature of the linear structure. On the other hand, by defining hyperplanes
or separation of points based on the values of points in a space, a system of
duality describes the “intentional” part of the same essential feature. One
important result of such a close relation between convexity and dual-system
is known in standard vector-space theory as the Hahn—-Banach theorem (see
Mathematical Appendix II). Since the dual-system structure provides an
appropriate way to describe the world based on the commodity/price, the
action/message, or the fact/value classifications, generalizing the notion of
duality in a suitable way is necessary to incorporate changes in the notion
of convexity.

We generally defined in Chapter 1 the duality system of two topological
spaces, X and W, as function g on X x X x W x W to real field R so that
each point w € W can be identified with a function g(zo, -, wo,w) : X — R
for each (zg,wp) € X x W. In Chapters 2-5, we discuss a special case
where correspondence V : X x W — X is defined for each o € X and
w € W as subset V(zg,w) C X, which may be interpreted as the set of
points positively evaluated by w at xg (Figure 17a). It can also be said that
V(xo,w) is the set of points for improvement at x¢ under value w. V(xg, w)
can be obtained as V(zo,w) = {z € X|g(xo, z,w,w) > 0} for a certain
g: X x X xW xW — R, if necessary.

If X and Y are linear (vector) spaces, under the standard concept
of dual-system (X,Y, f), where f is a bilinear form, we may define V
as V(zo,y) = {z € X|f(x — xo,y) > 0} (Figure 17b). In view of
economics, such a standard (linear) case corresponds to ordinary linear
commodity /price duality. We do not depend on such linearity, though in
Chapters 2-5, we suppose the value of V' to be convex. In Chapters 6

Figure 17: Set of positions in direction w or y from zg
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and 7, we discuss more general cases.* Until then, we regard the concept of
generalized duality structure through correspondence V : X x W — X.

Assume that X and W are sets having convex structures. Correspon-
dence V : X x W — X is called the (generalized) dual system structure on
X and W if V satisfies the following three conditions:

\%

x

(V3) y € V(z,w*)NV(z,wt)N---NV(z,w") =y € V(z,w) for all w €
CH{w°, wt, ... w"}).

In condition (V3), C({w?,w! w™}) denotes the set of all convex
combinations among points in {w 7wl, ..., w"}. Triplet (X, W, V) is called
the generalized dual system.

In economics, structure (X, W, V) may be used to abstract relations
among choice sets, values, and constraints, as we shall see in Chapters
4 and 5. Mathematically, we may use the structure to prepare a notion
that gives an intentional (supporting) condition for convex sets, roughly
speaking, an incremental direction associated with an element of dual space.
By applying it to characterizing values ¢(z) at each x for mapping ¢ : X —

2% we can obtain several weak conditions for the existence of fixed points.

2.2.3 Topological condition for dual-system
structure

Let F be a topological vector space. Algebraic dual E* of E is the set of
all linear functionals on E and topological dual E' of E is the set of all
continuous linear functionals on E. Element p € E’ defines open half space
{z € E|p(z) > a} (equivalently, closed hyperplane {z € E|p(x) = a}) for

each a € R. Given finite functionals p!,...,p™ in E’ and m coefficients
ai,...,am in R, value 1" a;p’(x) is jointly continuous with respect to
ai,...,am and z. (For every finite dimensional subspace L of E’, canonical

bilinear form (z,p) — p(x) is jointly continuous on E x L.)

4In Chapter 6, we discuss a more general case in which the value of V is acyclic, and
in Chapter 7 we return to the original general concept of duality structure based on
g: XXX XxWxW — R, in relation to the concept of differentiability and cohomological
arguments in general spaces.
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We say that the generalized dual system is topological if, after added
to (V1), (V2), and (V3), the following condition is satisfied:

(V4) V : X x W — X has the local-intersection property on X x C(B) for
all B e F(W).

This condition drastically weakens the above joint-continuity property with
respect to z and finite coefficients in the canonical bilinear form through the
local intersection property, so under (V1)—(V3), it generalizes the notion of
topological dual space (Figure 18).

2.2.4 Dafferentiability and dual-space
representation

Recognizing an element of dual space as a representation of a certain kind
of direction at each point in the original space is sometimes useful (see
again Figures 17 and 18). If we return to the concept that X represents
“facts” (e.g., a commodity space) and W represents “values” (e.g., a price
space), then area V(x,w), evaluated positively (for example) by dual space
element w relative to x, has an important meaning based on which every
social equilibrium actions and states should be decided and measured. An
element of dual space, in this sense, may be recognized as a definition of a
positively evaluated area for each x.

Given duality system (X, W, V), therefore, it is possible for set A and
point € X to ask whether an element of dual space W defines a positively
evaluated area for = to which set A belongs (Figure 19). If such an element
exists, that is, there is dual space element w € W such that A C V(z,w),
we say that directions for points in A at x are supported by w, or w is a
supporting element (or supporting direction) for set A at x. We denote by
2 (A,x) C W the set of all supporting directions for set A at x.
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Figure 19: Each w defines positively evaluated area to which set A belongs at =

For topological vector space X, function f (resp., a correspondence ¢)
on X to itself may be identified with a definition of vector f(x) — x (resp.,
a set of vectors p(z) — z) at each z € X, a vector field (resp., a multi-
valued vector field) on X, and fixed points are characterized as 0-points of
such vector fields. When dual-space elements may be thought to stand for
a supporting direction in X and may be used for describing such 0-points,
we have various possibilities to deal with fixed-point arguments through
general and abstract settings.

An important example of this kind is the notion of gradient vectors
and (multi-valued) vector fields containing them. Consider duality system
(X, W, V) and real valued function v : X — R. When the duality system
represents the standard finite dimensional cases with X = R™ and W = R",
the differentiability of u at each « € X defines gradient vector grad u(z) =
(g—;‘l(:c), e aaT“(x)) at each z € X, i.e., the gradient vector field on X. If
we consider correspondence ¢ : X 5z — {y € X|u(y) > u(z)} C X, the
better set correspondence defined by u, and if ¢(x) has a supporting element
at each z € X as long as p(z) — z # 0, then the greatest elements under
u are characterized by the emptiness of ¢, and a non-greatest element is
always characterized by the existence of dual-space supporting elements.
A non-zero gradient vector for w is necessarily one such supporting
element.

We can repeat the same argument without using the basic real valued
function u on X . Generally, given correspondence ¢ : X — X and point z €
X, consider the set of all supporting elements in W for p(z) at z, Z(p(x), x)
(Figure 20a). If ¢ has an economic or game-theoretic interpretation as a
certain kind of better-set correspondences, and if a supporting element of
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Figure 20: Supporting elements for ¢(z) at x

p(z) exists at each x such that « ¢ ¢(z), then the existence of a maximal
element with respect to the preference defined by ¢ (i.e., z € X such that
p(x) # 0) may appropriately be characterized by the field of dual-space
supporting elements on X. In such cases, it is sometimes helpful to say
that the preference defined by correspondence ¢ : X — X is differentiable
at x if neighborhood U of z exists such that 2 (U N ¢(x),z) # § and
Vw e 2 (UNy(x),z), Yy e UNV (z,w), C{y,z})Ne(z) # O (Figure 20b).

2.3 Extension of Classical Results to General
Spaces

In this section, we reformulate the results in Section 2.1 under the
abstract settings of convexity and duality in general spaces (without linear
structures) introduced in the previous section. The domain of mappings
is denoted by X, a subset of Hausdorff space E. The abstract convex
structure on E (or on X) is denoted by ({fa| A € #(E)},C) (or A € F(X)
for the case with X). Generalized duality (if necessary) is represented
as (E,£W)V : W — E)or (X,W,V : W — X) with convex structure
({9B| B € #(W)},C) on W. (For convex combination operators, common
notation C' on W and E or X are used as long as there is no risk of
confusion.)

The definitions of the mappings of Browder and Kakutani types are
also extended. Although the discussion for Browder-type mappings is
straightforward, generalizing the concepts in Kakutani-type arguments is
not a routine task, since it depends both on convex and dual-system
structures. If we decide to base our studies on topological dual settings,
we will obtain a generalized theorem with respect to condition (K1). On
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the other hand, if we merely consider the convexity setting, we may obtain
another natural extension of Kakutani—-Fan—Glicksberg’s theorem.

First, we generalize Theorem 2.1.6, the basic fixed-point theorem for
Browder type mappings.

THEOREM 2.3.1: Let X be a non-empty compact convex subset of
Hausdorff space E having a convezr structure, and let ¢ be a mon-empty
valued correspondence on X to X satisfying the following condition:

(K*) ¢ has a convex valued fixed-point-free extension having the local
intersection property on X \Fix(p).

Then ¢ has a fixed point.

PROOF: Suppose that ¢ does not have a fixed point and let ¥ be
the convex valued fixed-point-free extension of ¢ in condition (K*).
Since X\Fix(p) = X is compact, by the local intersection property of
correspondence ¥ on X, we have points z',...,2" € X and their open
neighborhoods U (z!),...,U(z™) that cover X, and for each t = 1,...,n,
point y* exists such that Vz € U(z), z ¢ ¥(z) and y* € W(z). Let A
be the finite set {y’”l,...,y’”"} and oy : X — [0,1],t = 1,...,n, be the
partition of unity subordinate to U(z!),...,U(z"). Take A € F(X) for A
in condition (C3) of the convex structure and define continuous mapping
F on A to itself as

Fle) =Y a'(fa(e))e”,

where e’ denotes the vertex of A4 corresponding to y’”t for each t =
1,...,n. Then F has fixed-point e* = F(e*) by Brouwer’s fixed-point
theorem. Let 2* = fz(e*) and B = {y* |af(e*) > 0}. Since af(z*) > 0
implies that y® € W(z*), we have f;(AB) C W(z*). It follows that
2" = fale?) = Fa(S al(fa(e)e?) € F5(AP) C U(a®). Hence, we
have z* € Fix(V) C Fix(p) so that ¢ has a fixed point contrary to the
assumption. |

Theorem 2.3.1 easily gives generalizations of Theorems 2.1.5, 2.1.2,
2.1.7, and 2.1.8 in Hausdorff space E having convex structure in the same
way as Theorem 2.1.6 does in Hausdorff topological vector spaces. We omit
the details here except for the next extension of Theorem 2.1.7:

THEOREM 2.3.2: Let X be a mon-empty compact conver subset of
Hausdorff space E having a conver structure, and let ¢ : X — X
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Figure 21: Mappings of Browder type — y* € (), ¢ ¥(z)

be a correspondence having the local-intersection property on X\Fix(yp).
Assume that for each © € X\Fix(p), x does not belong to C(p(x)), the set
of all convex combinations among points in @(x). Then ¢ has a fized point.

PROOF: For each © ¢ Fix(p), define ¥(x) as ¥(z) = C(p(x)) and for
each z € Fix(yp), define ¥(x) as ¥(z) = ¢(z). Note that under the abstract-
convexity setting, set C(p(z)) is not necessarily a convex set. Based on the
supposition that ¢ does not have a fixed point and ¥(z) = C(p(x)), we
can repeat exactly the same argument in the previous proof until we obtain
fixed-point e* = F(e*), point z* = fz(e*) and set B = {y* |af(e*) > 0}.
Since af(z*) > 0 implies that y* € W(z*), and since y* is an element of
o(x*) now, we have fz(AB) C U(z*) = C(p(z*)). It follows that z* =
faler) = fa(is, o' (fale)e”) € fa(AP) C ¥(a*). Hence, we have
x* € Fix(¥) C Fix(p) so that ¢ has a fixed point, which is contrary to
the assumption. |

The characterization for Browder-type mappings based on coverings is
also given in exactly the same way as before. Let X be a normal subset of
Hausdorff space having a convex structure. Correspondence ¢ : X — X is
of the Browder type if the next condition is satisfied:

(Browder-Type Mapping: Hausdorff Space with Convex Structure) For
each open set U D Fiz(p) of X, there are finite open sets Ul,..., U"
of X such that (1) {U,U",...,U"} covers X, and (2) there is a convex
valued fixed-point-free extension ¥ of ¢ on (J;_, U’ to X satisfying
that (N, ¢y U(z) # 0 for each t =1,...,7n.

When space X is compact, a typical sufficient condition for correspondence
@ to be of the Browder type is that ¢ is convex valued and has a local
intersection property at each X\Fix(y) on X (or condition (K*) with
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closed Fix(p), etc.). One can verify that the proof of Theorem 2.3.1 actually
shows the existence of fixed points for all non-empty valued Browder-type
mappings on normal convex subset X of Hausdorff space with convex
structure to itself.®

THEOREM 2.3.3: FEvery non-empty valued Browder-type mapping on a
normal convex subset of Hausdorff space with convex structure to itself has
a fixed point.

Next, we consider cases with Kakutani-type mappings. The arguments
for the Kakutani-type conditions in Section 2.1 were uniformly character-
ized as corollaries to Theorem 2.1.10. Note, however, that Condition (K1)
in Theorem 2.1.10 depends on the concept of a dual system, which by no
means is restrictive as long as our considerations are based on the vector-
space structure; furthermore, we do not necessarily expect the dual system
in this section to be a topological one satisfying condition (V4). On the
other hand, as we see later, the concept of Kakutani-type mappings can
naturally be extended without using the dual-system structure. Therefore,
it is desirable to treat the problem of generalizing Theorem 2.1.10 (which is
based on the topological dual system and convex structures) and Kakutani—
Fan—Glicksberg’s Theorem (which is based merely on topological and
convex structures) as different issues.® Theorem 2.1.10 can be generalized
as follows.

THEOREM 2.3.4: Let X and W be non-empty compact Hausdorff
spaces having conver structures, and let ¢ be a non-empty valued correspon-
dence on X to X such that the following condition, (K1), is satisfied under
dual-system structure (X, W,V : X x W — 2%X) satisfying the topological
condition (V4).

5As before (Theorem 2.1.9), closedness for domain X is not necessary in the next theo-
rem. Such characterization (based on coverings instead of global continuity arguments)
has an advantage in its development of discussion for Cech and Vietoris homological
treatments of this problem in Chapters 6 and 7.

6More precisely, it is not the settings (V1)—(V3) of the dual-system structure but the
topological condition (V4) that makes (K1) fail to be a unified condition including
all generalized Kakutani-type mappings. (See discussions after Theorem 2.3.5 below.)
Condition (V4) also makes (K1) fail to be a unified condition including all generalized
Browder-type mappings. (On this point, see Notes for Section 2.2 (p. 55) and arguments
after Theorem 3.1.4 (p. 62) in the next chapter.)
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(K1) For each x such that x € X\Fix(p), element w € W and open
neighborhood U of x exist such that for all z € U N (X\Fix(p)), we
have p(z) C V(z,w).

Then ¢ has a fixed point.

PROOF: Suppose that ¢ has no fixed point. Since X\Fix(p) = X is
compact, we may obtain (through points and neighborhoods in condition
(K1)) finite open covering U!,...,U™ of X and points w!,...,w™ € W
such that for each i = 1,...,m and for each z € U’, we have p(z) C
V(z,w"). Let B = {w!,...,w™} and B',...,3™ be the partition of unity
subordinate to U*, ..., U™. Define mapping ¢ : X — 2% as

bla) =V <x,fB (Z ﬂi(x)ei» > (@)

where €' is the vertex of AB ¢ AB corresponding to w’ for each i =
1,...,m, and the inclusion follows from (V3). Hence, by (V1) and (V2), ¢
is a convex valued fixed-point-free extension of . Moreover, under (V4), ¢
has a local intersection property on X. It follows that ¢ has a fixed point
by Theorem 2.3.1, which contradicts condition (V2). |

In view of mathematical economics, the dual-space setting in Theo-
rem 2.3.4 is quite natural as a generalized setting of commodity/price
duality. The theorem suggests in such cases that a certain kind of joint
continuity among systems related to facts and values (like condition (V4))
will ensure the existence of equilibrium.

Note also that Condition (K1) includes the most representative cases
of Browder type mappings (having open graphs) as well as (K1) in the
Theorem 2.1.10 type; accordingly, we have obtained a unified viewpoint on
both the classical Browder and Kakutani fixed-point theorems. Indeed, a
convex valued correspondence having an open graph, ¢ : X — X, induces
a dual-space structure satisfying (V4), Vi,, such that V,(x,y) = ¢(z) for
y € () and Vy(z,y) = 0 for y ¢ p(x). Hence, the theorem includes typical
cases of both Kakutani—Fan—Glicksberg’s theorem and Browder’s classical
theorem.

We now define Kakutani-type mappings for general spaces without
vector-space structures and consider a natural extension of Kakutani—Fan—
Glicksberg’s theorem. Mapping ¢ on subset X of Hausdorff topological
space having a convex structure to itself is of the Kakutani type if the
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Figure 22: Kakutani-type mappings

following condition is satisfied:

(Kakutani-Type Mapping: Hausdorff Space with Convex Struc-
ture) For each open set U D Fix(p) of X, there are finite open
sets UL,...,U™ of X with closed convex sets Kj,..., K, such that
(1) {U,U,...,U"} covers X, and (2) for each t, U' N K; = () and for
all z € U, ¢(z) C Ky.

If we restrict our attention to compact domain X, a typical sufficient
condition for correspondence ¢ : X — X to be of the Kakutani type is
that for each x € X\Fix(p), closed convex set K, exists such that x ¢ K,
and for all z near x, we have p(z) C K. It is possible to show that every
Kakutani-type mapping in compact Hausdorff spaces has a fixed point.

THEOREM 2.3.5: (Kakutani’s Theorem in Compact Hausdorff
Space with Convex Structure) Let X be a non-empty compact
Hausdorff space having convex structure. If p : X — 2X\{0} is of the
Kakutani type, then ¢ has a fized point.

PROOF: If ¢ has no fixed point, then for each x € X, we have x ¢ ()
so that closed convex set K, and open neighborhood U(z) of x satisfy the
condition that for all z € U(z), ¢(z) C K,. Since K, is closed, we may
assume that U(z) N K, = () without loss of generality. Since X is compact,
covering {U(z)|x € X} has finite subcovering {U(z1),...,U(xm)}. Let
N = {Ny,...,N,} be an arbitrary refinement of {U(z1),...,U(zm)}

and a¥¥,... a} be arbitrary points of Ny,..., N, respectively. Denote by

Nt X —[0,1],...,8Y : X — [0,1] the partition of unity subordinate
to {N1,...,N,}. Take b, ... bY as arbitrary points of p(al’),..., ¢(al)),

rvn



52 Fized Points and Economic Equilibria

respectively, and define mapping g% on ABN, BN = {b),....b]} to
itself as

8"(e) = 32 A (F )

where fgzv denotes the function given under condition (C3) of convex
structure on X and e’ denotes the member of AB" such that the value of
bY is 1 for each i. Clearly g% is a continuous function on AP " to itself, so it
has fixed-point /¥ by Brouwer’s fixed-point theorem. Let z¥ = fyw (e™).
Since X is compact, by considering the set of all finite coverings of X with
the refinement relation as a directed set, we may consider that there is
converging subnet oV — z*.

Since {U(z1),...,U(xm)} is a cover of X, we may assume that z* €
U(z1) without loss of generality. By taking refinement 9 = {Ny,...,N,}
so fine that % € U(x1), we may suppose that

U{NilzY € Ni,Ni € N} € U(a).

However, point 7V = fz(eV) satisfies

e = fp(gN (™) = f5 (Z @N(IN)ei) ;
=1

where ¢’ denotes the members of AB" such that the value of bY s
1. Note that BN(z") > 0 means that 2V € N; C U(z;). That is,
BN (xN) > 0 means that b € K,,. This means, however, that ¥ =
a3, BN (@N)e) is an element of K, since K., is convex. Since
N € U(x1), we have 2V € U(x1) N K, a contradiction. |

The above result for Kakutani-type mappings can be recaptured
through a dual-system structure or a Browder-type condition. In the proof
of the previous theorem, we define correspondence ¥ on space X to X as
follows:

U(z) = N K.
ie{jleeU(z;)}

Then ¥ : X — 2% is a convex-valued fixed-point-free extension of . If we
define induced dual-system structure Viy as Vy(z,y) = ¥(z) for y € ¥(x)
and Vy(z,y) = 0 for y ¢ U(x), then Vy satisfies (V1), (V2), and (V3).
Unfortunately, we cannot expect ¥ to have a local-intersection property
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Figure 23: Browder-type characterization for Kakutani-type mapping ¢

or Vi to satisfy condition (V4) (see point z in Figure 23 at which ¥ fails
to have a local intersection) and thus a Browder- or (K1)-type Theorem
(e.g., Theorems 2.3.1 or 2.3.4) is not directly applicable. As we see in the
next chapter (Theorem 3.1.3), however, this problem is not serious since
in normal spaces we can take a certain kind of refinement that excludes
the situation of point z described in Figure 23.7 The above Browder-type
or (K1)-type dual-system characterization through K,’s for Kakutani-type
mapping ¢ plays a significant role in Chapters 6 and 7 in relating ordinary
convexity methods to algebraic (homological) fixed-point arguments.
Mathematically, fixed-point theorems for Kakutani-type mappings are
more important than those of the Browder type, since they are applicable
for all continuous single-valued mappings. In cases with locally convex topo-
logical vector spaces, every continuous function f : X — X automatically
satisfies the conditions for Kakutani-type mapping, so it has a fixed point.
Without locally convex topology, however, the fixed-point property is a
mathematical open question. Theorem 2.3.5 argues that even in general
spaces (not necessarily locally convex), the existence of convex area K, at
each x € X\Fix(p) locally separating points z € U(z) and their images
©(z) is sufficient to assure the existence of fixed points for mapping ¢.

7 Theorem 3.1.3 in the next chapter assures the existence of closed refinement
{C(z1), ...,C(®m)} of {U(z1),...,U(xm)} such that U2, intC(x;) DO X. Let us
redefine ¥ as ¥(z) = ﬂie{j\zEC(zj)} Ky,;. Then, ¥ satisfies the open lower-section
property and the corresponding Vy satisfies topological condition (V4*) in the next
chapter. Hence, Theorem 2.3.1 or a fixed-point theorem for generalized dual-system
structure under (V1), (V2), (V3), and (V4*) in the next chapter (Theorem 3.1.4) is
applicable.
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Bibliographic Notes
Notes for Section 2.1

Browder’s fixed-point theorem, Theorem 2.1.2, is also called Fan—Browder’s
fixed-point theorem. As a fixed-point theorem for set-valued mappings,
Browder’s and Kakutani’s fixed-point theorem characterize two important
research streams with many useful variations, extensions, and equivalents.
In this book, we base our argument on Theorem 2.1.6 and its special
case, Theorem 2.1.5, which are modifications of Urai (2000, Theorem 1,
(K*), Corollary 1.2). This type of extension as well as (K1) and (K#)
type, which has been developed since Urai and Hayashi (1997), aims
to acquire a minimal condition on the convexity and continuity of
individual preference and constraint correspondences for the existence of
economic and game-theoretic equilibria. Further generalization has also
been given by Park (2004) (arguments without compact domains like a
type of Theorem 2.1.9), Urai and Yoshimachi (2004) (extension of (K1)
condition for upper semicontinuous local selection of dual elements — an
upper semicontinuously differentiable correspondence treated in the next
chapter), etc.

Theorem 2.1.8 has an elegant form as a direct extension of Theo-
rem 2.1.2. As a modification of the Browder fixed-point theorem, such a
theorem has many equivalents. One of the oldest analogues of such results is
the fixed-point theorem of Tarafdar (1977). In mathematical economics, the
well-known result on the equilibrium existence in Shafer and Sonnenschein
(1975) uses essentially the same argument on treatments of convexity. See
also maximal element existence theorems in Yannelis and Prabhakar (1983),
theorems in Mehta and Tarafdar (1987), etc.

Kakutani-Fan—Glicksberg’s fixed-point theorem (Theorem 2.1.3) was
first developed by Kakutani (1941) as a generalization of Brouwer’s fixed-
point theorem to closed-graph mappings, which was then generalized
independently by Fan (1952) and Glicksberg (1952) in locally convex
spaces. The closed-graph property is usually related to the concept of upper
semicontinuity through such arguments as Theorem 2.1.4. (This theorem
was from Nikaido (1959, Section 4.1).) The generalizations of Kakutani—
Fan—Glicksberg’s theorem in this section are based on condition (K1) in
Theorem 2.1.10 (Urai 2000, Theorem 1, (K1)). Condition (K1) may also
be considered an extension of the concept of upper demicontinuity in Fan
(1969).
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Notes for Section 2.2

Convexity in this book is treated in an abstract sense. This type of argument
has been developed by Takahashi (1970), Komiya (1981), Horvath (1991),
Park and Kim (1996), Ben-El-Mechaiekh et al. (1998), etc. In this book,
the concept of “convex hull” (the smallest convex set including itself) is not
used in a generalized sense, since the concept is not necessary for this book’s
fixed-point arguments. With respect to “convex combination” (the set of all
convex combinations among points in it), however, the definition presented
here gives one of the most general frameworks in this field. (In our treatment
of convexity, if we consider the special case that A in (C3) may be chosen
as any set including A, the concept is called L-convezity defined by Ben-El-
Mechaiekh et al. (1998).) The author thanks Professor Hidetoshi Komiya
(Keio University) for an excellent brief introduction, Komiya (1999), to the
theory of abstract convexity.

As well as the present usage of convexity, the concept of a dual-system
structure is also original to this book. A special case of a generalized
dual system, however, adopting (X, X, V') with a standard linear structure
on X, is given in Urai (2000, Section 6, Theorem 21) and is extended
in Urai and Yoshimachi (2004) as a “directional structure” and in Urai
and Yokota (2005) as a dual-system structure. Under the structure of
a generalized dual system, the condition (K1) in the previous section
may also be captured as the existence of a locally constant selection for
the correspondence defined by supporting elements of ¢(z) at x for each
x € X\Fix(p). The notion could be easily extended to cases where the
correspondence defined by supporting elements has a locally continuous (or
locally upper semicontinuous) selection. The idea will be treated in the next
chapter as an upper semicontinuously differentiable correspondence. (In
defining differentiability for general spaces, concepts in Rubinstein (2006,
p. 48) were utilized.) Note also that under the dual-system structure,
the (K1) condition may be utilized to integrate Kakutani- and Browder-
type (having open lower sections) fixed-point theorems, as discussed in
Section 2.3.

Notes for Section 2.3

Extensions of Fan—Browder’s theorem to abstract convexity settings are
treated in Park (2001) (see Corollary 4.5 proved under G-convex space),
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Ben-El-Mechaiekh et al. (1998) (Proposition 3.8 proved under L-convexity),
Ding (2000) (under a special contractible condition), Luo (2001) (see
Theorem 3.2 proved under §-convexity with semilattice structure), etc. Our
treatment of abstract convexity in this book is more general than all of the
corresponding concepts in those papers, so our results, Theorems 2.3.1 and
2.3.3, add new aspects to this problem. I also note that by using open
coverings, Browder and Kakutani mappings may be characterized without
compactness of the domain. For this point, I am indebted to Park for his
idea of theorems in Park (2004).

As with Browder-type theorems, our results for Kakutani-type
theorems also depend on one of the most general convexity concepts
introduced in this book. As shown in Section 2.1, Theorem 2.3.4 implies
one of the most general forms of Kakutani’s fixed-point theorem. In this
theorem, the necessary condition is given through the distinctive notion of a
generalized dual system defined in this book without using concepts under a
vector-space structure. Although Ben-El-Mechaiekh et al. (1998) (Theorem
4.2 and Corollary 4.7) treat similar problems (including Kakutani-type
fixed-point results under L-convexity), the approach in this book has the
advantage of not using uniform and locally convex structures in the space.
Theorem 2.3.5, another very general type of Kakutani’s theorem, may also
be compared with the above results in Ben-El-Mechaiekh et al. (1998).
Again, in our theorem, the convexity is weaker than their L-convexity, and
moreover, uniform and locally convex structures are not necessary.



Chapter 3

Nash Equilibrium and
Abstract Economy

3.1 Multi-Agent Product Settings for Games

In this chapter, the Nash equilibrium and the generalized Nash equilibrium
(social equilibrium) existence problems are reexamined. This section treats
the basic concepts and the mathematical tools for non-cooperative games
with theorems on the maximal-element existence for multi-agent product
settings relating our fixed-point arguments to game-theoretic equilibrium
existence problems.

The simplest case of a Nash equilibrium is nothing but a fixed point as
a list of players’ best responses based on a list of all players’ strategies. In
the argument, we have to use the list or the sequence of players’ strategies
(strategy profile) in the product space of all players’ strategy sets. Let us
begin with a precise definition of these game-theoretic concepts and prepare
important mathematical tools for such product spaces.

A non-cooperative game in strategic form is specified as a list of the
following terms:

(G1) Names of players
(G2) Sets of strategies for all players
(G3) Payoff structure among players based on their choices of strategies

Let I be the set of players." For each i in I, the strategy set of i, X,
is assumed to be a non-empty compact convex subset of a Hausdorff
topological space having convex structure (e.g., a topological vector space).
Denote by X product space [],.; X; with the product topology. By
definition, the product of the Hausdorff spaces is obviously also a Hausdorff
space. The product of the compact spaces is also compact (Tychonoff’s
Theorem), so we have X as a compact Hausdorff space.

n this chapter, we do not restrict I to be a finite set.

57
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THEOREM 3.1.1: (Tychonoff’s Product Theorem) The product of
a family of compact spaces is compact under the product topology.

PROOF: Let {X;|i € I} be a family of compact sets and S : D — X =
[I;c; Xi be anet on directed set (D, <) into X. S has a converging subnet.
Indeed, since each X; is compact, there is a subnet S oT; : D; — X such
that pr; oS o T; converges to point x} in X; for each ¢ € I, where D; is a
set directed by Z,, T; is a map on D; to D, and pr; : X — X; denotes
the i-th projection. Consider directed set £ = (I x [[;o; Di, 3), where
(4, (di)ier) Z(k, (e:)icr) if and only if d; X, e; for all ¢ € I. Define map T on
E to D as T'(j, (d;)ier) = Tj(d;) € D and consider subnet SoT : E — X
of S. Since for each ¢ € I, pr;oS o T converges to x; for each i € I,
S o T converges to (z});er € X under the product topology, so SoT is a

converging subnet of S. ]

In this book, the payoff structure for each i is represented by a better-set
correspondence on X to X; (i.e., a preference on his/her strategy set, X;,
given other players’ strategies) as

P :X >z~ P(z)CX,.

Suppose that for each i, the payoff structure for i, P;, satisfies the following
three conditions:

(P1) Irreflexivity: For each 2 € X, the i-th coordinate of z, x; = pr;(x),
does not belong to P;(x).

(P2) Local Intersection Property: P; : X — X; has the local intersection
property on {x € X| P;(z) # 0}.

(P3) Convex Combination Property: For each z € X, the i-th coordinate
of x, x; = pr;(x), does not belong to C(P;(x)), the set of all convex
combinations among points in P;(z).

Figure 24 shows a typical better-set correspondence, P; : X > z =
(...,miy...) — Pi(x) C V;(z) C X;, where U;(x) denotes a set that
includes all convex combinations among points in P;(x) (a convex set).
Except for the situation where the domain is not X; but product [ jel X;,
one can see that the condition we suppose is essentially the same as those
in Theorem 2.1.5 (Figure 11) in Chapter 2. It is also possible to consider
better-set correspondences that satisfy more general conditions like (K*),
(K1), (Browder-Type mapping), and (Kakutani-Type mapping); but, for
now, we concentrate on this special setting.
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X
P(x)

- & (x)

Figure 24: Better-set correspondence P; : Hje(] X;—X;

When continuous functions f; : X — R, i € I (called payoff functions)
define for each i € I, player i’s payoff f;(z) under strategy profile x =
(xj)jer € HjeI X;, we may obtain better-set correspondences that satisfy
conditions (P1)-(P3) as

Pi(x) = {y; € Xil filys; z;) > fi(x)},

where fi(yi;x;) denotes i’s payoff under the (strategy profile) vector
obtained by replacing i-th coordinate x; of x with y;, i € I.2 Each P; has
the open lower-section property by the continuity of f;. Since the convexity
of P;(z) is usually assured by the quasi-concavity of f;, settings (P1)—(P3)
for better-set correspondences include ordinary settings in non-cooperative
game theory with payoff functions and much more.

If P;(z) = 0, there is no better strategy y; € X; for ¢ than x; = pr;(z) €
X as long as the strategies of other players are x; = pr;(x) for all j # 1,
j € 1. In this sense, given other players’ strategies x;, player i’s better-set
correspondence P;(-;x;) may be identified with binary relation >; on X;
as z; = y; if and only if z; € P;(y;;x;). If Pi(x) = 0, z; is a >;-mazimal
element of X; (no y; in X; such that y; >; ;). Our setting (P1)—-(P3) for
better-set correspondences is sufficient to guarantee the existence of such
maximal elements for each i.

THEOREM 3.1.2: (Maximal Element Existence) If P, satisfies
(P1), (P2), and (P3), then for anyx € [[;c; X; andi € I, element z} € X;
exists such that Pi(xf;x;) = 0.

2Under the multi-agent product setting, X = Hie[ X;, as long as there is no risk of
misunderstanding or confusion, notation z; will represent the i-th coordinate of z € X
and z; will denote the vector obtained by eliminating i-th coordinate z; from .
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PROOF: Let A C X; be set {y; € X;|Pi(yi;2;) = 0} and define ¢ :
Xi — X as o(y;) = Pi(yi;x;) for all y; € X3\ A and o(y;) = {y;} for all
y; € A. Under conditions (P1) and (P3), ¢ : X; — X; has no fixed point
on X;\A4, z; ¢ C(p(z;)) for all z; € X;\A, and Fix(p) = A. By condition
(P2), ¢ has the local intersection property on X;\Fiz(y). Consequently,
by Theorem 2.3.2, A = Fix(yp) is not an empty set. [ |

The theorem can easily be extended to cases where better-set cor-
respondence P; is characterized by more general conditions such as
(K*), (K1), (Browder-Type mapping), and (Kakutani-Type mapping); the
general cases are discussed in the last part of this section.

Given a non-cooperative game in strategic form, ((X;, P;)icr), a
strategic profile z* = (27 )ier € X = [[;c; Xi is called a Nash equilibrium
if for each i € I, Pi(z*) = 0, or, equivalently, 7 € X; is a maximal
element for preference relation -; defined by P;(-,27). It is sometimes
more desirable to describe the possibility that the strategy of one person
affects another person’s available set of strategies (like prices in markets
or externality among agents with respect to possible actions). We can
jer Xj =)
x — K;(x) C X; for each i € I. Non-cooperative game ((X;, P;)icr)
with constraint correspondences (K;);cr is called an abstract economy.

obtain the structure by defining constraint correspondence K; : ]

An equilibrium (sometimes called a generalized Nash equilibrium) for an
abstract economy is strategy profile * = (x});er such that for each i € I,
xf € pi(z*) and P;(z*) N K;(z*) = 0.

The existence of the Nash and the generalized Nash equilibria are the
main topics in the subsequent two sections. As preparation, we discuss
several important theorems and concepts in the rest of this section. The first
theorem, which addresses the property of open coverings in normal spaces,
will be used repeatedly throughout this book. The second is a fixed-point
theorem with an alternative setting for the topological features of the dual-
system structure. The third is a definition of general individual preferences
and special kinds of products of correspondences based on conditions used
for fixed-point theorems in the previous and current chapters. The rest are
the theorems and notes on the existence of maximal elements or equilibrium
actions for such general settings of correspondences.

Recall that in normal space X, every open neighborhood U of x € X
includes closed neighborhood C of z (see Figure 25a). It follows that in
normal spaces, the class of closed neighborhoods is sufficient to characterize
topological features like convergence. The situation indeed is a common
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Figure 25: Closed refinement in normal space

property for regular spaces,> however, and for normal spaces, we can
go further. That is, if U is a neighborhood of a closed set, then closed
neighborhood C' C U of the closed set exists. (Consider two disjoint closed
sets, X\U and the closed subset of U, and use the definition of normal
space. See, for example, the relation among Ui, the closed shaded area,
and C7 in Figure 25b.) By repeatedly using this property, we can see the
following result on the closed refinement for coverings in normal spaces.

THEOREM 3.1.3: (Closed Refinement in Normal Spaces) If
{U1,...,Uy} is an open covering of normal space X, then there are n closed
sets C1,...,Cy such that Cy C Uy,...,Cy C Uy, and {intCy,...,intCp}
covers X.

PROOF: Since {Ui,...,U,} is a covering of X, closed set X\ J;_, U;
is a subset of U; (see shaded area in Figure 25b). Since X is nor-
mal, two disjoint closed sets, X\U; and X\, U;, can be sepa-
rated by two disjoint open sets, Vi D X\U; and W7 D> X\, U,.
Define C; as C; = X\V;. Obviously, Cy is closed, C; C Uj, and
intCy > Wi > X\U’,U;, so family {intCy,Us,...,U,} covers X.

Given covering {intCy,Us,...,Un}, we can also define Co C U in
exactly the same way as C; C U; so that family {intCh,intCs,
Us,...,U,} covers X. In general, if for k¥ < n — 1, we can define

C,...,C so that {intCy,...,int Cy,Uks1,...,U,} covers X, we can

3Hausdorff space X is called regular if for every point « € X and closed set A C X such
that = ¢ A, two open sets U and V exist such that z € U, AC V,and U NV = 0.
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Figure 26: Condition (V4*): For all y € V(z,w), there is open set U such that
forall z € U, y € V(z,w)

also define closed Ci41 C Ug41 so that {int Cy, ..., int C, int Cry1, Ukta,
...,Un} covers X. Hence, the theorem follows by mathematical
induction. |

At each point of the space, the existence of such closed neighborhoods
is useful for constructing global mapping in a continuous way based on
local mappings. The theorem will be used repeatedly in the next section to
prove the existence of Nash equilibria under several weaker conditions on
preferences or profit functions. In this section, note that Theorem 3.1.3 can
be utilized for fixed-point results where the dual-system structure is given
an alternative topological condition.

Let X and W be non-empty compact Hausdorff spaces having convex
structures. Suppose dual-system structure (X, W,V : X xW — 2%) satisfies
the following condition (V4*) with (V1), (V2), and (V3):

(V4*) If V(x,w) # 0, for all y € V(z,w) there is open neighborhood U, of
x € X such that y € V(z,w) for all z € U,.

That is, for each w € W, correspondence V(-,w) : X — X has the
open lowersection property. Since (V4) is a condition based on the local-
intersection property, (V4*) is not a generalization of (V4). Condition (V4),
however, assumes a sort of joint continuity for two variables of V', which is
replaced by a partial continuity in (V4*). (Compare the next theorem with
Theorem 2.3.4.)

THEOREM 3.1.4: (Fixed-Point Theorem: Dual-System (V4%*)
(K1)) Let X and W be non-empty compact Hausdorff spaces having convex
structures, and let @ be a non-empty valued correspondence on X to X such
that the following condition, (K1), is satisfied under a dual-system structure

satisfying (V1), (V2), (V3), and (V4%).
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(K1) For each x such that x € X\Fix(p), element w € W and open
neighborhood U of x exist such that for all z € U N (X\Fix(p)), we
have p(z) C V(z,w).

Then ¢ has a fized point.

PROOF: Suppose that ¢ has no fixed point. Since X\ Fix(p) = X, there
is a finite open covering U', ..., U™ of X, points w!,...,w™ € W such that
for each ¢t = 1,...,m and for each z € U*, we have p(z) C V(z,w"). By
Theorem 3.1.3, we also have refinement {V!,..., V™} of {U, ..., U™} such
that closure V! is included in U? for each t = 1,...,m. Let N(z) = {t|z €
vV} c {1,...,m} and N(z) = {t|z € U'} C {1,...,m}. For each z € X,
define ¥(z) C X as ¥(2) = Niex() Vi, w') D ¢(z). Then ¥ : X — X
is a non-empty convex valued correspondence having the local-intersection
property. Indeed, if x € X is not a boundary point of any V!, t=1,...,m,
the assertion is obvious since N(-) is locally fixed near x and V satisfies
(V4*), the open-lowersection property. If z € X is a boundary point of some
V*'’s, we can choose neighborhood U of z as a subset of ﬂtEN(m) U! since

Vic Ut forallt=1,...,m. Then for each z € U and t € N(z) D N(z) we
have z € U, 50 9(2) C ey V(2 w') C Nieqa V(z, 0'). It follows that
with respect to an element y € ¢(2) C (Vex(y) V(z,w'), open set U with
the open lowersection property of V' ensures the local-intersection property
of ¥(2) = Niem(a) V(z,w"). Hence, ¥ has a fixed point by Theorem 2.3.1,
which contradicts condition (V2). |

This theorem gives a unified viewpoint on Browder- and Kakutani-
type fixed-point arguments in a more general way than similar discussions
after Theorem 2.3.4 in the previous chapter. Needless to say, condition
(V4*) is automatically satisfied in every topological dual-system for a
topological vector space. By appealing to the second separation theorem,
the theorem generalizes Kakutani-Fan—Glicksberg’s fixed-point theorem.
On the other hand, a convex valued correspondence having an open-
lowersection property, ¢ : X — X, induces a dual-space structure satisfying
(V4*), V,,, such that V,(z,y) = ¢(z) for y € p(z) and V,(z,y) = 0 for
y ¢ p(z). Hence, the theorem includes typical cases of both Kakutani—
Fan—Glicksberg’s and Browder’s theorems. Note also that Theorem 3.1.4
gives an alternative proof for Theorem 2.3.5 (p. 53, Footnote 7).

We now treat general individual preferences (better-set correspon-
dences) and some important kinds of product correspondences that are
directly related to the conditions prepared for general fixed-point theorems
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seen in Chapter 2 and in this section. In the proof of Theorem 3.1.2,
the maximal-element existence problem for preferences (or the empty-
value existence problem for better-set correspondences) is converted into
a fixed-point problem. Roughly speaking, since a preference relation for 7 is
naturally assumed to be irreflexive with respect to the i-th coordinate (in
other words, better-set correspondence never has a fixed point with respect
to the i-th coordinate), we may interpret a fixed-point theorem for non-
empty valued correspondences as a theorem maintaining the existence of
an empty value.

Consider a class of mappings {¢;|i € I'}, where I is an arbitrary index

set, and for each i € I, ¢; is a correspondence on X = [[._; X; to a non-

el
empty compact convex subset X; of a Hausdorff topologif:zexl space having
convex structure. Define correspondence ¢ : X — X as ¢o(z) = [[;¢; pi(x).
Call ¢ : X > o — [[ic;pi(z) C X the product correspondence of
family {w;|i € I} and each ; the i-th coordinate correspondence of .
In the following, suppose that setting X;, ¢ € I constructs part of a
non-cooperative game structure. Each coordinate correspondence ¢; will
also be recognized as a necessary structure to specify the conditions for
individual choices like the better-set correspondence of i or the constraint
correspondence for ¢ in non-cooperative games or abstract economy settings.
For each strategy profile = (x;)er € X, ¢;(x) C X; may be interpreted as
the set of actions for 7 that are more attractive than z; or merely available
under (z;);er. For the former interpretation, it is natural to assume for
each i and x = (z;) = j € I € X, that ; ¢ ¢;(z), and for the latter, it is
appropriate to assume that o; is non-empty valued for each 7.

For the maximal-element existence, we have already seen the case in
which each ¢; satisfies conditions (P1), (P2), and (P3). The discussion is
easily extended or modified into the following cases of general preferences.
el X, notation x;
means the i-th coordinate of . Given product correspondence ¢ = [],; i,
denote by &g;(¢) the set {z € X|pi(z) = Dorx; € p;(x)} for each
iel)

(In the following list of conditions, for a point z € X =[]

(Product K*) Convex valued extension ¥, of p; satisfies the following;:
(1) for each z € X\&;,(¢), x; ¢ ¥;(x), and (2) ¥; has the local-
intersection property on X\&g;(¢). (This is an extension of (K*) in
Chapter 2, including “(P1)—(P3),” “convex valued mappings having
the local intersection property,” and “convex valued mappings having
open graphs.”)
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(Product B) For each open set U D &q;(p), there are finite open
sets UL,...,U™ of X such that (1) {U,U',...,U"} covers X, (2) on
Ui, U", there is a convex valued extension W¥; of ¢; satisfying z; ¢
W;(x) for each x € ., U, and (3) N,y Wilz) # O for each
t = 1,...,n. (This includes the condition (Browder-Type mappings)
in Chapter 2 as a special case I = {i}.)

(Product K) For each open set U D &g,(p), there are finite open
sets U, ..., U™ of X with closed convex sets Kj,..., K, such that
(1) {U,UL,...,U"} covers X, (2) U'NK; = () for each t = 1,...,n,
and (3) for all z € U', p;(2) C K; for each t = 1,...,n. (This is a
direct extension of condition (Kakutani-Type mappings) in Chapter 2,
including “closed convex valued upper semicontinuous correspondences
under locally convex topological vector space structures.”)

(Product K1-V4) There dual-system structure (X;, W;, V; : X; x W, —
X;) satisfies (V4). For each = € X\&q,(p), element w; € W; and
open neighborhood U of z exist such that for all z = (z;);er € U,
vi(2) C Vi(z;, w;). (This is an extension of condition (K1) in Chapter 2,
including “closed convex valued upper semicontinuous correspondences
under locally convex topological vector space structures.”)

(Product K1-V4*) There dual-system structure (X;, W;,V; : X; x
W; — X;) satisfies (V4*). For each x € X\&g;(p), element w; €
W; and open neighborhood U of z exist such that for all z =
(zj)jer € U, @i(z) C Vi(z;,w;). (This is an alternative extension of
condition (K1) in Chapter 2, including “closed convex valued upper
semicontinuous correspondences under locally convex topological vector
space structures.”)

Notations K*, B, K, K1-V4, and K1-V4* represent that they are
closely related to those conditions in fixed-point theorems, Theorems 2.3.1
(K*), 2.3.3 (Browder-Type), 2.3.5 (Kakutani-Type), 2.3.4 (K1)—(V4), and
3.1.4 (K1)—(V4*), respectively. We may classify these conditions into the
following three (wide-sense) categories:

(1) Browder-type: Conditions (P1)—(P3), (Product K*), and (Product B)
for product mappings, and (K*) and (Browder-Type) with or without
vector space structures in Chapter 2.
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(2) Kakutani-type: Conditions (Product K) for product mappings and
(Kakutani-Type) in Chapter 2.

(3) Others: K1-type conditions like (Product K1-V4) and (Product K1-
V4*) for product mappings and (K1) with standard or generalized
dual-system structures in Chapter 2, and other conditions like (USC
differentiable) in Section 3.3 and (K#) in Chapter 2.

Now we prove the theorem of maximal-element existence based on these
conditions.

THEOREM 3.1.5: (Maximal-Element Existence) For each i € I,
let X; be a compact Hausdorff space and ¢; : X = [[,c; — Xi
be a correspondence satisfying one of the above conditions for product
correspondence, K* B, K, K1-V4, and K1-V4*. Then for any x € X =
[l;er Xj andi € I, element z} € X; of X; exists such that (x7;2;) € Eq; ().

PROOF: If no z; € X; exists such that (z};x;) € &q;(¢), mapping
©i(-,x;) + X; — X; is a non-empty valued correspondence having no fixed
point. By identifying X; with compact subset {y = (y;)jer € X|y; =
xj for all j #14i } of X, however, conditions (Product K*), (Product B),
(Product K), (Product K1-V4), and (Product K1-V4*) imply conditions
(K*), (Browder-Type), (Kakutani-Type), (K1) under (V4), and (K1) under
(V4*) in Theorems 2.3.1, 2.3.3, 2.3.5, 2.3.4, and 3.1.4, respectively. Hence,
il x;) : X; — X; has a fixed point, and we have a contradiction. |

If ¢; is interpreted as a better-set correspondence (i.e., it is natural
to assume that x} € ¢;(z];x;) never occurs), the above theorem warrants
the existence of maximal elements for ¢ under z. Condition (Product K*)
generalizes almost all kinds of ordinary assumptions for preferences, e.g.,
“(P1)-(P3),” “to be convex valued and to have the local-intersection (or
open-lower-section) property” and “to be convex valued and to have an
open graph.” Condition (Product B) is written in this general form as an
extension of the (Browder-type mapping) condition discussed in Chapter 2,
Section 2.3. Hence, with respect to condition (Product B), the compactness
for X; is superfluous. When each X; is compact and &g,;(¢) is closed,
(Product K*) implies (Product B). Condition (Product K) is also intended
to be an extension of the (Kakutani-type mapping) condition in Chapter 2,
Section 2.3, so it includes all closed convex valued upper semicontinuous
correspondences when each X; is compact and has a locally convex topo-
logical vector space structure. Both conditions (Product K) and (Product
K1-V4) are more suitable for conditions like constraint correspondences
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than better-set correspondences. They as well as (Product K1-V4*) are
generalized concepts of closed convex valued upper semicontinuity. Any
better-set correspondences obtained from differentiable utility functions
fail to satisfy conditions (Product K) and (Product K1-V4) unless their
gradient vectors are locally constant. To utilize the generality of (Product
K) and (Product K1-V4) for better-set correspondences, therefore, we must
consider non-ordered preferences such as non-transitive preferences with
thick indifferent classes at every point. Condition (Product K1-V4*) can
also be used as a general condition for better-set correspondence if we
consider the generalized dual-system structure induced by ¢;(-;z;) itself
(recall the unified viewpoint discussed immediately after Theorem 3.1.4).

3.2 Nash Equilibrium

Once a non-cooperative game (X;, P;);er is given with correspondence
P:TLic; Xi 2 2 = [l,c; Pi(x) C [l;c; Xi on product set X = [[,.; X;
to itself, we can characterize the Nash-equilibrium of the game with the
fixed point of product correspondence P. As in the previous section, let
us denote by &q;(P) the set {z € X|x; € Pi(x)or Pi(z) = 0} for
each ¢ € I, where by x; we ordinarily represent the i-th coordinate of
x € [[,c; Xi. (This notational convention is used only when X has product
setting X = [],.; X; and there is no fear of confusion.) Let &(P) be set
Nicr &q;(P). If for each P; and » € X, x; € Pj(v) is impossible, then
z € &(P) satisfies P;(z) = 0 for all ¢ € I, so &(P) is the set of Nash
equilibrium points. On the other hand, if for each P; and z € X, P;(z) # 0,
then € &(P) is the point such that z; € P;(z) for alli € I, i.e., x € P(z),
a fixed point of correspondence P.

In the previous section, we extended the notion of Browder-, Kakutani-,
and Kl-type conditions to cases with the correspondences defined on
product space X = [[,.;
the existence of the fixed points of P and Nash equilibrium points for
game (X;, P;);er. Since the results in this section can also be extended or

X;. Now we utilize them as conditions for ensuring

interpreted as necessary conditions on constraint correspondences as well as
better-set correspondences for the generalized Nash equilibrium existence
treated in the next section, we use notations ¢ and (; instead of P and P;
for the correspondences in the theorems.

Throughout this section, we assume that each strategy set X; is
a compact Hausdorfl space. Adding to the basic (Browder-, Kakutani-,
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and Kl1-types) conditions for correspondences, as a special assumption for
such product-space (multi-agent) settings, we consider the next closedness
condition on coordinate correspondence ¢; : X — X; for each i € I.

(Closedness) For each z € X such that ¢;(z) # 0 and z; ¢ ¢;(z), open
neighborhood U(x) of x exists such that for all z € U(x), ¢;(z) # 0
and z; ¢ p;(z), i.e., &;(p) is closed in X.

The condition assures that if z € X is not a fixed point of ¢ (Nash-
equilibrium for (X, ¢;)icr) at least one coordinate ¢ € I assures that all
z near z are not fixed points (equilibrium points). We use the condition
(Closedness) mainly for the technical reason that the non-equilibrium
situation for multi-agent settings can be reduced to a problem of one
agent at least locally, so it enables us to relate assumptions on coordinate
correspondences to those on ¢ : X — X and to utilize the fixed-point
theorems on X seen in the previous chapter and the previous section in
this chapter. Note, however, that the condition also has a natural economic
interpretation as a minimal requirement for the continuity of preferences
and/or constraint correspondences. This condition is automatically satisfied
when the open-lowersection property or the closed graph condition for each
coordinate correspondence is assumed. Moreover, if non-empty valuedness
for each ; can naturally be supposed (e.g., when each ¢; is interpreted as
constraint correspondences under abstract economy settings), conditions
(Product K), (Product K1-V4*), and (Product K1-V4) imply condition
(Closedness). Condition (Closedness) is, therefore, quite a weak condition
for constructing economic arguments. We will use it (in a minimum level)
to obtain a unified perspective on several conditions.

With (Closedness), the conditions we mainly use for product correspon-
dences are (Product B), (Product K), (Product K1-V4), and (Product K1-
V4*). Conditions (P1)-(P3) and (Product K*) can be treated as special
cases of (Product B) under (Closedness) for each i and the compactness
of X. Conditions (Product B) and (Product K) are generalizations of
the products of convex valued mappings with open and closed graphs,
respectively. (Product K1-V4) is a dual-space characterization of mappings
having fixed points including both open- and closed-graph mappings, and
(Product K1-V4*) is an alternative dual-space characterization based
on the open-lowersection property (stronger than the local intersection
property) with a partial continuity condition (weaker than the joint
continuity condition) on the duality structure. Now, let us prove the four
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Nash-equilibrium existence theorems (fixed-point theorems for products of
correspondences).

THEOREM 3.2.1: (Nash-Equilibrium or Fixed-Point Existence
for Products of Browder-Type Mappings) Let I be a set. For each
1 € 1, let X; be a non-empty compact convex subset of Hausdorff space E
having convex structure and let @; be a correspondence on X = [[;c; Xi
to X;. Define correspondence ¢ : X — X as o(x) = [[;c; pi(x) for each
x € X. Then, &(p) # 0 if each ¢; satisfies (Product B) and (Closedness).
(Especially as stated above, Eq(p) # 0 if each @; satisfies “(Product K*)
and (Closedness)” or each @; satisfies “(P1)-(P3).”)

PROOF: Suppose that &(¢) = 0. Then for each x = (x;);er € X, at least
one i € I exists such that z ¢ &g, (). Since every &g, (y) is closed and since
X is compact and Hausdorff (i.e., X is normal), two open sets U(x) > = and
V(z) D &,(p) separate x and &g;(p). Then, by the compactness of X, the
covering, {U(x)|x € X} of X has a finite subcovering {U(z!),...,U(z™)}
with agents j',...,j™ such that V(z') D &q;i(p) for each t = 1,...,m.
For each i € I such that j' = i for some t = 1,...,m, let U? be set
Nizje V(2') D &g;(p). Then under (Product B) for each i € I, we can
obtain a finite refinement of covering {U(z'),... . U(z™)}, {U',...,U*},
and a finite sequence of indices i',...,i* with points yil1 € Xil,...,yfk €
X such that for each ¢ = 1,...,k and for each z = (z),e; € U,
zip & Wi(z), @it(z) C Pu(z), and yle € Wie(z), where Uy,..., Uy are
correspondences given in Condition (Product B). By Theorem 3.1.3, open
covering {V! ..., V¥} of X exists such that for each t = 1,..., k closure
V! is included in U*.

Let J be set {il,...,i*}. For each x € X, let J(x) be set {if|x €
Vi C Jand let N(z) = {t|jx € V'} C {1,...,k}. Denote by ¥ the convex
valued correspondence defined as W(z) = [];c ;) Vi(@) X [Licr ig5(2) Xo»
where convex structure ({fa| A € #(X)},C) on X is defined by using the
convex structures on coordinate spaces, ({fi|A € Z(X;)},CY), i € I, as
falz) = (f;ri(A)(‘ri))iGI and C(A) = [];c, Ci(4) x Hie[,i¢JXi' (One can
verify that C satisfies condition (C3) by defining A for each A € Z#(X) as
A={r e X|Jda e AViec \Jz; =a;Vje JIb € prjAz; =b;}.%
Then, at each z € X, ¥ has a local intersection property on X. Indeed,
if x is not a boundary of any V! ¢ = 1,...,k, set J(z) is locally fixed

41t is appropriate to call convex structure ({fa|A € F(X)},C) on X = [];c; X; the
product convex structure given by convex structures of its component spaces, X;,j € J.
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near z, so the local intersection property of ¥; for each i € J(z) is clearly
sufficient to ensure the same property of ¥ by the definition of W. If x is
a boundary of some V*'’s, let N(z) C {1,...,k} be set {t|z € V'} D> N(x)
and J(x) C J beset {it|x € V!} D J(z). Since V! C Ut forall t = 1,... k,
we may choose open neighborhood U(x) of = such that U(x) C U? for all
t € N(z). Define y(x) = (y;(x)),jer € X by letting y;(x) be y for a certain
m € N(z) such that i™ = j for j € J(x), and y;(z) be an arbitrary element
of X;(z) for j ¢ J(x). Then, for all z € U(x), we have y;(z) € ¥;(2) for
all ¢ € I, so ¥ has a local intersection property at  on X. It follows that
¥ : X — X is a non-empty convex valued correspondence having a local
intersection property at each z € X\Fix(¥), where Fix(¥) = (. This
contradicts Theorem 2.3.1. |

In the theorem, if we add an assumption that z; ¢ ¢;(x) for each
x € X and i € I (a natural assumption for better-set correspondences),
then x € &g(p) may be considered a Nash equilibrium for game (X;, ¢;)ier-
On the other hand, if we add an assumption that ¢;(z) # 0 for each
x € X and ¢ € I (this is also a standard situation for constraint
correspondences), then © € &g(p) is a fixed point of product mapping
¢+ X > 2 — J[c;pi(®) € X. The fixed points of the product of
constraint correspondences, ¢ : X > x — [],c;¢i(z) C X, under the
game-theoretic (multi-agent abstract economy) setting, (X;, P, vi)icr, may
also be interpreted as a feasible strategy profile allowing for externality
among agent’s actions (strategies). Such interpretations for coordinate
correspondences (as better-set or constraint correspondences) and elements
of &(p) are also valid for all of the other three cases of conditions for
correspondences (Product K), (Product K1-V4), and (Product K1-V4*).

THEOREM 3.2.2: (Nash-Equilibrium or Fixed-Point Existence
for Product of Kakutani-Type Mappings) Let I be a set. For each
1 €1, let X; be a non-empty compact convex subset of Hausdorff space E
having convex structure and let p; be a correspondence on X = [[,c; Xi
to X;. Define correspondence ¢ : X — X as p(x) = [[;c; wi(z) for each
x € X. Then, &(p) # 0 if each ¢; satisfies (Product K) and (Closedness).
(Especially when E is an ordinary locally convex space, Eq(p) # 0 if
each @; is a closed conver valued upper semicontinuous correspondence or,
equivalently, a convex valued correspondence having a closed graph. If each
i is non-empty valued, condition (Closedness) is automatically satisfied, so
it may be reduced.)
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PROOF: Assume that &(p) = 0. Then for each z = (x;);c; € X, at least
one ¢ € I exists such that = ¢ &g,(¢). Since every &q,;(y¢) is closed and
since X is normal, two disjoint open sets, U(z) 3 = and V(z) D &g,(y),
separate x and &q; (). By the compactness of X, covering {U(z)|z € X}
has finite subcovering {U (x!),...,U(z™)} with agents j!,..., ™ such that
V(') D &g i(p) for each t = 1,...,m. For each i € I such that j* =i
for some t = 1,...,m, let UY be set (,_; V(2*) D &q;(¢). Then under
(Product K) for each i € I, we obtain a finite refinement of the above
covering {U?, U, ..., U*} with a finite sequence of indices i',...,i* € T
and closed sets Kill,...,Kf;c in X;1,...,X;», respectively, satisfying the
properties stated in condition (Product K). Moreover, we have by Theorem
3.1.3 open covering {V!,... V¥} of X such that for each t = 1,... k,
closure V! is included in U®.

Let J be set {i',...,i*} and, for each z € X, J(z) = {i"|z €
Vvry c I, N(x) = {n|lz € V*} C {1,...,k}, and N(z) = {n|z €
Vvry c {l,...,k}. Define for each x € X, closed set K, in X as
Ko =Nien@) (Kft X [Licr izt Xi) , which may also be considered a convex
subset of X under the same product convex structure on X given by
coordinates in J defined in the proof of the previous theorem (p. 69,
Footnote 4). Then for each 2 € X, we can define open neighborhood U,, of
such that U, N K, = () and for each z € Uy, ¢(z) C K. Indeed, if = is not a
boundary point of any V*, ¢t =1,...,k, N(z) = N(z) is locally fixed near ,
so condition (Product K) for every coordinate correspondence is sufficient
to ensure that ¢(z) C K, for all z near z. If z is a boundary point of some
Vs, take open neighborhood U, of = as a subset of ﬂteN(z) Ut. This is
possible since V' C U* for each t € {1,...,k}. The condition (Product
K) for each coordinate correspondence at x implies that ¢;(z) C K;: for
each t € N(x) such that it =4 and z € Uy, so p(z) C K, for all z € U,.
Consequently, by the compactness of X, ¢ : X — X is shown to be a non-
empty valued correspondence of the Kakutani type. Theorem 2.3.5 shows
that ¢ has a fixed point, so we have &g(p) # 0): a contradiction. [ |

Let us consider the theorems based on condition (K1). We consider
first a theorem based on dual-system condition (V4*) and then a theorem
based on (V4). Even for these two cases, condition (Closedness) is necessary
to assure the existence of Nash equilibria. With respect to the fixed-
point interpretation, however, (Closedness) can be dropped if each ¢;
is non-empty valued since in such a case both (Product K1-V4*) and
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(Product K1-V4) automatically assure the closedness of each &g, () under
condition (V2) of the dual-system structure.

THEOREM 3.2.3: (Nash-Equilibrium or Fixed-Point Existence:
Product K1-V4*) Let I be a set. For each i € I, let X; and W;
be non-empty compact Hausdorff spaces having conver structures and
dual-system structure V; : X; x Wy — X; on them, and let ¢; be a
correspondence on X = [[,c; Xi to X;. Define correspondence ¢ : X — X
as o(x) = [Lic; wi(x) for each x € X. Then, E(p) # 0 if each ;
satisfies (Product K1-V4*) and (Closedness). (Especially when E is an
ordinary locally convexr space with duality (E,E’), &(p) # 0 if each
pi is a closed convex wvalued upper semicontinuous correspondence or,
equivalently, a convex valued correspondence with closed graph. If each p;
is non-empty valued, (Closedness) is automatically satisfied, so it is not
necessary.)

PROOF: Assume that &(p) = 0. Then for each z = (x;);er € X, at least
one i € I exists such that = ¢ &g, (). Since every &g, (¢) is closed and since
X is compact, under (Product K1-V4*), we have finite points x!,..., 2"
of X, open covering {U(x!),...,U(z*)} of X, finite sequence of indices

i',...,i" € I, and points in the dual space, w},,...,wh in Wi, ..., Wi,

respectively, satisfying for each coordinate i = 4',...,4*, the properties
stated in (Product K1-V4*). Moreover, we have by Theorem 3.1.3 open
covering {V(z1),...,V(2*)} of X such that for each t = 1,...,k, 2! €
V(z*) and closure V (z!) is included in U (x?). Let J be set {3, ..., i*} and,
for each z € X, J(z) = {i"|z € V(a™)} C I, N(z) = {n|z € V(z2™)} C
{1,...,k}, N(@z) = {n|z € V(z™)} c {1,...,k}, and N(z) = {n|z €
U(x™)} C{1,....k}.

For each z € X, let W(z) be set (Ve y(,) (Vi (wie, wie) X [Ticpizie Xi)-
U(z) may be considered a convex subset of X under the same product
convex structure on X given by the coordinates in J defined in the proof
of the Browder-type Theorem 3.2.1. By considering condition V(z') C
U(z') for each t = 1,...,k, we can verify that ¥(x) D p(z) # 0
for each x € X and ¥ has the local intersection property. (Indeed, at
each x € X, every point y € ﬂtEN(z)(Vit(xit,wft) X [licr iz Xi) C
Meen () (Vir (24, wl) [Licsizie Xi) = ¥(x) belongs to ¥(z) for all z near
x, Le., for all z € N U(a').) Then, by Theorem 2.3.1, ¥ has a fixed
point, which contradicts condition (V2). [
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THEOREM 3.2.4: (Nash-Equilibrium or Fixed-Point Existence:
Product K1-V4) Let I be a set. For each i € I, let X; and W; be non-
empty compact Hausdorff spaces having conver structures and dual-system
structure V; : X; x W; — X; on them, and let p; be a correspondence
on X = [[;c; Xi to Xi. Define correspondence ¢ : X — X as p(r) =
[L,crwi(x) for each x € X. Then &q(p) # O if each p; satisfies (Product
K1-V4) and (Closedness). (Especially when E is an ordinary locally convex
space with duality (E,E'), &(p) # O if each ¢; is a closed conver
valued upper semicontinuous correspondence or, equivalently, a convex
valued correspondence having closed graph. If each p; is non-empty valued,
condition (Closedness) is automatically satisfied under (Product K1-V/),
hence we may reduce it.)

PROOF: Assume that &(p) = 0. Then by (Closedness) for each x € X
open set U(x) > x exists such that for all z € U(x), z ¢ &g,;(v).
Since X is compact, there are finite points z',...,zF, open covering
{U(zh),...,U(x®)} of X, finite sequence of indices i1, . .., i* € I, and points
in the dual space, will, cee wfk in Wi, ..., Wk, respectively, satisfying the
condition stated in the (Product K1-V4). Again, by Theorem 3.1.3, we have
open covering {V (z1),..., V(2*)} of X such that foreacht =1,...,k, z* €
V(z') and closure V (x!) is included in U(z?). Let 31 : X — [0,1],..., 8 :
X — [0,1] be the partition of unity subordinate to V(z!),...,V(z¥).
Without loss of generality (if necessary by redefining all V(z!)s) we may
assume that 3'(x) > 0 iff z € V(a?) for every t = 1,..., k. Let J be finite
set {il,...,i*} C I and, for each z € X, J(x) = {it|z € V(2*)} C J,
J(z) = {if|lz € V(")} c J, J) = {i'|z € U@’} c J, N(z) =
{tlz € V(z)} Cc {1,...,k}, N(z) = {t|z € V(2)} C {1,...,k}, and
N(z)={t|z e U"} c {1,...,k}.
Define for each € X and i € J(x), point w;(x) € X; as

ﬂt(af) t
w;(z) = fBi i Cit |
tEN(g):vi‘_i ZSEN($)7iS=i ()

where B; = {w}|i" = i}, B; and fp, are determined under the convex
structure on W;, and e, is the vertex of ABi ¢ AP corresponding to wh
for each ¢. For each z € X and ¢ € I, define set ¥;(z) C X; as

Tu(z) = {Vi(xi,wi(x)) ifi e J(x),

X; otherwise.
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Moreover, for each x € X, define ¥(z) C X as

v) =[] ¥

el

For each v € X and ¢ € I, ¥;(x) is a convex subset of X;, so ¥(x) may be
considered a convex subset of X under the same product convex structure
on X given by coordinates in J defined in the proof of Theorem 3.2.1.
By considering that V(z') C U(a?) for each t = 1,...,k, we can verify
under condition (V3) that ¥;(x) D ¢;(z) # 0 for each x € X and i € I.
Furthermore, we can see that ¥ has the local-intersection property. Indeed,
for each z € X, if i ¢ J(x), then ¥,;(z) = X, for all z near z. If i € J(x),
then since N(z) is locally fixed for all z near 2 (and since 5(z) = 0 as long
as z ¢ V(x?)), we have for all z near z that

B'(2) - B(2) .
ZSEN(Z)yiS:iﬁS(Z)ezt Z ngjv :E),Zg—z (Z)ezt.

tEN(z),it=i teN(z),it=i

If we take z near to z, the right hand side may be arbitrarily taken near

f'(a) - EACON
25 Fa T 2T 5 ()

teN (z),it=i GEN(T),1§—1 teN (x),it=i SEN(z),i°=i

Hence, w;(z) can be arbitrarily taken near w;(xz) in Cp,, where B; =
{wk|i* =4}, and by (V4), ¥;(z) = Vi(zi, w;(z)) has the local intersection
property near x. It follows that W has the local intersection property.
Consequently, by Theorem 2.3.1, ¥ has a fixed point, which contradicts
condition (V2). ]

In view of economic equilibrium theory, Browder- and Kakutani-type
conditions generalize natural properties for preference (or better-set) corre-
spondences and constraint (or budget) correspondences, respectively. Fixed-
point results under the unified viewpoint for Browder- and Kakutani-type
mappings under K1-type conditions, therefore, have important meanings
for the economic equilibrium existence problem that is characterized as a
fixed-point argument for the product of mappings including both Browder
and Kakutani types.®

5From a purely mathematical viewpoint, the difference between Browder- and Kakutani-
type mappings is transformed into a topological necessary condition for dual-space
structure under which a fixed-point result under the K1-type condition is guaranteed.
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As we shall discuss in the concluding Chapters 9 and 10 of this book,
an equilibrium concept in the social sciences is not only a tool for describing
society but also a base for our views of the world, i.e., a base for our
rationality, justice, morals, and so on. From this context, the existence of
equilibrium is important as a minimal requirement for the mathematical
(model theoretic) consistency of such a base or a view of the world.
Conditions about such individual preferences as (Product B), (Product K),
(Product K1-V4*), and (Product K1-V4), therefore, may be interpreted
on the one hand as a restriction for the range to which our models and
theorems can be applicable, and on the other hand, as a restriction to
our preferences (our rationality or morals) when our models and theorems
describe mechanisms that our society really or desirably has.

Particularly for the latter interpretation for irreflexive ¢;s, note that
for Nash equilibrium existence theorems (3.2.1, 3.2.2, 3.2.3, 3.2.4) and the
maximal element existence theorem (3.1.5), the conditions are sufficient to
be checked for a certain irreflexive correspondence ¢; : X — X, (e.g.,
a certain selection of ¢; : X — X;) such that ¢;(z) # () whenever
vi(z) # 0. (Indeed, for the emptiness of ;(x), the emptiness of ;(z)
is sufficient.) These theorems indicate that any types of convexity with
continuity conditions for ¢; may be replaced by an argument for the
possibility obtaining ; (e.g., a certain selection of ¢;) with a sort of
fixed-direction conditions stated in those theorems. For example, when F
is a finite dimensional topological vector space, gradient vector at x for
pseudo-utility function u® (as defined in Shafer and Sonnenschein (1975))
relative to ¢; might be used as a dual-space element for K1-type conditions
to represent the direction of (a selection of) @;(x) at z. Lexicographic
preferences can also be treated as a special case that satisfies the Browder-
type condition. Even the Kakutani-type condition, which is rather suitable
for correspondences having a closed graph, may be utilized as a natural
condition for non-ordered preferences with thick indifference curves. We
discuss and treat the details of these examples in Chapter 5.

3.3 Abstract Economy

This section is devoted to the equilibrium existence problem for abstract
economies (a generalized strategic form game: c.f. Debreu (1952), Shafer
and Sonnenschein (1975)). For a non-cooperative strategic form game, we
add a structure of constraint correspondences describing the situation where
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the feasible action of each player is restricted by other agent strategy
choices on a certain subset of his/her own strategy set. Let us consider
correspondence K : HjeI,j# X; — X; for each i € I, and given other
players’ strategies, (x;)jer, i, restrict the choice of i’s strategy on subset
Ki((xj)jer,j2i) of X;. We call strategy profile . = (z})ier a social
equilibrium (a generalized Nash equilibrium) if (1) z} € Ki((z})jer,ji)
for each ¢, and (2) Pi(z*) N K;(z*) =0 for all i € I.

For notational convenience, the domain of each K; should be rec-
ognized as X = HJEI X; instead of Hjel,j#i X; and characterized as
coordinate correspondences of class (Product B), (Product K), (Product
K1-V4), and (Kakutani Type) in exactly the same way as P;’s. In the
following, a generalized non-cooperative strategic form game (abstract
economy) will be denoted by (X;,P;, K;)ier, where for each i € I,
X, is a non-empty compact subset of Hausdorff space having a con-
vex structure, P; (better-set correspondence) is a correspondence on X
to X;, and K; (constraint correspondence) is a correspondence on X
to Xi.

Theorems 3.2.1, 3.2.2, 3.2.3, and 3.2.4 in the previous section suffi-
ciently illustrate the general situations for the Nash equilibrium existence
problem for non-cooperative game (X;, P;);cr. For the abstract economy
setting, (X, P;, K;)icr, however, it would be more desirable to consider
situations where conditions for P;s (typically of the Browder type) and
for K;s (typically of the Kakutani type) are given independently. Let us
begin this section by extending the previous section’s Nash-equilibrium
existence results to the case with a mixture of Browder- and Kakutani-
type conditions. (As before, we use notation ¢ and ¢; instead of P
and P; and denote by &g;(p) set {z € X|xz; € p;i(x) or pi(z) = 0}.
Set &g(y) is the intersection of &g;(¢), ¢ € I, and, when every ¢;
X — X, satisfies the irreflexivity, x; ¢ ¢(z) for all x € X denotes
the set of Nash equilibrium points. A dual-system structure for each
X;, i € I, if necessary, is assumed to exist and is denoted by (X;
Wi, Vi).)

(Product BK1) There is a fixed-point-free convex valued extension ¥, of
©; on X\&q; () such that for each = ¢ &g, (), open neighborhood U (z)
of z in X exists such that at least one of the following two conditions
is satisfied: (1) (), ¢y, Yi(2) # 0, or (2) for one w € W = [[,c, Wi,
we have ¥;(z) C Vi(z,w) and ¥;(z) # 0 for all z € U(x).
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LEMMA 3.3.1: (Nash Equilibrium or Fixed-Point Existence:
Product BK1 under V4*)6 Let I be a set. For eachi € I, let X* and W'
be non-empty compact Hausdorff spaces having convex structures and dual-
system structure Vi : X; x W; — X; on them. Let ©' be a correspondence
on X = [le; X' to X' and define correspondence ¢ : X — X as

o(x) = [, wi(z) for each v € X. Then Eq(p) # 0 if each @; satisfies
(Product BK1) under (V4*).

PROOF: Assume that &(¢) = 0. Then for each z € X = [[,.; X;
at least one ¢ € I and open set U(x) exist such that common element
yi(z) € X; or dual-space element w'(z) € W satisfies, respectively, (1)
or (2) of condition (Product BK1). Since X is compact, we have finite

set {zt, ..., 2% 2L ... 2} C X, finite open covering {U(z!), ..., U(z¥),
U(z*+Y), ..., U(2%)} of X, and finite sequence of points y; (1), ..., y;x (zF)
in X; and points w®  (zF+1), ..., wi (%) in W with the sequence of player
indices, i', ..., 3%, such that each of (U(z™), ysm (z™)), m = 1,..., k, satis-

fies condition (1) of (Product B or K1), and each of (U (z™), w'" (z™)),m =
k+1,...,¢, satisfies condition (2) of (Product B or K1). By Theorem
3.1.3, we have open covering {V(z!),...,V(z*)} of X such that for each
t=1,...,¢ 2t € V(z?) and closure V(z!) is included in U(z?). Let J be
set {i',...,i} and, for each z € X, J(z) = {i"|x € V(2™)} C I, N(z) =
{njz € V(z™)} C {1,...,£}, and N(z) = {n|z € V(z")} C {1,...,¢}.
Define for each z € X, ¥(z) C X as ¥(z) = (Mieqa),1<i<n(Pir (z) X
[lierizie Xi)) 0 (Miem(a) wr1<e<e(Vie (l‘itvwzt (@) X [Liep g Xi))- ¥(2)
may be considered a convex subset of X under the product convex
structure on X given by coordinates in J. (For a precise definition, see
the proof of Theorem 3.2.1.) Let us define p(z) as ¢(x) = (e, (it () X
[Lics izir Xi)- By considering condition V'(z") C U(z?) foreach t = 1,...,¢,
we can also verify that U(z) D @(x) # 0 for each x € X and ¥ has the
local-intersection property. Then by Theorem 2.3.1, ¢ has a fixed point,
that contradicts assumption &g () # 0. [ |

The next theorem on social equilibrium existence is an immediate
consequence of Lemma 3.3.1.

60f course, this result (under condition (Product BK1)) is weaker than the theorem
under (Product B) with (Closedness) (Theorem 3.2.1) and (Product K1-V4*) with
(Closedness) (Theorem 3.2.3). In condition (Product BK1), the open neighborhood is
taken in X (not in X\&g,;(¢)), so (Closedness) condition is unnecessary.
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THEOREM 3.3.2: (Social Equilibrium Existence) Abstract economy
(X, P, K%er has a social equilibrium if the following conditions are
satisfied:

(1) For each i € I, X; is a compact set having convex and dual-system
structures (X;, W;, Vi« Xy xW,; — X)) satisfying (V1)~(V3) and (V47%).

(2) For each i € I, P; is a (possibly empty valued) correspondence on X =
HjeI X to X; having the open-lowersection property.

(3) Foreachi€ I, K; is a non-empty valued correspondence on X to X; of
the (Product K1-V4*) type. (For example, each K; is non-empty closed
convez valued upper semicontinuous correspondence on X to X; when
each X; is a subset of a locally convex space.)

(4) For each i € I, correspondence X 3 x — int K;(x) C X; has the open-
lowersection property.

(5) For all x € X, int K;(x) N Pi(x) = 0 means that K;(z) N P;(xz) = 0.

PROOF: For each i € I and =z = (zj)jer € X, let Q;(z) = Ki(z) if
x; ¢ Ki(x), let Qi(z) = Pi(x) Nint K;(x) if x; € K;(x). Then, by (5),
x* € X is a social equilibrium point for (X;, P;, K;)ecy iff 2* € X is a Nash
equilibrium point of non-cooperative strategic-form game (X;, Q;)icr. By
(2) and (4), correspondence x — P;(x)Nint K;(x) has the open lowersection
property. So under (2)—(4), @Q; satisfies the condition (Product BK1), and
the result directly follows from Lemma 3.3.1. |

Theorem 3.3.2 is a direct extension of classical standard cases. Con-
dition (4) with (2) enables us to treat mapping x +— int K;(z) N P;(x)
(defining @; in the proof) having the open lowersection property. Here,
we use int K;(z) instead of Kj;(x) since constraint correspondences, e.g.,
budget constraints in the general equilibrium theory, usually fail to satisfy
this condition while their interior points will satisfy it as long as x does not
represent the minimum asset situation.” It is also true that such a minimum
asset condition guarantees conditions like (5).

Here, by defining Q;(z) as K;(z) (if =; ¢ K;(x)) or Pi(z) N K;(x)
(if z; € K;(z)), we directly reduced the equilibrium existence problem of
generalized game (X;, P;, K;);c; into the Nash equilibrium or fixed-point
existence problem with respect to game (X;, Q;)icr. This type of argument
is quite standard (see, e.g., Gale and Mas-Colell (1975), Toussaint (1984)),

7See the Minimum Wealth Condition in Chapter 5, Section 1.
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and the above theorem shows that essentially the same arguments and
methods are applicable to more general topological spaces under abstract
convexity without vector space structures. Note, however, that we cannot
directly follow the discussion based on lower semicontinuity like Gale
and Mas-Colell (1975; Corrections (1979)) since the continuous selection
theorem for lower semicontinuous carriers (c.f. Michael (1956, Theorem
3.2")) depends on vector-space (normed linear space) structure.®

We can further generalize the above type of theorems by directly
weakening some conditions. Bagh (1998, The last theorem of Section 3)
shows that the conditions of the lower-semicontinuity type for K; can be
removed. (The essential role of the lower semicontinuous condition for K;
can be replaced by the openness condition for the domain of mappings on
which K;(xz) N Pi(z) # 0.) Bagh’s idea “fattens” the graph of K; so that
it is open (hence, to have open lowersection properties, etc.), using a local
base at 0 and limit arguments.”

Since Browder-, K1-, and Kakutani-type conditions for coordinate
correspondences are more general than merely assuming open- or closed-
graph properties, it is not so restrictive to suppose that both P;’s and
K;’s satisfy one of the Browder-, K1-, and Kakutani-type conditions. The
following theorems give various possibilities for such abstract-economy
models even in finite dimensional cases.

THEOREM 3.3.3: (Social Equilibrium Existence: Browder Type)
Abstract economy (X, P', K%);cr has a social equilibrium if the following
conditions are satisfied:

(1) For each i € I, X; is a compact set having convex structure.

(2) For each i € I, K; is a non-empty valued correspondence on X to X;
of the (Product BK1)-type.

(3) For each i € I, correspondence x — P;(z) N K;(z) on X to X; is of the
(Product BK1)-type.

8This is one important direction that generalizes the arguments in this book.

90ne can extend Theorem 3.3.2 through Bagh’s method by taking the net of open
coverings (directed by refinements) instead of the 0-neighborhood base (e.g., see the
limit argument in the proof of Theorem 2.3.5). In such cases, however, to assure the
convexity of the “fattened” value of K, one must assume locally convex topology (under
the abstract convexity) on X as in the proof of Kakutani’s Theorem in Ben-El-Mechaiekh
et al. (1998).
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PROOF: For each i € [ and z = (zj)jer € X, let Q;(z) = K;(x) if
x; & Ki(x), let Q;(z) = Pi(x) N Ky(x) if z; € K;(z) and P;(z) N K;(z) # 0,
and let Q;(x) = 0 if otherwise. Then, z* € X is a social equilibrium point
for (X;, P;, K;);er iff z* € X is a Nash equilibrium point of non-cooperative
strategic-form game (X;, Q;)ies- Under (2) and (3), Q; satisfies condition
(Product BK1), so the result follows from Lemma 3.3.1. |

Even when we use (Product B) instead of (Product BK1) in the above
theorem, Condition (3) is not so restrictive as long as we are allowed to
assume that cl(int(K;(z))) O K;(x). Since conditions of the Browder-
type in this book do not necessarily depend on the closedness and/or
openness of the value of the correspondences, they can be utilized for
general and uniform characterizations of both preference and constraint
correspondences.

If preference correspondences can be described as the K1 type, we
obtain the next theorem with a simple arrangement for the continuity of
correspondences.

THEOREM 3.3.4: (Social Equilibrium Existence: K1 Type)
Abstract economy (X', P, K%);e1 has a social equilibrium if the following
conditions are satisfied:

(1) For each i € I, X; is a compact set having convexr and dual-system
structures (X;, W;, Vi « X; x W; — X;) satisfying (V1), (V2), (V3),
and (V4) or (V4*).

(2) For eachi € 1, P; is a (possibly empty valued) correspondence on X to
X of the (Product K1)-type with (Closedness).

(3) For each i € I, K; is a non-empty valued correspondence on X to X;
of the (Product K1)-type with (Closedness).

(4) For each i € I, set {x € X|K;(xz) N Pi(z) # 0} is open.

PROOF: For ecach z = (z;)jer € X and i € I, define Q;(z) as Q;(x) =
Ki(z) if z; ¢ K;(x), Qi(x) = Pi(x) if x; € K;(z) and Pi(z) N K;(x) #
0, and Qi(z) = 0 if z; € K;(z) and P;(z) N K;(z) = 0. Then, abstract
economy (X% P! K%);cs has a social equilibrium if and only if strategic-
form game (X;, Q;)ics has a Nash equilibrium. By condition (4), Q; satisfies
(Product K1)-Type condition under (V4) or (V4*), so the result follows
from Theorems 3.2.3 and 3.2.4. ]

The K1-type condition may be further utilized for fixed-point, Nash-
equilibrium, and abstract-economy arguments if the dual-system structure
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has more desirable features like the following (V5). Let us consider dual-
system structure (X, W,V : X x W — X)), where X and W are Hausdorff
spaces having convex structures.

(V5) If V(z,w) # 0, for all y € V(x,w) there is an open neighborhood U
of (x,w) € X x W such that y € V(z,v) for all (z,v) € U.

That is, correspondence V : X x W — X has the open lowersection
property. Condition (V5) is automatically satisfied when spaces X and W
are subsets of finite dimensional topological vector spaces, or for compact
subset X of Hausdorff topological vector space E, a uniform convergence
topology on compact sets is supposed on subset W of algebraic dual E*,
etc. Of course, condition (V5) is stronger than conditions (V4) and (V4*).
The condition, however, is the simplest of the three and is appropriate for
most kinds of economic (commodity-price) duality arguments. We obtain
under (V5) the following powerful extension of K1-type condition ensuring
the fixed-point, Nash-equilibrium, and social-equilibrium existence results.
Consider a class of dual-system structures, (X;, W;,V; : X; x W; — X;),
i € I, satisfying (V1)—(V3) and (V5), and non-empty valued (coordinate)
mappings, @; : X =[[,c; — X, i € 1.

(Upper Semicontinuously Differentiable Coordinate Correspondences)
For each * = (zj)jer € X such that z; ¢ X;\Fix;(p;), open
neighborhood U of x and upper semicontinuous correspondence 7); :
U — W; exist such that for all z = (2;),er € U and w; € 1;(2), we have
wi(2) C Vi(zi, ws).

In other words, at x such that z; ¢ @;(z), set ¢;(x) is supported
by all elements in 7;(x), locally and upper semicontinuously. Under
(V5), condition upper semicontinuously (USC) differentiable coordinate
correspondences may be utilized to assure the existence of fixed points and
Nash equilibria. The next result summarizes them as a social equilibrium
existence theorem.

THEOREM 3.3.5: (Social Equilibrium Existence: USC Differen-
tiable Case) Abstract economy (X*, P', K%);c; has a social equilibrium
if the following conditions are satisfied:

(1) For each i € I, X; is a compact set having convex and dual-system
structures (X;, W;, Vi« X; x W; — X;) satisfying (V1), (V2), (V3),
and (V5).
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(2) For each i€ I, P; is an upper semicontinuously differentiable (possibly
empty valued) coordinate correspondence on X to X;.

(3) For each i € I, K; is a non-empty valued upper semicontinuously
differentiable coordinate correspondence on X to X;.

(4) For eachi € I, set {x € X|P;(z) N K;(z) # 0} is open.

PROOF: Assume no equilibrium point. Under condition (4), if x =
(zj)jer € X is not an equilibrium point, at least one i € I exists
such that (i) z; ¢ K;(x), or (ii) neighborhood U(z) of z in X satisfies
that for every z = (29)je;r € U(z), Pi(z) N K;(z) # 0. Then, since

X is compact, we have finite points 2',...,2¥ of X, open covering
{U(21),...,U(z*)} of X, finite sequence of players il,...,i*¥ € I, and
upper semicontinuous correspondences, w}, ..., wh,witi, ... wf on X to

Wi, ..., Wy, respectively, satisfying (i), (1,...,k), or (i), (k+1,...,£), of
the condition stated above and the differentiability condition for K;’s and
P;’s. Moreover, we have by Theorem 3.1.3 open covering {V (z1),..., V(z*)}
of X such that for each t = 1,...,k, 2 € V(2') and closure V(z!)
is included in U(z!). Let J be set {i',...,i’} and, for each z € X,
J(x) = {i™x e V(™)} C I, Nz) = {n|]z € V(z")} C {1,...,¢}, and
N(z) = {n|x € V(z™)} C {1,...,£}. Define for each z € X, ¥(x) C X as
U(2) = Nie @ (Vi (it, wi (x)) X [Ties izie Xi)- ¥(2) may be considered a
convex subset of X under the same product convex structure on X given
by coordinates in J defined in the proof of Theorem 3.2.1. By considering
condition V' (x?) C U(z?) for each t = 1,...,¢, we can also verify that ¥(x)
is not empty for each x € X. (Note that Ve (@, w!; (z)) includes K;¢ (x) # ()
fort=1,...,k and K;(z) N Pye(z) #@ for t =k +1,...,£.) Furthermore,
¥ has the open lowersection property under (V5). Then by Theorem 2.3.1,
U has a fixed point, which contradicts condition (V2). ]

Last, consider a theorem based on the Kakutani-type condition.
Although the condition is restrictive for preference correspondences, there
is an advantage: we do not have to assume the dual-system structure on
strategy spaces.

THEOREM 3.3.6: (Social Equilibrium Existence: Kakutani Type)
Abstract economy (X', P', K%);e1 has a social equilibrium if the following
conditions are satisfied:

(1) For each i€ I, X; is a compact set having convex structure.
(2) For each i € I, K; is a non-empty valued correspondence on X to X;
of the (Product K)-type.
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(3) For each i € I, correspondence x — P;(z) N K;(z) on X to X; is of the
(Product K)-type.

PROOF: For each i € I and z = (z5)jer € X, let Q;(z) = K;(x) if
z; & Ki(2), let Qi(z) = Pi(x) N K;(z) if 2; € Ky(z) and Py(z) N Ki(z) # 0,
and let Q;(z) = 0 if otherwise. Then z* € X is a social equilibrium point
for (X;, P;, K;)iey iff z* € X is a Nash equilibrium point of non-cooperative
strategic-form game (X;, Q;)icr. One may easily check under (2) and (3)
that Q; satisfies condition (Product K), so the result directly follows from
Theorem 3.2.2. [}

Bibliographic Notes

In this chapter, the Nash equilibrium existence problem (c.f. Nash (1950),
Nash (1951)) and the social equilibrium existence problem (c.f. Debreu
(1952), Shafer and Sonnenschein (1975)) were reexamined. By applying
the theorems of the previous chapter, we obtained general results for these
problems (e.g., see Theorems 3.3.2, 3.3.3, 3.3.4, 3.3.5, and 3.3.6). From an
economic viewpoint, the most interesting result may be Theorem 3.3.5 that
gives a clear condition (a characterization) for the existence of economic
equilibria with non-convex non-ordered preferences if we apply it to finite
dimensional ordinary differentiable cases. Theorem 3.3.2 with arguments in
relation to the results of Bagh (1998) is also important as a discussion that
directly generalizes all recent arguments.

Notes for Section 3.1

The fundamental setting of non-cooperative game theory used in this
section is quite standard in microeconomic theory today. For references,
see Ichiishi (1983), Kreps (1990), Mas-Colell et al. (1995), etc.

This section gives fundamental maximal element existence theorems
for multi-agent game settings with some additional basic mathematical
tools and a fixed-point theorem. Theorems 3.1.2 and 3.1.5 give the general
existence results of maximal elements under considerably weaker conditions.
These theorems may be compared with Yannelis and Prabhakar (1983,
Corollary 5.1), Toussaint (1984, Theorem 2.1), etc. (The “.Z-majorized”
concept is quite useful and important for generalizing the open lowersection
property. With respect to the maximal element existence problem, however,
the Browder-, K1-, or Kakutani-type conditions we have treated here are
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more general. We will discuss the “.Z-majorized” condition in general
spaces (without linear structures) in Chapter 8.)

Notes for Section 3.2

In this section, the fixed-point arguments in the previous sections were
applied to the existence of equilibrium problems for strategic form non-
cooperative games. The Nash equilibrium existence problem (from its
most classical treatments like Nash (1950), Nash (1951), Nikaido (1959))
has been dealt with as closely related to fixed-point arguments for the
products of mappings. Economic theorists have treated them as lemmas for
the existence of equilibrium proofs (e.g., see Gale and Mas-Colell (1975,
Section 2, Theorem)). The fixed-point arguments in the previous sections
are classified into four types of Nash-equilibria or fixed-point theorems:
Theorems 3.2.1, 3.2.2, 3.2.3, and 3.2.4. These also cover and extend my
earlier results, including Urai (2000), Urai and Hayashi (2000), etc. I
should admit, however, even though such arguments are indispensable to all
equilibrium existence discussions, they are by no means as comprehensive as
suggested by the additional mixture and differentiability conditions in the
next section (as well as discussions for cases with .£-majorized mappings
in Chapter 8). From the view of fixed-point theory, Park (2005) treated
part of such problems as “collectively fixed-point theorems” for a family of
Browder-type mappings under the framework of the product of G-convex
spaces.

Theorems 3.2.3 and 3.2.4 may also be considered generalizations of
the result of Nishimura and Friedman (1981) since the best response
correspondences under continuous ordered preferences P’, i € I, may
typically be considered an example of ¢'’s satisfying K1-type conditions.
For Nash equilibrium existence arguments, see also Luo (2001) (under A-
convexity) and Park (2001) (under G-convexity).

Notes for Section 3.3

Section 3.3 treats the existence of equilibrium problems for an abstract
economy, generalized non-cooperative strategic form games (c.f. Debreu
(1952), Shafer and Sonnenschein (1975)), etc. Theorem 3.3.2 gives a direct
extension of such classical results.

As discussed before, Theorems 3.3.2-3.3.6 are also intended to give
an extension of more recent researches such as Yannelis and Prabhakar
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(1983), Toussaint (1984), Tan and Yuan (1994), and Bagh (1998). Consider
the following: (1) in a locally convex space, compact convex valued upper
semi-continuous correspondence K satisfies a Kl-type condition; (2) in
a metrizable space, for compact convex valued upper semi-continuous
correspondence K, we can easily construct convex valued correspondence
K': X — X' with open graph such that condition (Product K*) for K
is satisfied; and (3) Z-majorized correspondences (in the sense of Bagh
(1998); for a normal definition see Yannelis and Prabhakar (1983) and Tan
and Yuan (1994)), P, i € I, satisfies the condition of the Browder type,
and we may arrange these theorems to include the results of Tan and Yuan
(1994) and Bagh (1998) in metrizable locally convex cases. (Of course, in
such a case, the condition of the Browder type, in this book, is much more
general than the concept of Z-majorized maps. For non-metrizable cases,
however, we cannot assure that Browder- or Kl-type mappings include
Z-majorized mappings.)

For the existence of Nash and generalized Nash equilibria, see also Kim
and Yuan (2001) (as a survey for vector-space arguments including the
social system coordination model), Park (2004), etc.
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Chapter 4

Gale—Nikaido—Debreu’s
Theorem

4.1 Gale—Nikaido—Debreu’s Theorem

The topics treated in this chapter are related to the excess demand
approach for market equilibrium arguments. The mathematical essence
of this framework is known as Gale—Nikaido—Debreu’s abstract economy
(c.f. Gale (1955), Nikaido (1956a), Debreu (1956)) and the existence of
equilibrium theorem for it is called Gale-Nikaido—Debreu’s theorem, which
is also famous (under its finite dimensional form) as one of the mathematical
equivalents of Brouwer fixed-point theorem. Hence, since we have developed
new conditions for fixed-point theorems in Chapter 2, we can also develop
alternative weak requirements for the existence of market equilibrium to
generalize Gale—Nikaido—Debreu’s theorem.

We begin with the market equilibrium existence problem in finite
dimensional spaces, as in Debreu (1956). Let A be the —1 dimensional unit
simplex in R, and let ¢ : A — R’ be a non-empty valued correspondence
(an excess demand correspondence) satisfying Walras’ Law,!

and the following local definiteness condition for directions of excess
demands:

(LDD) For each p € A, if ((p) N —R% = 0, vector y(p) € A and open
neighborhood UP of p in A exist such that y(p) - z > 0 for all z € ((q)
for all ¢ € UP.

Note that if {(p) N fRﬂ = ), and if {(p) is convex and closed, then {(p) and
—Rf_ 4 may be strictly separated by a hyper-plane normal to vector y(p) in A.
If ¢ is also upper semi-continuous, then we have open neighborhood U? of p

IThroughout this section, the inner product of two vectors, x, ¥, is denoted by x - y.

87
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such that {(q) is a subset of the open half space defined by the hyper-plane for
all ¢ € UP. Hence, one of the sufficient conditions for (LDD) is upper semi-
continuity with the closed convex valuedness for (. Note, however, that in
(LDD) the excess demand correspondence ( is not assumed to be closed con-
vex valued or upper semi-continuous. The condition merely says that excess
demands under non-equilibrium prices have a locally common direction. That
is, if p is not an equilibrium price vector, then at least one direction y(p) exists
such that all excess demands under prices near p belong to the same side of the
hyperplane defined by y(p).

The first result in this chapter is the existence of market equilibrium
price, p* € A, {(p*)N fRﬁ # (), under conditions (W) and (LDD). Such an
equilibrium existence theorem is called a Gale-Nikaido-Debreu Theorem,
and its framework is used in various contexts in economic equilibrium
theory. Though the result may be generalized to cases with infinite
dimensional commodity spaces (Theorem 4.2.4) in the next section, the
following version of the Gale-Nikaido—Debreu theorem may not be covered
in the existing literature, even as a result for finite dimensional commodity
spaces (see, e.g., Mehta and Tarafdar (1987)).

THEOREM 4.1.1: For(: A — R satisfying conditions (W) and (LDD),
equilibrium price p*, ((p*) N —RY # 0.

PROOF: Suppose no equilibrium price vector. Then under (LDD), we
have, for all p € A, vector y(p) € A, €(p) > 0, and open neighborhood
VP = {q € Al|lg — p|l < e(p)} of p such that for all ¢ € V7 and z €
¢(q), y(p) - z > 0. Since A is compact, finite set {p',...,p™} C A exists
such that A c Ui~ VP For each p € A and for each t = 1,...,m,
let 0:(p) = max{e(p') — ||p — p'[|,0}, where || - || denotes the Euclidean
norm. Define for each ¢t = 1,...,m, a function 3; : A — [0,1] as S:(p) =
0:(p)/ >0, 0s(p), (the partition of unity subordinate to covering {vr'ym,
of A). Then, mapping f: A — A,

fFiA3p=) By’ €A,

t=1

is easily seen to be continuous. Since Vp € A, Gi(p) > 0 iff p € VP and
since for all t, p € VP', and z € C(p), y(p') - z > 0, we have f(p) -z > 0 for
all p € A and z € ((p). Then, since we have for all p € A and z € {(p),
p-z<0and f(p)-z >0, it follows that p # f(p) for all p € A. That is, f
has no fixed point, which contradicts Brouwer’s fixed-point theorem. |
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Besides the closed convex valuedness with upper semi-continuity, one
sufficient condition for (LDD) is the following local definiteness condition
on the sign of excess demands:

(LDS) For all p € A, if {(p) N —Rf_ = (), then coordinate i €
{1,2,...,¢} and open neighborhood U? of p in A exist such that the
1P-th coordinate correspondence (;» of ¢ satisfies (;»(q) C R4y for all
q € UP.

That is, if p is not an equilibrium price vector, there exists at least one
commodity such that for all prices near p the sign of excess demands for
the commodity is always positive. When ( is single valued, condition (LDS)
is weaker than the continuity of ¢ although it is still stronger than condition
(LDD).? Unfortunately, however, when ¢ is multi-valued, condition (LDS)
may not be satisfied even if ( is upper semicontinuous and closed convex
valued.

The concept underlying the condition (LDD) as well as the method for
proving Theorem 4.1.1 may be directly applicable to fixed-point arguments
for multi-valued mappings. Let X be a non-empty compact convex subset
of R* and let ¢ be a non-empty closed convex valued upper semi-continuous
correspondence on X to itself. (Hence, the situation is that for which we
may apply the fixed-point theorem of Kakutani (1941).) If z € X is not a
fixed point of ¢, then = does not belong to the non-empty closed convex set
(), so hyperplane H, strictly separates {} and ¢(z). Since ¢ is upper
semi-continuous, open neighborhood U(z) of x exists such that H, also
strictly separates z and ¢(z) for all z € U(z); i.e., all elements v € (z) — 2
for all z near x may be evaluated positively by the inner product with a
vector p(zx) that is normal to H,,. In other words, the set of variation ¢(z)—z
from z near x has a locally common direction represented by vector p(z).

The next theorem shows that the above condition on variations of the
correspondence is indeed a sufficient condition for the existence of fixed
points.

THEOREM 4.1.2: (Extension of Kakutani’s Fixed-Point Theo-
rem) Let ¢ be a non-empty valued correspondence on a compact convex

2Hayashi (1997) shows the existence of equilibrium price p*, ¢(p*) N RE # @, for a single
valued ¢ under (W), (LDS), and a certain kind of boundary condition by using Eaves’
theorem (Eaves 1974).
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subset X of R’ to X satisfying one of the following two conditions:

(LDV1) For each x € X such that © ¢ p(z), vector p(x) € R' and open
neighborhood U* of = exist such that p(z) - (w — z) > 0 for all z € U*
and w € ¢(z).

(LDV?2) For each x € X such that x ¢ p(x), vector y(x) € X and open
neighborhood U® of x exist such that (y(z) — z) - (w — z) > 0 for all
z € U” and w € ¢(z).

Then ¢ has fized point p* € p(p*).

PROOF: The theorem under (LDV1) will be generalized in the next
section.

(Case: LDV1) Suppose = ¢ p(z) for all 2 € X. Then by (LDV1), for
each z € X, p(x) € X and an open neighborhood U? of z in X exist such
that p(z) - (w —2) > 0 for all z € U* and w € ¢(z). Since X C (J,cx U
and since X is compact, the covering {U®|x € X} has finite subcovering
{U=ym . Let f : X — [0,1], ¢t = 1,...,m, be the partition of unity
subordinate to {U% }7-,. Let us consider a function f: X — R’ such that
f(z) =31, Be(z)p(x'). Moreover, let ¥ : R® — X be the correspondence
defined as ¥(v) = {z € X|v -2 = max,cx v - z}. Clearly, f is continuous
and ¥ is a non-empty closed convex valued correspondence having a closed
graph, so that we have a fixed point & for ¥ o f by Kakutani’s fixed-
point theorem. By definitions of f and ¥, we have Y ;" B;(2)p(at) - & >
S Bi(#)p(at) - 2 for all z € X. On the other hand, since & € U* for at
least one ¢ € {1,...,m}, we have also >_;", B;(Z)p(z") - (w — &) > 0 for all
w € (&), ie, v, B(@)p(a?) -w > Y7 Bi(@)p(a?) - & for all w € o(2):
a contradiction.

(Case: LDV2) Suppose that ¢ does not have a fixed point. Then under
(LDV2) for each x € X, we have vector y(x) € X and open neighborhood
U?® of z such that for all z € U® and v € ¢(z) — z, (y(x) — 2) - v >
0. Since X is compact, we have finite set {z!,...,2™} C X such that
X c UL, U™ . Let B; : X — [0,1], t = 1,...,m be the partition of
unity subordinate to {U””t}?il. Then, mapping f : X — X defined as
[ Xsz—a+Y" Bi(z)(y(z') —z) € X is continuous. Since Vz € X,
Bi(z) > 0 iff z € V*', and since for each ¢, € V* and v € p(z) — x
implies (y(a!) — x) - v > 0, we have for all z € X, (f(z) — ) - v > 0 for all
v € ¢(z) —x. It follows that f(z) # « for all x € X, which contradicts that
f has a fixed point by Brouwer’s fixed-point theorem. |
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4.2 Market Equilibria in General Vector Spaces

The purpose of this section is to apply our fixed-point results for general
spaces in previous sections to the market equilibrium existence problem
of the Gale-Nikaido—Debreu type. We can find one of the most general
forms of results for this problem in Nikaido (1956b), Nikaido (1957), or
Nikaido (1959). After the 1980s, the same problem (with some varieties
in topologies, boundary conditions, and so on) has been treated by many
authors (e.g., Aliprantis and Brown (1983), Florenzano (1983), and Mehta
and Tarafdar (1987)).

Let E be a vector space, and assume duality (E, F') between E and
certain vector space F.3 Denote by P C E a non-empty o(E, F)-closed
convex cone with vertex 0 such that PN—P # P, and by P* the polar cone
of —P with respect to duality (E, F'). Moreover, denote by P set P*\{0}.
At first we apply Theorem 2.1.6 to the setting given in Nikaido (1959). The
basic problem is given a correspondence ¢ : Py — E (an excess demand
correspondence) satisfying Walras’ Law (see (D3) below) to find p* such
that ¢(p*) N =P # 0 (a market equilibrium price).

In many settings, upper semi-continuity with the non-empty compact
convex valuedness of the excess demand correspondence is known to be
sufficient for the existence of such a p*. Since our methods used in previous
sections may directly be applicable to the market equilibrium existence
problem, we may replace the upper semi-continuity and the convexity
assumptions for weaker conditions on the local direction of mappings. Urai
and Hayashi (1997) show that when ( is defined on o(F, E)-compact base
A of P, Walras’ law (see (D3) below) and the following condition (LD) on
the local direction of excess demands are sufficient for the existence of an
equilibrium price.

(LD) For each p € A such that {(p) N —P = 0, vector p and
neighborhood U(p) of p in A C (F,o(F, E)) exist such that Vg € U(p),
vz e (), ()N =P =10)= (p,2z) >0.

That is, if p is not an equilibrium price, all excess demands under price
q near p are positively evaluated by an appropriately chosen direction p
(depending on p).

3Precisely, we suppose a bilinear form F : E x F 3 (x, f) — F(x, f) € R such that E
separates points in F and F' separates points in E, where a set of linear functionals A
on X separates points in X if for all z,y € X, x — y # 0 implies that element f € A
exists such that f(z —y) # 0.
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The result gives one of the most general forms of the Gale-Nikaido—
Debreu theorem in the literature (see, e.g., Mehta and Tarafdar (1987)). It
is more desirable, however, to present a condition like (LD) as a property
with an appropriate microeconomic foundation. When the commodity
space is infinite dimensional, we cannot generally expect excess demand
correspondence (defined as individual maximal choices based on preferences
and budget constraints) to be upper semi-continuous on the whole domain,
though showing the upper semi-continuity on each finite dimensional
subspace of the domain is not difficult. Hence, some of the most general
forms of the Gale-Nikaido—Debreu theorem are given by several authors
based on the continuity condition on every finite dimensional subspace of
the domain (see Nikaido (1959); Florenzano (1983)).

At first, we apply the results and concepts in Chapter 2 to the basic
setting given in Nikaido (1957) and (1959). The Gale-Nikaido-Debreu
lemma in Florenzano (1983) also has such settings. We integrate and
generalize their results for cases that (1) cone P possibly has no interior
points (so Pj may not have a o(F, E) compact base A), (2) the range of ¢
is not necessarily compact (assumptions in Nikaido (1957) and (1959)), and
(3) the condition of compact convex valuedness and upper semi-continuity
on each finite dimensional subspace for ( is weakened through conditions
like (LD) (see (D1-1) and (D1-2) in the following lemmas and theorems).*

For the results in this chapter, especially for intuitive or natural
expressions among prices and excess demands in economic arguments, we
use the following notational conventions. When p is a price and ((q) is
a value of excess demand correspondence (under a price ¢), we mean by
(p,¢(q)) > 0 or by p(¢(q)) > 0 the fact that (p,z) > 0 for any z € ((q).
The same conventions will be used for cases with = and < as far as the
evaluation of excess demands under prices are concerned; i.e., we denote
by p(¢(p)) = 0 that p(z) = 0 for all z € {(p) (Walras’ Law in the strict
sense), (p,((p)) £0 to mean that (p,z) <0 for all z € ((p) (Walras’ Law
in the wide sense), etc. Of course, the usage is compatible with those in
cases where ( is single valued and is identified with a function (an excess-
demand function). For finite subset A of a vector space, we denote by L4
the convex cone with vertex 0 spanned by all elements in A and by L(A)
the finite dimensional affine subspace spanned by elements in A under

4As a matter of fact, the result is not a complete generalization of Nikaido (1959,
Section 5, Theorem 5), since in Nikaido (1959), the value of the excess demand
correspondence is generally allowed to be acyclic.
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the topology of finite dimensional affine subspaces. Given duality (E, F')
between two vector spaces, E and F, and cone L in E (or F'), denote by
L° the polar cone of L defined as L° = {y € F|Vx € L, (z,y) < 0} (resp.,
L°={z € E|Vy € L,(x,y) <0}).

THEOREM 4.2.1: (Market Equilibrium Lemma) Suppose a non-
empty valued correspondence ¢ defined on convex o(F, E)-dense subset D
of Py to E that satisfies the following conditions:

(D1-1: Compact Convex Valuedness) For each finite subset A € (D)
and p € co A such that {(p) N LS = 0, element p € co A exists such that

(p,¢(p)) > 0.

(D1-2: Upper Semicontinuity on Finite Dimensional Subspaces) For
each p* € D and q € D such that {(q,{(p*)) > 0 and for each finite
dimensional affine subspace L of F such that p* € L, we have open
neighborhood U of p* in L satisfying each p € UN D, {gq,{(p)) > 0.

(D2-1) Relatively Compact Range: The range of ¢, U,epC(p), is
relatively o(E, F)-compact.

(D8) Walras’ Law: ¥p € D, (p,{(p)) <O0.

Then, net {(p”,z" € ((p*)),v € N} in DX E exists such that lim,c_y 2 €
—P under o(E, F')-topology.

PROOF: Let us divide the proof into three steps.

(STEP1: We use only (D1) and (D3).) For eachp € co A4, ¢((p)NLSy =0
means, by (D1-1) and (D1-2), neighborhood U(p) C L(A) of p and point
P in co A exist such that Vg € coA N U(p), (p,{(q)) > 0. Since co A is
a compact subset of L(A), by letting K = {p € coA|((p) N LY = 0},
o(p) = {q € coA|{(g,{(p)) > 0} for p € K, and ¢(p) = co A for p ¢ K, we
can see that K = {p € coA|p ¢ ¢(p)} = co A\Fix(p) by (D3) and that
¢ : coA — co A satisfies the condition (K*) in Theorem 2.1.6, so ¢ has a
fixed point p4. By the definition of ¢, we have ((p4) N LS # 0.

(STEP2: We use only (D2-1) and the definition of p4.) Denote by &/
the set of all convex hulls of finite subset of D directed by the inclusion.
By (D2-1), arbitrarily fixed net {z4 € ((pa) N L%, A € &/} has subnet
{za, € C(pa,) N LS, € A} converging to point z, in the range of ¢
under topology o(E, F).
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(STEP3: We use the definition of D C Fy.) Now, assume that z, ¢
—P. Then, since P is closed, vector p € D exists such that (p, z,) > 0. On
the other hand, since for all p € .# sufficiently large we have p € A,,, we
have (p,z4,) <0 for all u € .# sufficiently large, so we have (p, z,) <0, a
contradiction. Hence, z, € —P. ]

Nikaido (1957) and (1959) assume that the range of ¢ is o(E, F') compact
(compact-range condition). In such a case, z* in the above lemma is
obtained as an element of the range of {, so the lemma assures the existence
of the equilibrium price. Florenzano (1983) assumes that cone P has non-
empty interiors, so P} has o(F, E) compact base A and we may take D as
a dense subset of A under o(F, E) to ensure the existence of limit p* € A
for the net of prices, {p”,v € A }.

Note that the compact-range condition is automatically satisfied when
D is compact and ( is o(E, F')-closed valued and upper semi-continuous on
whole domain D, so with the compact-range condition the lemma includes
the case in which FJ has a weakly compact base D and ¢ is upper semi-
continuous on D. (This is an ordinary situation for finite dimensional
commodity space E.)

To assure the existence of equilibrium price (i.e., p* € D such that
C(p*) N =P # (), an alternative method to the above compact-range
argument is the following approach based on a certain kind of global
continuity condition with the boundary condition of excess demands. The
next theorem is an extension of the result in Aliprantis and Brown (1983)
that is also known as one of the most general infinite dimensional Gale—
Nikaido—Debreu theorem with a boundary condition of the Grandmont
(1977) type. In Aliprantis and Brown (1983), the upper semi-continuity
of ¢ on whole domain D under o(F, E)-topology is assumed. Since such
a global continuity is too strong for standard infinite dimensional general
equilibrium settings, we use (as in the previous lemma) a limit argument
for excess demands with the relatively compact range assumption (D2-1).
Furthermore, their boundary condition is slightly stronger than (D2-2).

In the next theorem, we suppose the existence of a compact set that
spans dual cone P§. (If we assume degree 0 homogeneity of ¢, it would
be appropriate to consider cases when A can be chosen as a subset of Py,
which is typically the case when Fj has a weakly compact base under the
assumption that P has an interior point.)

THEOREM 4.2.2: (Market Equilibrium Lemma with Boundary
Condition) Suppose that P* is spanned by o(F, E)-compact subset A
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of P* and that there is a non-empty valued correspondence { defined on
a conver o(F, E)-dense subset D of A\{0} to E satisfying the following
conditions:

(D1-1: Compact Convex Valuedness) For each finite subset A € .F (D)
and p € co A such that {(p)N LS =0, element p € co A exists such that

(p,¢(p)) > 0.

(D1-2: Upper Semicontinuity on Finite Dimensional Subspaces) For
each p* € D and g € D such that {q,((p*)) > 0 and for each finite
dimensional affine subspace L of F such that p* € L, we have open
neighborhood U of p* in L satisfying for each p € UN D, {q,{(p)) > 0.

(D2-1) Relatively Compact Range: The range of ¢, U,epC(p), is
relatively o(E, F)-compact.

(D2-2) Boundary Condition: For each net {p”,v € A} in D convery-
ing to point p € A\D, vector p € D exists such that for a certain subnet
(W, € A} of (v € N, (B2) >0 for all = € C(p"®) for al
we M.

(D3) Walras’ Law: Vp € D, {p,z) <0 for all z € {(p).

Then, there is net {(p”,z" € ((p”)),v € A} in D x E and p* € D such
that p* = lim,ec 4 p¥ under o(F, E)-topology and z* = lim,c 4y 2¥ € —P
under o(E, F)-topology.

PROOF: By the previous lemma with the existence of compact A O D, we
obtain net ((p¥, z") € D X E),c_4 that satisfies that z* = lim,¢ 4 2 € —P
under o(FE, F)-topology and p* = lim,c 4 p¥ € A in A under o(F, E)-
topology. If p* € A\D, then by (D2-2), element p* € D and subnet
{(p*W o € A} of {p’,v € A} exist such that (p*,z) > 0 for all
z € ((pa,,,) for all u € .4, which is impossible since for any A € # (D)
sufficiently large, we have p, € A, and for such A and py (where p, is
the fixed-point price given in (STEP1) in the proof of the previous lemma
and may be considered equal to a p**) for a p sufficiently large) satisfies
C(pa) N LY # 0; ie., 32 € ((pa,,,,) such that (p*,z) < 0. Therefore, we
have p* € D. ]

Obviously if we assume the global continuity (upper semicontinuity) of
¢ under o(F,E)-topology on D and o(E, F)-topology on E, we may
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ensure that z* € {(p*), so we have equilibrium price p*. As stated above,
however, since we cannot expect such global continuity for standard general
equilibrium settings with infinite dimensional commodity spaces, here we
present a minimal requirement for this argument to assure the existence
of an equilibrium price. To show ((p*) N —P # 0, it will be sufficient that
condition ¢(p*) N —P = ( is contradictory to the fact that p* = lim,c_4 p”
and z* = lim,c 4 2¥ € —P. The next condition is sufficient for this
contradiction.

(D1-3: Global Upper Semicontinuity with Respect to Set —P) For each
p € D such that {(p) N —P = (), neighborhood U(p) of p in (F,o(F, E))
and vector p € D exist such that Vg € U(p) N D, ((¢) N —P =) =
(p,¢(q)) > 0.

Indeed, (D1-3) assures that for any net p¥ — p*, (p,((p”)) > 0 for all v
sufficiently large, which contradicts the definition of p4 in the (STEP1) for
sufficiently large A > p.

Note that for excess-demand arguments, condition (p,((q)) > 0 is
extremely important in the boundary as well as the continuity conditions.
It is useful to define for two prices p,q in D, relation “p > ¢ (p dominates

R

q)" as
p>q& (p,¢(q) >0. (4.1)

Relation = on D is called the revealed preference relation.® Notice also that
the equilibrium price may be characterized as a maximal element under the
revealed preference relation.

LEMMA 4.2.3: (Market Equilibrium and Revealed Preference
Relation) Fquilibrium price p* € D, {(p*)N—P # 0, is a mazimal element
of revealed preference relation. The converse is also true if ((p)N—P = () =
Jq € D,{(q,¢(p)) > 0.

PROOF: Since § is a subset of the polar of —P, no element of D can
dominate p* such that {(p*) N —P # (). The converse is obvious. [ |

If we define correspondence ¢ : D — D as ¥(q) = {p € D|p > ¢}, it is
easy to see that 1 is convex valued. When Walras’ Law (p(¢(p)) £0 for
all p € D) holds, ¢ is irreflexive. Moreover, some upper semicontinuity

5The notion was developed by Nikaido (1968, p. 325) and Aliprantis and Brown (1983).
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arguments may be utilized to assure the open lower-section property for ,
so we can repeat the argument to obtain p4 in co A in (STEP1) through
the maximal element existence theorem like Theorem 3.1.2.

The previous lemma and two limit theorems, Theorems 4.2.1 and 4.2.2,
are sufficient to show the existence of a general equilibrium in many cases
with infinite dimensional commodity spaces. We sum up this section by
considering the next theorem with strong assumptions that ensure (1) that
the existence of equilibrium price is in D, and (2) that domain D is not
restricted as a dense subset of a compact base A of Fj.

In the next theorem, we use a global continuity condition for interior
points (D1-4). As (D1-3), we cannot expect such a global continuity unless
we restrict our discussion on finite dimensional commodity spaces. For finite
dimensional cases, however, the condition is automatically satisfied when ¢
is compact convex valued and Walras’ Law is satisfied in the strict sense,
(p,¢(p)) = 0 for all p € D. We use (D1-4) instead of (D1-3) since we can
assure the existence of equilibrium even for cases in which D is not a dense
subset of A. Since the validity of condition (D1-4) is not certain when
Walras’ Law is given in the wide sense, we use the strict one with the strict
equilibrium condition, 0 € {(p*).

THEOREM 4.2.4: (Market Equilibrium Existence) Suppose that
P* is spanned by a o(F, E)-compact subset A of Py and that there is a
non-empty valued correspondence ¢ defined on a convex subset D of A to
E satisfying the following conditions:

(D1-1: Compact Convex Valuedness) For each finite subset A € (D)
and p € co A such that {(p)N Ly = 0, element p € co A exists such that

(p,¢(p)) > 0.

(D1-2: Upper Semicontinuity on Finite Dimensional Subspaces) For
each p* € D and q € D such that {(q,{(p*)) > 0 and for each finite
dimensional affine subspace L of F such that p* € L, we have open
neighborhood U of p* in L satisfying for each p € UN D, {q,{(p)) > 0.

(D1-4) Global Upper Semicontinuity for Interior Points: For each p in
intD C A and int PBf C F such that 0 ¢ ((p), neighborhood U(p) of
p in (F,o(F,E)) and vector p € D exist such that Vg € U(p) N D,

0 ¢ ¢(q) = (p,¢(q)) > 0.
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(D2-3) Boundary Condition: For each net {p”,v € A} in D converg-
ing to point p € AP in F or A\D, vector p € D exists such that for
a certain subnet {p*") € MY} of {p¥,v € N}, (p,2) > 0 for all
z € ¢(pr™W) for all p € M.

(D8) Walras’ Law in the Strict Sense: ¥p € D, {(p,z) = 0 for all z €
((p)-

Then, Ip* € D, 0 € {(p*).

PROOF: The argument in (STEP1) in the proof of Theorem 4.2.1 may
completely be repeated here, so we have for each A € .Z(D), pa € coA
such that ((pa) N LS # 0. Let us consider net {pa, A € F (D)}, where
Z (D) is directed by set-theoretical inclusion. By the existence of compact
A D D, we obtain subnet {pa(,y,v € A} of {pa, A € F (D)}, satisfying
that p* = lim,e 4 pa) € A exists in A under o(F, E)-topology. If p* is
not in int D C A and int Py C F, then by (D2-3), element p* € D and
subnet {pa (w1 € A} of {paw),v € A} exist such that (p*,z) > 0
for all z € ((pa,,,) for all p € .#, which is impossible since for any
A(v(p)) € 7 (D) sufficiently large, we have p, € A(r(u)), and for such
A(v(p)) and pa(y(uy), we have ((pa(u(wy)) VLG # 0,ie. 3z € ((Pa(u@))) such
that (p*,z) < 0. Therefore, we have p* in int D C A and int Py C F. Last,
we show that 0 € ((p*). If not, then by (D1-4), neighborhood U (p*) of p* in
(F,o(F, E)) and vector p € D exist such that Vg € U(p*)N D, 0 ¢ ((q) =
(P, ¢(q)) > 0, which is impossible since for all sufficiently large A(v(p)) such
that pau)) € U(p*) and A(v(u)) > p, we have ((paq(u))) N LZ(V(H)) # 0,
i.e., element z € ((paq(u))) exists such that (p,z) <O0. |

In Theorem 4.2.4, if we consider the case that F and F are finite
dimensional, all (D1)-type conditions are completely natural and condition
(D2-3) is almost equal to (D2-2), the weakest one of the Grandmont (1977)
type. It follows that the result generalizes the argument in Neuefeind (1980)
allowing for the possibility that D is not a dense subset of A under the
weaker boundary condition (D2-3). Even with (D1-3) or (D1-4), the results
in this section give the most general forms of the Gale-Nikaido—Debreu
Theorem. (See, e.g., Mehta and Tarafdar (1987, Theorem 8). Note also
that we do not assume the value of ¢ to be compact and/or convex like our
fixed-point theorems in Chapters 2 and 3.)

In all preceding theorems of this section, the condition (D3: Walras’
Law) may be replaced by the following weak version of Walras’ Law (used
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in Yannelis (1985), Mehta and Tarafdar (1987)), without any changes in
the proofs.

(D3-1) Weak Walras’ Law: Vp € D, (p, z) < 0 for a certain z € {(p).

It is difficult to find any positive implication from this generalization,
however, since Walras’ Law from the economic viewpoint has an important
meaning representing that the circulation of income is closed in a model.

4.3 Demand-Supply Coincidence in General
Spaces

We end this chapter with a corollary to the theorem on the coincidence of
two mappings. The result may be interpreted as the coincidence of demand
and supply correspondences in economic equilibrium theory, i.e., a sort of
Gale—Nikaido—Debreu’s theorem. Mathematically, the result may also be
classified in a generalized form of the variational inequality problem under
a generalized dual-system structure.

THEOREM 4.3.1: (Gale-Nikaido—Debreu’s Theorem under a
Generalized Dual-System Structure) Let X be a compact Hausdorff
space having convex structure {fa|A € Z(X)} and topological dual-system
structure (W, V) on X. Assume that W is also a compact Hausdorff space
having convex structure {ga|A € F(W)}. Let D : W — 2% and S : W —
2% be two non-empty multi-valued mappings such that if D(w) NS (w) = 0,
open neighborhood U of w and point 0(w) € W exist that satisfy for all
w' e U and s € S(w'),

D(w'") C V(s,0(w)). (Continuity)
Moreover, suppose that for all w € W, 3s € S(w),
D(w) Cc X\V(s,w). (Weak Walras’ Law)
Then there is at least one w* € W such that D(w*) N S(w*) # 0.

PROOF: Assume the contrary, i.e., for all w € W, D(w) N S(w) = 0.
Then since W is compact, there are finite points w',...,w™ and covering
Ul = le, ..., U" = UY" of W satisfying the condition stated in the
theorem. Let us consider the partition of unity subordinate to U*,...,U",
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gt Ut - [0,1],...,8" : U™ — [0,1]. Define multi-valued mapping ¢ on
W to itself as

©: W w— {w € W|Vs € S(w), D(w) C V(s,w')} € 2.

Since w € U' means that 6(w') € ¢(w), ¢ is a non-empty valued
correspondence. It is convex valued by condition (V3) for V. It is also clear
that for all w € W\Fix(p), point y* € ¢(w) and open neighborhood U"
of w exist such that for all z € U*\Fix(p), we have y* € p(z). (Indeed, if
w € Ut let 4 be element #(w') and U be U'.) Therefore, ¢ is a mapping
that satisfies the condition in Theorem 2.3.1. Let w* be a fixed point of ¢.
Then we have Vs € S(w*), D(w*) C V(s,w*), which contradicts Walras’
Law. ]
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Chapter 5

General Economic
Equilibrium

5.1 General Preferences and Basic Existence
Theorems

In this chapter, we apply the theorems from previous chapters to problems
in the general economic equilibrium setting, especially to arguments on the
existence and optimality of the equilibrium.

As in Chapter 3, let us start from arguments on a general preference
relation on choice set X. Let P : X — X be a (possibly empty valued)
correspondence on subset X of Hausdorff space E to itself. Assume that P
satisfies

(Irreflexivity) Vz € X,z ¢ P(x).

In the following, we regard X as an individual choice set and P(x) C X
as the set of points preferred to = for each x € X. Then element z* € X
may be interpreted as a maximal element for preference correspondence P
if P(z*) = (). Tt is sometimes beneficial to write z > y instead of y € P(z)
and call > the preference relation based on P: X — X.

In Chapter 3, we saw in Theorems 3.1.2 and 3.1.5 that fixed-point
theorems may be easily modified to existence theorems on maximal
elements. The existence of maximal elements for possibly empty-valued
irreflexive mappings (preference relations) may be considered a contra-
positive assertion to the existence of fixed points for non-empty valued
correspondences. Since in the maximal-element existence problem, mapping
P directly represents an individual preference, the importance of our
generalization of mappings in fixed-point theorems (in Chapters 2 and 3)
should be reconsidered in view of the generality for a representation of our
general preferences.

Note that as a condition for individual preferences, local-intersection or
fixed-direction properties like (K*) and (K1) for the fixed-point theorems in

101
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Chapters 2 and 3 are not only mathematically general but also intuitively
natural for describing our ordinary preference attitudes. It is, indeed, far
more natural than continuity. Moreover, many concrete examples may not
be treated in the standard argument but may be treated in our scope. For
example, we may consider an important sort of ordered preferences that are
not continuous and fail to have open lower sections. The most important
kind is preferences based on lezicographic ordering (Figure 27).! We may
also consider many kinds of ordered preferences that are not complete and
fail to have open lower sections. (For example, consider relation < in R™
representing strict monotonicity at each point. See Figure 28. The left
picture shows a type of such orderings where (y1,y2) > (z1,z2) if and
only if (y; > 21 and ys 2 x2). In the right picture, (y1,y2) > (z1,z2) if and
only if (y1 2 x1 and y2 222 and (y1,y2) # (21, 22)). In all cases, the better
sets at x are denoted by the shaded areas. Both fail to have the open lower
section property at every point.)

Note that in such cases with orderings in vector spaces (including
the case with lexicographic ordering), preference relations may not have
open lower sections but have the local intersection property to satisfy
property (K*). Hence, our treatments of preference correspondences, mainly
as mappings of the Browder-type (as (P1)—(P3) in Chapter 3), are sufficient
to include many natural (possibly non-continuous) preferences. (All cases

O
[
|
i
I

4

Figure 27: Lexicographic ordering

1In this case, the preference correspondence cannot even be an .Z-majorized (see
Chapter 8) mapping.
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y

Figure 28: Orderings in vector spaces

in Figures 27 and 28 satisfy condition (K*) or (P1)—(P3). The cases in
Figure 28 are also covered by (K#) and all (K1)-type conditions.)

Of course, in the following, we can see that all the generalizations in
this book (not only the preference conditions but also the convex and
dual-system structures on commodity and price spaces) may be utilized
to construct the general equilibrium argument. As we see below, we may
reconstruct the consumption, production, demand-supply arguments, etc.,
so that they are free from convexity and dual-system structures. By doing
so, we can utilize developments in abstract convexity theory or changes
in our general definitions for dual-systems, directly and independently, in
general equilibrium theory without reconstructing models and arguments.

To begin with, I restate here the basic maximal-element existence
result, Theorem 3.1.5, in the special settings of this chapter with alternative
conditions taken as weakly as possible in view of the general equilibrium
argument. Preceding the theorem, I describe several basic (minimal)
settings for our economic equilibrium arguments.

(B0) [Commodity and Price Spaces]

1: Convex Structures Let F and F' be Hausdorff spaces having convex
structures {fa| A € F(F)} and {ga|A € Z(F)}.

2: Dual-System Structure Function (-,-) on E x F' into R exists such
that for each (z,p) € Ex F, (,p) : E — R and (z,) : F — R are
continuous and Vg : E X F 3 (z,p) — {y € E|{y,p) < (z,p)} C F
forms a dual-system structure (E,F,Vg : E X F — E) on E satisfying
(V1)-(V3). Moreover, suppose that for each z,y € F and a € R, the set
of all p € F such that (z,p) > (y,p) + « is convex.
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3: Price Space There is compact convex subset A of F' such that the
prices are taken in a convex subset D of A.

4: Commodity Space For each finite subset A of E (resp., D), the set
of all convex combinations among points in A, C(A), includes A.

The special condition on the convex structure of commodity space enables
us to suppose that UAGQ(E) C(A) = E. I shall repeatedly use the above
basic settings throughout this section. In the above, I wrote conditions
(B0-1) and (B0-3) as if they were based on a fixed (unique) topology of
commodity and price spaces. For infinite dimensional cases with commodity
spaces, however, it is more desirable to prepare two or three different
topologies on the commodity and price spaces. In such cases, condition
(B0) merely states one such alternative topology.?

(B1) [Consumers and Technologies]

1: Consumption Sets Let I be a non-empty index set of consumers,
and for each i € I, let X; be non-empty closed convex subsets of E
representing the set of all consumption plans of consumer 1.

2: Technology Sets Let J be a non-empty index set of technologies in
this economy. For each j € J, technology Y; is assumed to be a non-
empty closed convex subset of F.

3: Aggregation Process for Technologies For a list of the production
plans of j € J, (y; € Yj)jes, with the social initial endowments of
this economy, w € E, we have element w + Eje ;y; of E, an aggregate
production including all initial endowments, where w+>_ je is supposed
to be a continuous operator on [[,.;Y; to E. Denote by Y C E the set
representing the aggregate technology (all aggregate production plans)
in this economy including all initial endowments. Also assume that Y is
non-empty, closed, and convex.

2For example, given duality (Leo, ba) chosen by T.F.Bewley’s seminal paper (1972), we
may identify A with a o(ba, L) compact base of non-negative cone in ba and D with LN
A. Topology on E = L« is taken as o(Loo, L1) to guarantee the relative compactness of
attainable sets and is taken as 7(Leo, L1) for preferences. As an alternative approach for
the same duality, it is even possible to choose Mackey topology 7(Loo, ba) (which equals
the norm and strong topology and enables us to use the joint continuity of the duality
bilinear form) on L as long as the compactness of consumption and the production
sets are assumed.



5: General Economic Equilibrium 105

4: Aggregation Process for Consumption For a list of all consump-
tion plans of i € I, (z;)ier, we have element ), z; of E, where )
is supposed to be a continuous operator on Hiel X, to F.

5: Attainable Set We call a list of consumption plans, (x;);cr, feasible
(attainable) if ), x; € Y. It is assumed that for each i € I, the set
of all i-th components of feasible (attainable) list of consumption plans,
i-th feasible components of the economy, X;, is non-empty, convex, and
relatively compact.

iel

We call set Alloc = [[\", X; the set of allocations (for consumers)
and set Falloc = {((z")[~,) € Alloc| > ,.; 2" € Y} the set of feasible
(attainable) allocations. Under (B1l-4), we assume that Falloc is a non-
empty relatively compact convex subset of Alloc.?

THEOREM 5.1.1: (Maximal-Element Existence) Under (B0) and
(B1), assume that preference correspondence P; : X = Hjel X; — X;
satisfies one of the following conditions: (Product B), (Product K), (Product
K1-V4*), (Product K1-V4), (USC Differentiable under (V5)) in Chapter 3,
Section 3.2 (p. 67) and Section 3.3 (p. 81). For any x € X = [[,;c; X;, and
a non-empty compact convexr subset A; of X;, element x} € A, exists such
that Py(x};2;)NA; =0, i.e., a mazimal element in A; for better-set relation
=i defined by P;( - ;x;): X; — X; on X;.

PROOF: The result immediately follows from Theorem 3.1.5 by restrict-
ing the duality on A; and D instead of X; and W;. For the upper semi-
continuously differentiable case, use Theorem 3.3.5. |

(B2) [Income Circulation]

1: Wealth Function For each i € I, function W; : [[,c,Y; x D — R
exists such that (1) for each (yj)jes € [[;c;Y; and p € D, 37,
Wj(y,p) = (w+ 3¢, Yj:p), (2) continuous function g; : B — R exists
such that Wi(y,p) = g;({(w + >_;c;¥5.p)), and (3) for each (2;);es €
[lesY)s (z5,p) 2 (yj,p) for all j € J implies that W;((z))jes,p) 2
Wi((yj)jer:p)-

3As in Chapter 3 (3.1, Multi-Agent Game Setting and Product of Mappings), for
allocation = € []™, X;, we often denote by x; the i-th coordinate of x and by z;
the vector obtained by eliminating the i-th coordinate x; of x as long as there is no fear
of misunderstanding or confusion.
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2: Minimum Wealth Condition For each i € I, there are Z; € X; and
(y5)jes € [1;c; Y such that for all p € D, (%;,p) < Wi((yj)jes.p)-

3: Aggregation of Consumption Values Foreachp € D and (x;)icr €
Alloc, we have (3, (2i)ier,p) =) icr (i, D)-

Under settings (B0), (B1), and (B2) with preference correspondence P; :
X = Hje[ Xj — X, for each i € I, we call & = ((Xh-PivWi)iela (Y}')jEJ)
an economy. An equilibrium of economy & is (p*, (z])icr, (y])jes) € D X
[Ticr Xi x [1;es Y such that (1) for each i € I, 27 is a (-, 2%)-maximal
element of B;((y})jesp") = {zi € Xi|(zi,p*) SWi((y])jes.p")} C X,
(2) for each j € J, y € Y; satisfies (y},p*) = (y;,p") for all y; € Y;, and
(3) Fy €Y, > crxi =y) or ((%7)ier € Falloc). The third condition, (3),
is sometimes weakened to incorporate a systematic free disposability in the
model,

(3) eV, Vpe A O crxi.p) = (Y, D).

The situation satisfying (1), (2), and (3') is called a free disposal
equilibrium.*
Note that under (B2-1) and (B2-3), we obtained Walras’ Law, the closed

income circulation in the model.

Walras’ Law For all p € D, (y;)jes € [ljc; V), and (2)ier €
[lic; Xi such that (zi)icr € Bi((yj)jes,p) = {w: € Xi|(zi,p) =
Wi((y;)jes,p)}, we have (32, (@i)ier,p) S (W + X2 Y5, P)-

Now we can prove several fundamental equilibrium existence theorems,
which are based on the same simplified conditions on individual choice sets
and duality structure such that all consumption sets X; (i € I) and produc-
tion sets Y (j € J) are compact and that duality operator (-, -) restricted on
those sets and A are jointly continuous. By these circumstances, note that
by Theorem 5.1.1, given any price p € D, every technology j € J has at least
one profit-maximizing production plan y3(p), (p, y;(p)) = (p,y;) for all y; €
Y}, and that every consumer ¢ € I has at least one maximal consumption
x;(p) with respect to his/her preference in budget set B;((y;(p))jes,p) =

{zi € X;|(zi,p) =Wil(y;(p))jes,p)}, where Wi((yj(p))jes,p) does not

4For infinite dimensional topological vector spaces with positive cones having no interior
points, the set appropriate for defining the free disposability as A in (3’) fails to be
compact and convex. Even in such cases, if the positive cone can be approximated as
a limit of cones having non-empty interiors, we can use a family of increasing compact
convex sets whose totality defines the free disposability, as is treated in the next section.
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depend on the choice of special profit-maximizing plans by (B2-1). More-
over, the value of wealth W;((y}(p));es,p) is easily seen to be a continuous
function with respect to price p.?

THEOREM 5.1.2: (Existence of Economic Equilibrium: Compact
Domains with Browder-Type Preferences) Under (B0), (B1), and
(B2), assume (1) that for each i € I and j € J, X; and Y; are compact,
(2) that the restrictions of (-,-) on Ax X; and AXY; are jointly continuous,
and (3) that D = A. Moreover, suppose the following conditions:

(i) For each i € I, P; is the (Product BK1)-type.
(ii) For each i € I, mapping (z,y,p) — P;(x) N B;(y,p) is the (Product
BK1)-type.

Then & has free disposal equilibrium (p*, (] )ic1, (Y} )jes) € D x [[;e; Xi %
HjeJ Y;. (When each P; has open wvalues and the open lowersection
property, (i) is automatically satisfied since for each p € D and o € R,
{z € X|(x,p) < a} is dense in {x € X |(x,p) S a}.)

PROOF: Consider an abstract economy that consists of consumers I,
producers J and an auctioneer. The producer’s behavior (better-set corre-
spondence) is to take better (more profitable) production plans, (z,y,p) —
{y; € Y; [ (y},p) > (yj,p)}], and the auctioneer’s better-set correspondence
is to give prices evaluating excess demand more highly, (z,y,p) — {q €
DI Qicrmina) = (w+ e ¥ @) > (Xier ©ip) — W+ 2;e, 450} By
the joint continuity of (-,-), the dual-system structure satisfies (V4*), so
budget correspondence B; is the (Product BK1)-type under (V4*) such
that (z,y,p) — int B;(y, p) has the open lowersection property for all ¢ € I.
Hence, by Theorem 3.3.3, the abstract economy has an equilibrium. Note
that the set of interior points of B;(y,p), which is non-empty by (B2-2),
is always dense in itself. Therefore, if each P; has open values and open
lowersection property, P;(x) N B;(y,p) is the (Product B) type. It is a
routine task to check whether the equilibrium of the abstract economy
is a free disposal equilibrium of the economy. ]

5For this assertion, by (B2-1), it is sufficient to show that maximum value (5 (), p)
is continuous with respect to p. Consider net p¥ — p € D. Since for all € > 0,
(Y5 (p),p) + € > (y; (@), p) +€¢/2 > (y;(p”),p") for all sufficiently large v, the limit
supremum of (y; (p¥),p") is less than or equal to <y;‘ (p),p). On the other hand, since
(i ("), p") > (y} (p), p¥) for all v, the limit infimum of (y;(p”),p”) is greater than or
equal to (7 (p), p).
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As noted in the previous proof, by jointly continuous duality operator
(+,-), the dual-system structure satisfies all topological conditions (V'4),
(V4*), and (V5) in Chapter 3. Since in such contexts, the continuous
differentiability of preferences (see Chapter 3) is more general than the
K1-type condition, we can summarize such Kl-type arguments by the
following theorem:

THEOREM 5.1.3: (Existence of Economic Equilibrium: Compact
Domains with USC Differentiable Preferences) Under (B0), (B1),
and (B2), assume (1) that for each i € I and j € J, X; and Y; are compact,
(2) that the restrictions of (-,-) on Ax X; and AxYj are jointly continuous,
and (3) that D = A. Moreover, suppose the following conditions:

(i) For each i € I, P; is upper semi-continuously differentiable.
(ii) For eachi€ I, {(z,y,p)|P;(z)NBi(y,p) # 0} C [Lic; Xix[l;e, YixD
1S open.

Then & has free disposal equilibrium (p*, (z})icr, (Y} )jes) € D x [[;ep Xi ¥
HjeJYj' If each P; has open values and the open lowersection property,
and if for each p € D and o € R, {x € X |(z,p) < a} is dense in {x €
X | {z,p) £ a}, condition (ii) is unnecessary.

PROOF: Note that the budget correspondences are also upper semi-
continuously differentiable. The proof is essentially the same as that of
the previous theorem except for using Theorem 3.3.5. The last assertion is
also obvious as before since by (B2-2), the budget correspondences always
have interior points at which, by the joint continuity of (-,-), the local
intersection property holds. |

As Browder- and Kl-type preferences, the same result holds for
Kakutani-type preferences.

THEOREM 5.1.4: (Existence of Economic Equilibrium: Compact
Domains with Kakutani-Type Preferences) Under (B0), (B1), and
(B2), assume (1) that for each i € I and j € J, X; and Y; are compact,
(2) that the restrictions of (-,-) on Ax X; and A XY are jointly continuous,
and (3) that D = A. Moreover, suppose the following conditions:

(i) For each i € I, P; satisfies Condition (Product K) with (Closedness).
(ii) For each i € I, mapping (x,y,p) — P;(x) N B;(y,p) satisfies Condition
(Product K) with (Closedness).
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Then & has free disposal equilibrium (p*, (] )ic1, (Y} )jes) € D x [[;e; Xi %
HjeJ Y;. (When each P; has open wvalues and the open lowersection
property, condition (ii) is unnecessary since for each p € D and o € R,
{z € X|(x,p) < a} is dense in {x € X |(x,p) S a}.)

PROOF: Note that the budget correspondences are also the (Product K)
type. The proof is essentially the same as that of Theorem 5.1.2 except for
using Theorem 3.3.6. |

5.2 Pareto Optimal Allocations

We next consider the problem of the existence of maximal elements among
many agents, i.e., social optima. As in the standard arguments, under our
general settings of the spaces and preference conditions to obtain a relation
between social optima and equilibria, however, it is desirable to characterize
our preferences based not only on better sets but also on indifferent points.®
Once we have a correspondence representing (possibly non-ordered) the
relation “preferred or indifferent to” for each i, however, it is not difficult to
obtain the first fundamental theorem of welfare economics (every price equi-
librium allocation is Pareto optimal), merely by assuming the next condition:

(C) For each i € I and maximal consumption plan z(p) under p € D,
if 2} is preferred or indifferent to x}(p), then (z}(p),p) < («}, p).

Indeed, if we assume (C) with an additional assumption that the inequality
in condition (B2-3) always holds with equality, then we may confirm it
merely through a simple aggregation of allocations and the evaluation
under p.”

With (B0) and (B1), let us assume that for each i = 1,...,m, two
correspondences P; : Alloc — X; and ]5, : Alloc — X;, the strong and weak

6For weak Pareto optima (characterized only by strict preferences) to be Pareto optima,
conditions like open valuedness with local non-satiation would be necessary. When we
consider better-set correspondences that may not have such open graph properties, as
in cases with lexicographic preferences, therefore, there is no warranty for equilibrium
allocations (characterized by strict preferences) to be Pareto optimal. (Recall that the
existence of “demand saturation” gives an example such that price equilibrium allocations
fail to be Pareto optimal.)

"In our general setting, the second welfare theorem (every Pareto optimal allocation can
be regarded as a general equilibrium allocation by changing the wealth functions) is
rather appropriate to be classified as a requirement for the system (in some cases, we
can obtain the assertion as a theorem).



110 Fized Points and Economic Equilibria

preference correspondences, respectively, satisfy that Vo = (z!,...,2™) €
Alloc, ' ¢ P;(x) (irreflexivity), z* € P;(x) (reflexivity), and P;(z) C P;(x).
Then, define correspondence, P : Alloc — Alloc, as follows:

Px) ={w= (wl, o w™) |Vi,wi € ]51(33) and i, w' € Pi(x)}.

For allocations z,y € Alloc, y is said to be Pareto superior to x if
and only if condition y € P(z) is satisfied. It is easy to check that
for all z € Alloc, z ¢ P(z), i.e,, P : Alloc — Alloc is an irreflexive
correspondence. A feasible allocation z € Falloc is said to be Pareto optimal
if P(xz) N Falloc = (). The next theorem shows that the existence of Pareto
optimal allocations may be assured even for cases with non-ordered, non-
convex, and non-continuous individual preferences. Note that the necessary
condition for individual preferences to assure the existence of social optima
(Pareto optimal allocations), (D), is essentially the same as the necessary
condition for the existence of individual optima (maximal elements) in
Theorem 5.1.1.

THEOREM 5.2.1: (Existence of Pareto Optimal Allocations)
Assume that for eachi=1,...,m, P; and P; satisfy the following conditions
for directions of mappings:

(D) For each = € Alloc, (for each x € Alloc such that Pi(z) # 0,
resp.), Neighborhood U, of x and upper semicontinuous compact valued
correspondence 0, : U, — E' exist such that {p,w; — z;) > 0 ({p,w; —
z) > 0, resp.) for all p € 0%(2), w; € Pi(2), (wi € Pi(2), resp.), and
z2=(21,-.,2m) € Us.

Then there is a Pareto optimal allocation.

PROOF: Assume the contrary. Then correspondence Pr : Falloc > x —
P(z) N Falloc is non-empty valued. By condition (D) and the compactness
of Alloc, through the argument using the partition of unity, we obtain an
upper semicontinuous compact valued correspondence 0 : Alloc — E’ for
each i such that Vz € Alloc and Vp € 0%(z), (w; € Py(2)) — ({p, wi—z) > 0)
and (w; € Pi(z)) — ({p,w; — z;) > 0). For each i and z € Alloc, denote by

Pi(2), (resp., ﬁ’l(z))7 the set {w; € X, |Vp € 0°(2), (p, w; — 2z;) > 0}, (resp.,
set {w; € X1|Vp € 0'(2), (p,w; — z;) > 0}). Clearly, for each i and z €
Alloc, P;(z) D Py(z) and P;(z) D Pi(z). Since P;(z) is open, and since the
sum operation is continuous, the non-emptiness of Pr means that for each
w € Falloc, neighborhood O,, in Falloc and index of consumer i(w) exist

such that for each z € O,, there is an element y = (y1,...,ym) € Falloc
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such that y;(.,) € Pi(w) (2). Since Falloc is compact, there is a finite covering
Oty - .., Oy of Falloc and partition of unity ay : Oe — [0,1],6=1,...,k,
subordinate to it. Let us define correspondence ® on Falloc to itself as

®(2) =z +a'(2)(2(2) - 2),
where ®(z) equals
Pl(Z) X X If’i(wt),l(z) X Pz(wt)(z) X é(wt)Jrl X X If’m(z) N Falloc.

® is convex valued since each ®* is. ® has non-empty valued since each ®!
is non-empty valued as long as Pr is. Moreover, by defining 6(z) : Alloc —
Alloc and V : Falloc — Falloc, respectively, as

0(z) = (0'(2),...,0™(2)), and
U(z) = {w € Falloc|Vp € 0(z), (p,w) > 0},

we have ®(z) C ¥(z), so that correspondence ¥ is a non-empty convex
valued on Falloc to Falloc having no fixed point. Note that 6 is also a
compact valued upper semicontinuous correspondence on Alloc to E’% (m),
where E&(m) denotes the m-th product of E’. Then for all w* € ¥(z*),
there is an € > 0 such that (p,w*) > €* > 0 by the compactness of
0(z*); hence, by the joint continuity of the duality operation (precisely, for
each component), neighborhood O* of z* exists such that for all z € O*,
w* € U(z). Therefore, ¥ has the local intersection property at each z, so
that by Theorem 2.3.1, ¥ has a fixed point, and we have a contradiction.
|

5.3 Existence of General Equilibrium

In Section 5.1, we treated the existence of general economic equilibria
for cases with compact domains and the joint continuity of dual-system
operator (-,-). We cannot generally expect, however, the joint continuity
of the dual-system operator unless our attention is restricted on finite
dimensional vector spaces. It is also restrictive to assume that consumption
and production sets are compact even in cases with finite dimensional vector
spaces. Moreover, a compact domain may not exist for prices that define
appropriately the free disposability, especially when an infinite dimensional
vector space fails to have the positive cone with interior points.

In this section, we extend the basic existence theorems to cases
with (1) consumption and production sets that are not assumed to be
compact without changing the assumptions for price spaces and dual-system



112 Fixzed Points and Economic Equilibria

operators (including standard arguments in the finite dimensional Arrow—
Debreu economy), (2) possibly non-compact consumption and production
sets with a dual-system operator that is not assumed to be jointly
continuous while we leave the condition for the price space unchanged
(e.g., typical infinite dimensional settings like Bewley’s (Lo, ba)), and,
furthermore, (3) possibly non-compact consumption and production sets,
possibly non-jointly-continuous dual-system operators, and the price space
with no appropriate compact convex set defining the free disposability in the
economy (e.g., cases with commodity spaces whose positive cones may not
have interior points, as treated by Nikaido (1959) and Mas-Colell (1986)).

5.3.1 Non-compact consumption and
production sets

Even for classical general equilibrium settings like Arrow—Debreu (1954)
and Nikaido (1956a), the consumption and production sets are usually not
restricted to be compact. In such cases, however, they are instead based on
sufficient conditions for assuring the compactness of attainable (feasible)
allocations in the economy. For example, if £ = R’ and all X; are Rf_,
it is often assumed that the intersection of Y (the set of all aggregate
production plans including initial endowments) and Rﬂ is bounded, hence
it is compact. Usually, this automatically implies the boundedness for set
X; of all i-th components of feasible list of consumption plans.® For the
boundedness of the set of all j-th components of feasible production plans,
f@-, however, there seem to be no suitable conditions except for assuming
the boundedness (compactness) directly for each j € J. We often use the
next assumption:

(B3) [Boundedness Assumption] Topology 7, exists under which (-, q) is
continuous for every price ¢ € D satisfying the following conditions:

1: Attainable Consumption Plans For each j € I, Xj = {z; €

X;|\Vieli#j,3x; € X3, ;v €Y} is relatively compact under 7.

8Even for infinite dimensional vector spaces, norm or order boundedness may possibly
be utilized for ensuring the compactness for attainable sets as long as we appropriately
choose the topology for commodity spaces. For example, in AL- (abstract L-) spaces,
order bounded sets are weakly relatively compact (see Schaefer (1971, p.249,8.6,
Corollary 1)). Norm bounded sets may also be used as relatively compact sets under
the weak star topology by the theorem of Alaoglu-Bourbaki (see Schaefer (1971, p. 84,
4.3, Corollary)).
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2: Attainable Production Plans For each i € J, YZ ={y; € Y;|Vk €
I,3ay, € Xp,Vj € J,j #4,3y; € Yy, D her@h =w+ 0,y € Y}is
relatively compact under .

This section treats the simplest case where compact convex set K has
interior points in E such that all individual feasible plans, X;, i € I, and
Y;, j € J are contained in int K.

THEOREM 5.3.1: (Existence of General Equilibrium I) Under
(B0), (B1), and (B2), assume that (1) compact convex set K that has
interior points in E exists such that for each i € I and j € J, the set
of individual feasible consumption and production plans, X; and Y] are
contained in int K, (2) restrictions of (-,-) on Ax X; and A xY; are jointly
continuous, and (3) D = A. Moreover, suppose the following conditions:

(i) For eachi € I, P; is the (Product BK1)-type.
(ii) Fach P; satisfies that for all x € X and y; € Pi(x), C({xs, yi})\{z:}
is included in P;(x).
(i) For each j € J, for allyj,z; € Y;, and p € A, (zj,p) > (y;,p) implies
that (27, p) > (y;,p) for all z; € C({z,y;})\{y;}-
(iv) For each i € I, mapping (z,y,p) — Pi(x) N B;(y,p) is the (Product
BK1)-type.

Then & has free disposal equilibrium (p*, (] )ic1, (Y} )jes) € D x [[;e; Xi %
HjeJ Y;. (When each P; has open wvalues and the open lowersection
property, condition (iv) is unnecessary since for each p € D and o € R,
{z € X|(zx,p) < a} is dense in {x € X |{(x,p) S a}.)

PROOF: Let us define X as X; = X;NK and Y as Y Y;NK for each
i€ Iandj € J. Restrict all P; and W; on X = HZGIX and [[;c;Y;

A, respectively, and consider economy & = ((Xz,Pl, Wi)ier, (Y;)jer)- By
Theorem 5.1.2, economy & has equilibrium (p*, (x3)er, (Y5)jes) It is a
routine task to check that conditions (ii) and (iii) are sufficient for assuring
that 7 and y; are individual maxima not only in X; N K and Y; N K but
also in X; and Yj for each ¢ and j. n

In the above theorem, condition (i) for preferences may be replaced by
K1- and Kakutani-types. (For proofs, use Theorems 5.1.3 and 5.1.4 instead
of Theorem 5.1.2, respectively.)
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5.3.2 For cases with general dual-system
operators

For infinite dimensional vector spaces, we cannot generally expect the dual-
system operator (-,-) to be jointly continuous. The following is a list of
conditions that enable us to use the limit argument of the Bewley type
(Bewley 1972) for the existence of general equilibrium.

(B4) [Miscellaneous Additional Assumptions]

1: Convex Structure For each non-empty finite subset B € %#(FE) of
E, set C(B) of all convex combinations among points in B is compact
and convex.

2: Duality Operator For each B € %(F), duality operator (-,-) is
jointly continuous on C(B) x F.

3: Aggregation of Production Values For each (z;)jcs € HjeJYj
such that (z;,p) 2 (y;,p) for all j € J and for at least one j € J,
(zj,p) > (y;,p), there is at least one i € J such that W;((z;),es,p) >
Wi((yj)jes:p).

4: Aggregation of Consumption Values For each x € Alloc and p €
D, we have <Zie] xi7p> = Zie] <xi7p>'

5: Continuity of Wealth Function For each ¢ € I and (y;j)jes €
[1;c; Y Wil(yj)jes, ) is continuous on D.

6: Attainable Allocations The boundedness assumption (B3) for
attainable allocations holds even when we replace Y with Y — C, where
Y — C denotes the set defining free disposability, i.e., Y — C = {z €
E|3yeY,Vpe A (z,p) = (y,p)}

Conditions are quite standard (indeed, except for the last one, they are
unnecessary) for ordinary arguments under vector space settings. Condition
(B4-6) is also standard as requirements for the existence of free disposal
equilibria (see, e.g., Toussaint 1984).

THEOREM 5.3.2: (Existence of General Equilibrium II) Under
(B0), (B1), (B2), and (B4), with conditions I = {1,2,...,m}, J =
{1,2,...,n} (the sets of consumers and producers are finite), and that
D = A, suppose the following:

(i) For each i € I, P; is the (Product BK1) type.
(ii) For any allocation x such that for somey €Y, (3, zi,p) = (y,p) for
allp € A, set P;(x) is non-empty for all i € I (non-satiation property).
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(ili) Fach P; satisfies for all x € X and y; € Pi(x), that C({xs,y:})\{z:}
is included in P;(x) (convexity and local non-satiation properties)
and that P (y;) includes a neighborhood of x in E under 7, (open
lowersection property under 7).

(iv) Each P; has open values, and for each p € D and two points x and x’
in X; such that (z',p) < (x,p), we can take z € C({a’,x}) satisfying
(z,p) < (x,p) arbitrarily near to x.

Then & has a free disposal equilibrium (p*,(z})icr, (y})jes) € D X
Hiel Xi x HjeJYj'

PROOF: Let B € .Z(E) be a finite set including all points, Z; € X;,
i e 1, y; € Y;, j € J, stated in (B2-2) ensuring the minimum wealth
condition. For each B € .#(E) such that B D B, define an economy &7 as
&8 = ((XE, Pi,Wy)ier, (Y;)j € J), where XP = C(B) N X; for each i € I,
Y = C(B)NY; for each j € J, and P; and W; are restrictions on them for
each i € I. Then by (B4-1) and (B4-2), economy & satisfies all conditions
in Theorem 5.1.2, so &P has an equilibrium (p?, (z2),cr, (ij)jej) €D x
[Lie; XP xI1;c, Y;”. By (B0-3) and (B4-6), there are converging subnets
Pwer, (@ e, i €1, and (y7)ver, j € J, with their limits,
preD=Azx;€ X, iel, and y; € }Afj,j € J, where X; and Y; are defined
to be compact through set Y — C, as stated in (B4-6). In the following, we
see that for each i € I if x; € P;(z*), where x* = (xf,z5,...,z},), then for

any y; € Y;, j € J, we have

(zi,p*) ZWi((y5) e, 0")- (5.1)

Indeed, if we take sufficiently large B(v) D B having z; and all v, j € J as
its elements, and if we consider that z%®*) = (scf;(”)7 ... 7955(”))
to z* under 7, with the open lowersection property in (iii), we may suppose

z; € Pi(xB™)), so we have
(21, pP®) > (@7 ") = Wil )jes ) 2 Wil () p™):

The equality holds by (ii) and the local non-satiation property in (iii)
with the joint continuity on C(B(v)) x D of duality function (-,-). The
last > holds by (B2-1). Hence, by taking limit p?*") — p*, by (B4-5),
we have Equation (5.1). Since (Ziel(xf(y))iehq) S(w+ Eje_](yf(y)),@
for all ¢ (condition of free disposal equilibrium) for all v, we have
(O ier(@iier,a) = {w + 232 ¢,(5), @) in the limit (under 7,) for all g, so
z* and y* satisfy the free disposal market equilibrium condition. Note,

converges
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especially that (3, /(2])icr, p*) =(w + > ,c,(yj),p") holds. By the local
non-satiation property in (iii), we may choose x; € P;(z*) arbitrarily near
to z¥, so Equation (5.1) gives

(x7,p") ZWi((y5)jet,p%)

for all (y;)jes € [I;c; Y. Under (B4-4), by summing up the above relation
for ¢ € I, we obtain

> Wil(y))jes,p") = <w+z ;) >: <Z($Z-‘)ie1,p*>

iel jeJ iel

=> (25,2 Wil(y))jesp") (5.2)
i€l i€l
for all (y;)jes € HJEJ j- This means, by (B4-3), that for each j € J, y is
a profit maximizing production plan under p* for each j € J. Equation (5.2)
also shows that

(@, p") = Wi((y})jes, P")

for all ¢ € I. Hence, z} satisfies the budget constraint under p* for each
i € I. Equation (5.1) and the previous one assert that every z; such that
(@i, p*) < (zF,p*) does not belong to P;(x*), especially point Z; assuring
the minimum wealth condition for i is not an element of P;(x*). If P;(«*)N
Bi((y})jes,p*) # 0, in the convex combination between two points x; and
T, C({x;, T;}), we can take z; satisfying (z;, p*) < (z;, p*) arbitrarily near
to z; by condition (iv), which contradicts the fact that x; € P;(z*) and
P;(z*) is open. Hence, we have P;(z*) N Bi((y})jes,p*) = 0. |

5.3.3 Price domains having no compact bases

In this subsection, we replace the condition that D = A, the existence of
compact convex set A appropriately defining the notion of free disposability.
This is a typical situation for infinite dimensional vector spaces with positive
cones having no interior points since dual cone C’ of C (the polar of —C)
with respect to the duality (F, E’) may fail to have a compact base in such
cases. In view of economics, however, equilibrium problems that must be
treated in such a large (infinite dimensional) space under a weak topology
(such that the positive cone has no interior points) does not seem to occur
so often. Of course, we may consider many natural situations in commodity
spaces like R*°, where positive cones have no interior points. But in many
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cases it is also possible to transform such arguments into smaller commodity
spaces such as £*° C R*°, where we may be allowed to define stronger (e.g.,
norm) topologies under which the same positive cones have interior points.
Note that the problem of cones having no interior points is also typical
for cases with ordinary finite dimensional vector commodity spaces with
possibly “negative” prices defining the free disposability through the polar
cones of prices. Since problems deeply depend on vector space structures,
we assume on FE and F' vector space structures and the duality structure
separating points in each of the other space throughout this section. On E,
we also consider Hausdorff vector space topology g which is at least as
strong as o(E, F).

Suppose that we have a set Y — C C FE which is defined by the set
Y (social production possibility including endowments) and a non-empty
closed convex cone (with vertex 0) P C F of values on E as

Y-C=Y-{zeFE|VYpe P, (z,p) =0}

Intuitively, P C F' defines the free disposability condition in this model as
Y — C C E. The problem (in cases allowing for negative prices or for some
infinite dimensional vector spaces) is that when the cone

—C={x e E|Vpe P,{x,p) <0},

characterizing the free disposability under the vector-space structure, fails
to have interior points, we cannot expect P to have an appropriate compact
convex subset on which we may restrict our attention to seek an equilibrium
price.

If cone —C has interior point —u, there is a 0-neighborhood U such
that —u+U C —C. Define non-empty convex set P, = {p € P|{(u,p) = 1}.
Since —u is an interior point of —C, we have for all p € P, (—u,p) < 0,
so for all p € P, there is a A € Ry, such that Ap € P,. Moreover, P, is
o(F, E)-compact as a closed subset of set {¢ € F'|Vx € U, (z,¢) <1}, which
is compact under the o(F, E)-topology by the theorem of Alaoglu.” When
set —C' has no interior points, we cannot use all the above arguments to
define appropriate compact base P, for the domain of equilibrium prices.

9Set H = {q € F|Vz € U, (z,q) £1} C F under o(F, E)-topology can, by the definition
of weak star topology, be identified with a subset of RE under the product topology,
through mapping h : ¢ — (q(2))zc - Image h(H) is contained in compact set [—1,1,]%
and is shown to be closed since f(F) = f(E’) is closed in RF. (Alaoglu’s Theorem)
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In the following, we suppose a pair of sets Y — C C F and P C F,
where —C' is the polar cone of P. Cone C does not necessarily have an
interior point, so P may not have an appropriate compact base. We use the
condition that enables us to approximate ¥ — C and P through a pair of
sets, Y — Cy C E and Py C F, defined for each V' in a neighborhood base
¥ of a certain element v of C' such that Cy has v as an interior point and
Py has a non-empty compact convex subset having —C'y as its polar cone.

(B5) [Commodity Space Having Cone without Interior Points]

1: Vector Space Structure F and F' are vector spaces with standard
convex structures and a system of duality (f,E,F) (i.e., E and F
separate each other’s points).

2: Topology On E consider a Hausdorff topological vector space topol-
ogy I that is at least as strong as o(E, F') and satisfies that all convex
T closed sets are o(E, F') closed.

3: Conditions (B1l) and (B2) Under the topological vector-space
structures stated above, conditions (B1) and (B2) are satisfied, where
the convexity and the aggregation process (summation) for consumers
and producers are interpreted as those derived from the vector-space
structures.

4: Cone Defining Free Disposability SetsY—C C E and P C F exist,
where Y is the aggregate production set including social endowments,
and P is a non-empty closed cone with vertex 0 such that —C # () is the
polar cone of P.

5: Approximation of the Cone without Interior Points An element
v of C exists such that (1) for family ¥ of neighborhood base at v
(directed by the inclusion), set Py defined as Py = {p € F|Vz € V U
C,V\ € Ry, (\z,p) =20} is not an empty set for each V' € ¥, and (2) for
each V' € V', Uy cy vy Pv is o(F, E)-dense in P.

Condition (B5-5) is automatically satisfied when E under J%) is a locally
convex topological vector space, F' is its topological dual, and C is a closed
convex cone with vertex 0 with element v such that —v ¢ C.19 Note that
under (B5-5)-(2), we have for each V' € ¥,

N ¢v=c¢ (5.3)

Vey,vcv!

10See Nikaido (1959), where this property is used with the strong assumption of compact
range (see the discussion after Theorem 4.2.1 in Chapter 4).



5: General Economic Equilibrium 119

where Cy is the polar of Py for each V' € . (Indeed, since each Cy includes
C, C CNyey vey Ov is clear. On the other hand, assume that z ¢ C and
for some V' € ¥, x € ﬂVeﬂ,/’VCV, Cy . By definition of C, there is element
p € P such that (z,p) = € > 0, so there is o(F, E)-open neighborhood O(p)
of p such that Vg € O(p), (x,q) > €/2. Since Uvev,vcw Py is o(F, E)-
dense in P, V € ¥ exists such that V' C V' and Py N O(p) # (. Then,
since z € Cy, the polar of Py, an element ¢ € Py NO(p) satisfies (x, ¢) <0,
which is a contradiction.)

The third existence theorem of the general equilibrium is that under
the approximation setting of (B5-5) for commodity and price spaces, we
may characterize the existence of equilibrium through the following limit
condition for commodity and price spaces:

(B*) [Limit Conditions] A sufficiently small V € ¥ exists as a neighbor-
hood of v satisfying the following conditions:

1: For Attainable Allocations The boundedness assumption (B3) for
attainable allocations holds even when we replace for each i € I, X; with
Xi+Cpy, Y with Y — C, and 7, with o(E, F).

2: For Prices For all z € X = Hie]Xi? yeV = HjeJY}'» and p €
P\ Py, there is at least one consumer i or producer j with vector z? € Cy
such that (zP,p) < 0 together with a o(E,F) X o(E,F) x o(F, E) open
neighborhood U of (z,y,p) € X x Y x P such that for ¢ (or j, resp.,)
C({x}, x; + 2P}) N Py(x}) # 0 (C({y; — 2P, y}) NY; # 0, resp.,) for each
(«',y',q) € U.

Condition (B*) is closely related to popular conditions in locally convex
commodity spaces like “production sets having interior points” (see, e.g.,
Toussaint 1984), “uniformly properness for preferences” (Mas-Colell 1986).

THEOREM 5.3.3: (Existence of General Equilibrium IIT) Under
assumption (B5) with conditions I = {1,2,...,m} and J = {1,2,...,n}
(the sets of consumers and producers are finite), suppose the following:

(i) For each i € I, P; is the (Product BK1)-type.
(ii) For any allocation x such that for somey € Y, (3 ,; xi,p) = (y,p) for
all p € P, set P;(x) is non-empty for allt € I (non-satiation property).
(ill) Fach P; satisfies for all x € X and y; € Pi(x), that C({x;,yi})\{z:}
is included in P;(x) (convezity and local non-satiation properties)
and that P, '(y;) includes a o(E, F) neighborhood of x in E (open
lowersection property).
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(iv) Each P; has open values, and for each p € D and two points x and z’
in X; such that (z',p) < (x,p), we can take z € C({a',x}) satisfying
(z,p) < {(z,p) arbitrarily near to x.

Then, condition (B*) is sufficient for assuring that economy & has a free
disposal equilibrium (p*, (27 )ier, (Y} )jer) € (P\{0}) X [L;c; Xi x [[c, Y5

PROOF: As in the proof of the previous theorem, let B € .#(E) be a
finite set including all points, z; € X;, i € I, y; €Y;,iel, je J, stated
n (B2-2) and for each B € .Z(E) and V € ¥ such that B > B and
V C V, define an economy &8V as &8V = (X, P;,W)ier, (Y;)j € J),
where X2 = C(B) N X; for each i € I, YjB = C(B)NYj for each j € J,
the price space is Py, and P; and W, are restrictions on them for each
i € I. By (B5-1) and (B5-2), all X;? and Y, are compact and economy
&BV satisfies all conditions in Theorem 5.1.2, so &8V has a free disposal
cquilibrivm (7, @8V )ier, (18" )se) € DY % Ty XP % [Le, V7,
Sierr?V e (w+ dies yPY) — Cy, where DY is the compact base
{p € PV|<u p) = 1} Condition (B*-1) assures that such equilibrium
vectors, BV i € I, and y V. j € J, belong to o(E, F) relatively compact
sets, XZ-V ={zi € Xi|Vj € L,j #4,3x; € Xj,3 5,7 €Y —Cp},
ielTand VY = {y € Y;|Vi € 3w, € X;,Vk € Jk # j, 3y, €
Yi,d ier®i — 2 pes e —w €Y —Cp}, j € J, respectively. Then for each
V, there is a o(F, F) converging subnet (pB0V gBWV BV e//lv of
(pBY 2BV yBV )Bes(B),BoBs Whose limit (pY, xV yV) e DV X [Lier
[[;c,Y; satisfies 3, ; zy € (w+ dier Y V) — Cy. (Note that by (B5—
2), Jp-closed convex sets are o(E, F)-closed.) We can also assure that
p¥ never falls in DY\DV, since for such p", by (B*-2), there is vector

BV or 4PV sufficiently large from
individual maximal (equilibrium) points. Since DV XIV , and ?j‘} are
compact (under o(F,FE), and o(E,F)’s, respectively), we can further
take a subnet (p¥'®), 2V ) V) o of (p¥, 2V, y" )Veaj/ v such that
limyep (pV ), 2V @), gV ) = (p*,a%,y*) € DY x L, X x [, V)V Tt
is also easy to check that

Za:fe w+2y}k - C,

iel jeJ

» € Cy preventing all z;

the free disposal market equilibrium condition, since (., Cv = C. By
considering product directed set . = A" x [] ¢ 4 #v (), we obtain net
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S: L > (vf) — (pPPUEIVE) gBUW)OVE) 4 BUEIV#)) converging to
(p*’ I*, y*)'ll

It remains to be shown that (z*,y*,p*) is a free disposal equilib-
rium. As stated above, the free disposal market equilibrium condition
is satisfied. To check individual maximization conditions for consumers
and producers, we can follow the same argument in the proof of the
previous theorem merely by replacing the converging net of points
(pB(”),xB(”),yB(”))’s in the proof of the previous theorem with points
(pBUWNIV W) g BEWNVE) BV (¥))s in this proof. Though the follow-
ing lines include simple repetition of the arguments in the proof of the
previous theorem, I write them for the sake of the completeness of the proof.

Let us  consider  converging mnets  (pPUIVO) oo
(@PIVEN ) e, i€ I, and (yP YOV, peg, j € J, with limits
p* e DV, xf e Xy, i€landy; € ij/’ j € J. As before, let us see that for
each i € I, if x; is an element of P;(z*), where z* = (x7,5,...,z%,), then
for any y; € Y}, j € J, we have

(i, p*) 2 Wi(y5)jes,p"). (5.4)

Indeed, if we take B(f(r)) D B sufficiently large so that B(f(v)) has
xz; and y; for all j € J as elements, and if we consider the fact that
gBEIVE) = (GBUEIVE) - BUIVEN converges to a* together
with the local intersection property in (iii), we may suppose that z; €

Py(xBU@IVE) for all (v, f) € £ sufficiently large, so we have

“ey

(i, pBUNVE)Y > <xiB(f(V))V(V)7pB(f(y))V(,/)>

= Wil e, pPIONV)

> Wil(y)jes, pPEEIV0D),

for all sufficiently large (v,f) € £. The equality holds by (ii) and
the local non-satiation property in (iii) with the joint continuity on
C(B(f(v))) x DV of {-,-). The last = holds by (B2-1). Hence, by taking
limit pBUEIVE) e (use (B2-1)-(2)), we have Equation (5.4). In
the above, we have already seen that >, ;2 € (w + X ;c;¥5) —
C, so we have (3 ;cr(%})icr,q) = (w+ > ;c;(y;).q) for all ¢ € P (2
and y* satisfies the free disposal market equilibrium condition). Note

1 Use the definition of product preordering on .#. The non-emptiness is assured by the
axiom of choice. (See also the theorem on iterated limits in Kelley (1955, p. 69).)
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that (32,c;(z])ier,p™) = (w+32;c;(y;),p") holds. By (ii) and the local
non-satiation property in (iii), we may choose x; € P;(z*) arbitrarily near
to z¥, so Equation (5.4) gives

(%) 2Wil(y5)jer,0%)

for all (y;)jes € [[;c;Y;- By summing up the above relation for i € I, we
obtain

> Wil())jesp :<w+ZyJ >

el jeJ

= <Z($?)ielap*>

el

= (ap,p)

iel
2> Wil(y;)ses.p") (5.5)
iel
for all (y;)jes € [l;esY;. This means by (B2-1), that for each j € J, y;

is a profit maximizing production plan under p* for each j € J. Equation
(5.5) also shows that

(@i, p") = Wil(yj)jes: ")

for all ¢ € I. Hence, z} satisfies the budget constraint under p* for each
i € I. Equation (5.4) and the previous equation assert that every x; such
that (z;,p*) < (z},p*) does not belong to P;(z*), especially point Z; that
assures the minimum wealth condition for i is not an element of P;(z*).
If Pi(z*) N Bi((y})jes,p*) # 0, in the convex combination between two
points z; and &;, C({x;,&;}), we can take z; satisfying (z;, p*) < {(x;, p*)
arbitrarily near to x; by condition (iv), which contradicts that x; € P;(z*)
and P;(z*) is open. Hence, we have P;(z*) N Bi((y})jes,p*) = 0. |

Bibliographic Notes
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theory: equilibrium in abstract commodity spaces. The complete discussion
is designed to give a unified perspective on the basic results for spaces with
positive cones that have interior points like Bewley (1972), without interior
points like Mas-Colell (1986), and cases with production technologies with
interior points like Toussaint (1984), etc. As Kajii (1988) pointed out,
methods like the uniformly properness condition for preferences and the
interior condition for production technology are essentially intended to solve
the same problem. Nikaido (1957) (published as a part of Nikaido (1959))
also used the same method for commodity space.
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Chapter 6

The Cech Type Homology
Theory and Fixed Points

6.1 Basic Concepts in Algebraic Topology

6.1.1 Structures and categories

Strictly speaking, a mathematical theory is constructed by a formal lan-
guage that describes (mathematical) objects as its terms and (mathematical)
relations as its formulas. Since our arguments are based on set theory, all
the mathematical objects we treat in our formal theory are sets. Note,
however, that many rigorously described “properties” of objects are useful
that cannot be treated by themselves as objects in the domain of discourse
described under formal language. In such cases, we (informally) use the
notion “class” instead of “set” to describe the fact that we are concerned
with any object having such a property, even though the collection or
totality of such objects may not be treated as a set.

In mathematics, “structure” has a rigorous special meaning. A species
of mathematical structures is a list of rules &, defining a certain class of
mathematical objects, 96j(&). The rules consist of: (1) a specification of
the principal base set on which a structure of the species is defined, (2) a
specification of the auxiliary base set fixed to characterize the species of
structures, (3) a typical characterization of a generic structure as an element
of a set constructed by fundamental finite procedures (including taking
subsets and products) among base sets, and (4) a relation called the aziom
of the species of structures specifying the properties of a generic structure.

A class of morphisms 9t for a species of structures & is a list of rules
that define the following: (1) for each X,Y € Obj(&), a set hom(X,Y)
such that hom(X,Y)Nhom(X’,Y’) = (), unless X = X’ and Y =Y, (2) for
each f € hom(X,Y) and g € hom(Y, Z), element g o f € hom(X, Z) called
the composition of f and g that satisfies associativity ( (hog)of = ho(gof)
as long as they are defined), and (3) for each X € Obj(S), identity element

125
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1x € hom(X, X) such that 1x o f = folx for each f € hom(X,Y). An
element of hom(X,Y) is called a morphism (or an 9t-morphism).

When class 9% of morphisms is associated with a species of structures
S, category € (the list of rules & together with %) is defined. An
element of Obj(S) is also said to be an object in the category of €, and an
element of hom(X,Y") defined under 9t is also called a morphism in €. The
class of all objects in € is denoted by 0Db6j(€) (= Obj(&S)), and the class
of all morphisms in € is denoted by Dtor(€). In category €, two objects,
X,Y € Obj(€), are isomorphic if 3f € hom(X,Y) and Jg € hom(Y, X)
such that fog =1y and go f = 1x. Such a morphism (f or g) is called
an isomorphism in category €.

Given two categories € and ®, we say that a list of rules ¥ is a
covariant (contravariant, resp.,) functor on € to ® if for each A € Obj(€)
it defines an element T(A) € ObB)(D) and for each f € Mor(€) an
element T(f) € Mor(D), such that: (1) for each f € hom(X,Y),
T(f) € hom(Z(X),T(Y)), (T(f) € hom(ZT(Y), T(X)), resp.), (2) for each
lx € hom(X, X), ¥(1x) = lgx), and (3) for each f € hom(X,Y) and
g €hom(Y, Z), T(go f) = T(g) o T(f), (T(go f) = T(f) o F(g), resp.).

6.1.2 Inverse and direct limaits

Let I be a directed set. Suppose that for each ¢ € I there is set E; and for
each 1,7 € 1,1 <3, there is mapping hij : Ej — FE; (hﬂ B, — Ej,
resp.,) such that for each i,5,k € I, i < j < k, hyj o hjry = hi
(hij © hj; = hy;, resp.). The system of sets and mappings (E;, hij)ijer.i<j
((Ei, hji)ijer,i<j, resp.,) is called an inverse system (direct system, resp.,)
of sets and mappings over directed set I.

Let (E;, hij)ijer,i<; be an inverse system over directed set I and let
us consider direct product [],.; E;. Subset £ C [[,.; E; such that » € E
if and only if pr;(z) = hi; o pr;(z), where pr; denotes the projection onto
the i-th component of the direct product, is called the inverse limit of the
inverse system and is denoted by F = (hﬂ E;. An essential element of E; is
an element x; such that (i < j) = (x; € hi;(E;)). It is clear that for each
r € E =lim E;, prj(z) € E; is an essential element of Ej; for each j € I.

For direct system (E;, hj;)i jer,i<; over directed set I, let us consider
direct sum J;¢; E; x {i} and quotient set F' = (|, Ei x {i})/ ~, where ~
denotes an equivalence relation on (J,.; E; x {i} such that z ~y (z € E;,
y € Ej) if and only if 3k, ¢ < k, j <k, hii(x) = hi;(y). Set F is called the
direct limit of a direct system and is denoted by lim E;.
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6.1.3 Swimplex

In an n + 1-dimensional Euclidean space, R"*!, (n = 1,2,...,) we denote
by A™ the set {(x1,...,2Tn41) € R Z?jll x; =121 € Ry, ..., Zpy1 €
Ry}. A™ is called the standard n-simplex (or the n-dimensional standard
simplex). We denote by A = {e’|i = 1,...,n+1} the standard basis of vector
space R"t!, ie., e denotes the vector of R"*! whose j-th coordinate is
0if j # 4 and is 1 if j = 4. Set A™ may be identified with the set of
all convex (linear) combinations among points in A = {el,... e"t1} ie.,
el S ey = 1,00 € Ry,...,ans1 € Ry} Let B be a non-
empty subset of A, and let B = k + 1. The set of convex combinations of
points in B = {e', ... e}, {Z§=o ajeif\Z§=0 aj =1,00 € Ry,..., 0 €
R}, is called a k-dimensional face (or k-face) of A™. We say that an
orientation for standard simplex A" is determined if a total ordering on the
set of n+1 points {e!, ..., e"1} is chosen up to even permutations. A™ has
standard orientation such that el < e? < ... < e"*!. Standard orientation
induces for each face {Z?:o ajeij|2?=0 aj =100 € Ryy...,a € Ry}
an orientation equivalent to the restriction of e! < €2 < --- < ™! on
{eo,... e }. We denote standard n-simplex and its k-face by e’ ... en*?
and e% - .. e’ respectively. To fix an orientation for each simplex or face,
we use (-) to denote by (e!---e"1) and (e’ ---e’*) the oriented simplex
and its face.

In R™, consider a set of m+1 points {2°, ..., 2™} such that z* —2°, 22—
20,...,2™ — 20 are linearly independent. (Such m + 1 points are called
affine independent.) Set {Z:’il a; x| Z:il a; =1,a1 € Ry,...,am € Ry}
is called the m-(dimensional) simplex defined by points 2°,...,2™ in R".
It is easy to check that an m-simplex in R™ is topologically isomorphic
(homeomorphic) to standard m-simplex. As standard simplices, we denote
or {(x!...a2™) (with a fixed orientation)
as long as there is no fear of confusion. As before, a k-face of m-simplex
xl... 2™ is the set of all convex combinations among points in a certain
subset {z% ... 2%} of {z!,...,2™} and is denoted by % ...z% (or
(g0 ... z%) with fixed orientation). A (simplicial) compler K is a family of

an m-simplex in R" by z!'---2™

simplices such that: (1) for all o € K, all faces of o are also elements of K,
and (2) if o and ¢’ are elements of K, the intersection o N¢’ (in the simple
set-theoretic sense) is also an element of K. For complex K, we denote by
| K| its underlying space | J,¢ jc 0. The underlying space of a complex in R™
is called the polyhedron. The maximal dimension of simplexes in K is called
the dimension of complex K or the polyhedron |K|. Simplicial complex K
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is said to be oriented if with each ¢ € K an arbitrary fixed orientation is
associated. Simplex ¢ having such an orientation is denoted by (o).

More generally, let A be an arbitrary finite set and let K be a family
of subsets of A satisfying:

(1) Va € A, {a} € K, and
(2) (seK)=((sCs)=se€K).

We call K an abstract simplicial complex. Set A is called the verter set
of K and is denoted by Vert(K). Element s of K such that s = ¢+ 1
is called a ¢-simplex of K, and elements of s are called the wvertices of s.
g-simplex s is said to be oriented if the vertices of s are totally ordered up
to even permutations. Abstract simplicial complex K is said to be oriented
if every s € K has an arbitrarily fixed orientation. Simplex s with such a
fixed orientation is denoted by (s). In the following, we treat a simplicial
complex in R™ as a special case of abstract simplicial complex.

Let K and L be two abstract simplicial complexes. Mapping f :
Vert(K) — Vert(L) is a simplicial map if for each simplex {vo, ..., v} in K,
the set of vertices { f(vo),. .., f(vq)} is a simplex in L. The class of abstract
simplicial complexes with simplicial mappings determines a category.

Given finite open covering {U’};c; of X, consider family X of subsets
of index set I such that J € X if and only if [, U7 # (). Family X7 is
called the nerve of the covering {U%};c;. It is easy to check that family X;
satisfies: (1) that for each member i € I, {i} € X, and (2) that every non-
empty subset of a member of X is a member of X;. Hence, by identifying
each member J with an abstract (§J — 1)-simplex, we may identify X with
an abstract simplicial complex. Cech (1932) first defined the nerve of a
finite open covering and used such complexes as approximations to a space.

6.1.4 Homology theory

Homology theory associates an algebraic structure (e.g., groups, modules,
vector spaces, etc.) with a topological space. Such an algebraic object rep-
resents the connectivity among points in each dimension of the topological
all homology groups

)

space. In this book, though we use the word “group,’
we treat are vector spaces over real field R.

Denote by Zops the category whose objects X, Y € Obj(Zops) are
topological spaces and hom(X,Y) is the set of all continuous functions on
X to Y. In general, a homology theory may be identified with a functor on
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a certain admissible subcategory of Zops or a pair of such subcategories to
a category of certain algebraic objects (in this book, mainly graded vector
spaces over R). The basic homology theory we use is simplicial homology
theory that associates a graded sequence of vector spaces over R with each
topological space in the form of finite dimensional polyhedron |K| (where
K is an oriented simplicial complex) as follows. For each ¢ = 0,1,...,n,
where n is the dimension of K, define vector-space Cy(K), the set of
all g-chains on K, as Cy(K) = R | where A denotes the set of all ¢-
simplex in K and R is the vector space of all functions on A to R
having finite supports (i.e., the set of functions f : A — R such that
{0 € A|f(0) # 0} is a finite set). By formally identifying element f € R(4)
with the finite abstract summation ) . 4 f(0)o, Cq(K) may be considered
a vector space over R. It is a good idea to interpret lo = 1, € R4
(1,(0) = 1 and 1,(¢") = 0 for each ¢’ # o) as (o) (simplex 0 € K
with a certain fixed orientation) and —lo = —1, € R as the same
simplex with reverse orientation. In this sense we denote by —(o) the
oriented simplex having reverse orientation to (o). Set {(o)|o € A} may be
considered the base of Cy(K). For each ¢ < 0 and g > n, define Cy(K) as
Cy(K)=0.

Given oriented simplicial complex K, we define for each pair of
two simplexes of K, a ¢-simplex (c?) = (vg,v1,...,04) and (¢ — 1)-
simplex (c971) = (ug,...,uq—1), the incidence number [{c4), (097 1)] as
[(c?),(c971)] = 0 if 6971 is not a face of o4, [(09), (09" 1)] = 1 if
097! is a face of o7 such that {vo,v1,...,v,\{uo,. ., ue—1} = {vi}
and (09) = (vj,ug,...,uq—1), and [{(09), (097 1)] = —1 if o771 is a
face of o7 such that {vg,v1,...,v4}\{to,.-.,uq—1} = {v;} and (09) =
—(vi,ug, - .., ug—1). In the following we denote that 077! is a (¢ — 1)-face
of 07 = (vg, ..., v,) such that the vertex set of o971 is {vo, ..., vy} \{v:} by
o097t = (vg,...,0i,...,vq). Now, we define for each ¢, 1 < g < n, where n is
the dimension of K, boundary operator 0y : Cq(K) — Cy—1(K) as a linear
extension of

q

0g((v0, -+, vg)) = > (1) (vo, ..., iy ..., vg).

=0

By using the incidence number, it is also possible to write 9,(c?) as

0o = Y o9, (o )]0,

c1-1Co4
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where 0971 C 0 represents all (¢ — 1)-faces of g-simplex 9. For each ¢ < 1
and ¢ > n, define 9, as the linear mapping whose values constantly equal
0 to obtain the following sequence of graded vector spaces:

o 02 O (K) 2 Cy(K) 2 0y () 2 Cy(K) - 00— -
The basic property of boundary operators is that d,—1 0 9, = 0 for all ¢.!
Hence, it is always the case that for each ¢, the image of Cyq1(K) under
Og+1, By(K), is a subset of the kernel of 0y, Z,(K) = {0 € Cy(K)|04(c) =
0}. Such a sequence {C,} with boundary operators {9,} is called a chain
complez. Since every 0, is a linear operator, it is easy to check that for
each ¢, By(K) and Z,(K) are vector subspaces of Cy(K). An element b
of By(K) C Cy(K) is called a g-boundary (or is said to bound a chain in
Cq+1), and an element of Z,(K) is called a g-cycle. The ¢-th homology
group Hy(K) is the quotient vector space Z,(K)/B,(K), i.e., we identify
two elements z and 2z’ in Z,(K) if and only if 2’ — z € B,(K). We denote
by [z] the equivalence class of z € Z,(K) under B,(K). See Figure 29. Two
cycles, (ab)+ (be)+ {cd)+- - -+ (ma) and (ab) + (bx)+ {xc) + (cd)+- - -+ (ma)
are identified since their difference (bc) — (bx) — (xc) = (be) + (cx) + (xb) is
the boundary of (bcz).

It is clear that we may define for abstract simplicial complex K such
concepts as the vector space of chains, abstract summations, incidence

Figure 29: Equivalence class of cycles under By (K)

1One may prove it through simple calculation by applying the definition twice on a
certain simplex. See, e.g., Hocking and Young (1961, p.224).
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numbers, boundary operators, boundaries, cycles, and homology groups in
the same way. Let K and K’ be two abstract simplicial complexes, and
let f: Vert(K) — Vert(K') be a simplicial map. Then for each ¢, f
induces linear mapping f, : Cq(K) — Cy(K’) such that for each g-simplex
in K, a g-simplex in K’ is associated as fq({vo,...,vq)) = (f(v0), ..., f(vq))
if (f(vo),...,f(vg)) is a g-simplex in K’ and fq((vo,...,vq)) = 0, if
otherwise. One can prove (e.g., see Hocking and Young (1961, p. 249)) that
fq—1 00, = 90 fy, where J, and 0, are boundary operators relative to
K and K’, respectively. More generally, a sequence of homomorphisms (in
our case, linear mappings), ¢q : Cq(K) — Co(K'), ¢ =...,-1,0,1,2,...,
is called the chain map (or chain homomorphism) if it satisfies 9; o p, =
g1 0 Og. It is easy to verify that a chain map {y,} induces a sequence
of homomorphisms (linear maps) ¢., : Hy(K) — Hy(K') as p«([o]) =
wallo])

Two chain homomorphisms {1, : Cy(K) — Cy(K')} and {¢ :
Cy(K) — Cy(K')} are called chain homotopic if there is a sequence of
homomorphism {®, : Cy(K) — Cg41(K’)} such that 011 0Py = 1hg — 1, —
®,_1 00, If 27 is a cycle of Cy(K), this implies Og41(P®4(27)) = 1q(29) —
Yy (29), so that 1,(27) — 1, (27) is a boundary. Hence, two chain homotopic
maps induces the same homomorphisms between homology groups. {®,}
is called a chain homotopy. If for a chain map {p, : C;(K) — C,(K')},
there is a chain map {n, : Cy(K’) — C4(K)} such that {ngo ¢, : Cy(K) —
Cy(K)} is homotopic to identity chain map {Idf : Cy(K) — Cy(K)}
and {pg 0ny : Cy(K') — Cy(K')} is homotopic to identity chain map
{Idf/ 1 Cy(K') — Cy(K')}, then {p,} is a chain equivalence. In this case,
two chain complexes are said to be chain equivalent.?

6.1.5 Star refinement of covering

Let X be a compact Hausdorff space and let 9% be a finite open covering of
X. If Dtis a finite open covering that is a refinement of 9T, we write DT < M.

2Intuitively, chain homotopy and chain equivalence are the algebraic counterparts of the
concept of homotopy F : X x[0,1] — Y (a continuous map for two maps fo(xz) = F(z,0)
and f1(z) = F(z,1)), and the concept of homotopy equivalence (a continuous f: X — Y
having continuous ¢ : Y — X such that f o g is homotopic to id*X and go f is homotopic
to idY'), respectively. When f : X — Y is a homotopy equivalence, X and Y are of
the same homotopy type. Homology theory is constructed to satisfy that if X and Y
have the same homotopy type, then chain complexes constructed on X and Y are chain
equivalent.
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Figure 30: Star refinements

If 9T < Mt and for each N € N, set St(N; M) = J{N'|NNN' # (0, N' € D}
is a subset of an element of 9, covering M is a star refinement of M, and
write <" M (Figure 30).

The concept of the finite coverings of compact Hausdorff space X plays
essential roles in this book. We denote by Cover(X) the set of all finite
coverings of compact Hausdorff space X. Relation < is clearly reflexive and
transitive on Cover(X). Since for each M, N € Cover(X), intersection
covering {M N N|M € D, N € D} is a refinement of both T and N,
it is also clear that (Cover(X),<) is a directed set. Note also that for
each covering 9t € Cover(X), covering M € Cover(X) such that DT <x* M
exists. Since this is a crucial property, I will simply sketch a direct proof
for our special case (for a reference, see, e.g., Tukey (1940, p. 47)).

LEMMA 6.1.1: Let X be a compact Hausdorff space. For each covering
Mt € Cover(X), a star refinement N € Cover(X) of M, M<* M, exists.

PROOF: Binary covering is a covering that consists of two sets. It is
easy to verify that (1) for each finite covering, there is a family of binary
coverings whose intersection covering (the set of all finite intersections
among elements of the binary coverings) refines the original covering, and
(2) if My <* MWty and Mo <x* Dy, then the intersection covering {Ms N
No| My € 9y and N € Dy} is a star refinement of the intersection
covering {M; N Ni|M; € 9t and Ny € Dt }. Hence, for our purpose,
it is sufficient to show the result when 9Jt is a binary covering. Assume
that X is covered by family 34 = {U;,Us}. By Theorem 3.1.3, there is a
refinement U = {V}, Va} of 3 such that two closed sets C; and Cy satisfy
Vi € Cy Cc Uy and Vo C Cy C Uy (Figure 31). Then we can see that the
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Figure 31: Construction of a star refinement

family 9t = {X\C1,U; N Vo, Vi N Vo, Us N V3, X\C1} is a star refinement
of s. [ |

6.1.6 Cech homology

Let X be a compact Hausdorff space. The nerve of covering 9% of X,
X¢(9), is an abstract complex such that the set of vertices of X¢(9) is
2T and n-dimensional simplex 6™ = MyMj - - - M, belongs to X (M) if and
only if _, M; # 0. We call an n-dimensional simplex ¢ in X (1) an n-
dimensional Cech M -simplex (or simply, Cech simplex, n-dimensional Cech
simplex, Cech 9M-simplex, etc., as long as there is no fear of confusion).
X¢(M) is also called the Cech Mi-complex. In the following, we assume
that every Cech 9t-complex is oriented. Since 9t is a finite covering, we
may identify X¢(9t) with a polyhedron in a finite dimensional Euclidean
space.?

If p: DT — M is a mapping such that for all N € N, N C p(N) € M,
we say that p is a projection. It is clear that if 91 is a refinement of 9T, then
for each N1, Ny € D1, N1 N Ny # () implies that p(N1) N p(Nz) # (. Hence,
vertex mapping, projection p, uniquely induces simplicial map X¢(9t) >
NiNy - N — p(Ny)p(N2)---p(Ni) € X°(I) that is also denoted by p
and called a projection.

3An identification mapping from an abstract simplicial complex to the Euclidean space
having standard simplexes is called a geometric realization (Rotman 1988, p. 142).
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An n-dimensional Cech 9R-chain, ¢*, is an entity which is represented
uniquely as a finite sum of n-dimensional Cech 9t-simplexes,

k
= Zaia?, (o7, ... 05 € X(OM)),
i=1

where coefficients aq,...,ar are taken in a field, F. The set of all n-
dimensional Cech 9t-chains, C¢(9T), may be identified, therefore, with
the vector space over F' spanned by elements of form 1¢", where ¢ runs
through the set of all n-dimensional Cech 9J%-simplexes.

Let us consider the boundary operator among chains, 9, : CS(9) —

C

c_,(9M), for each n, as usual, i.e., the linear mapping,

Op : MoMy -+ M, _}Z(_l)lMOMleMn,
=0

where the series of vertices with a circumflex over a vertex means the
ordered array obtained from the original array by deleting the vertex with
the circumflex and for all n such that there are no n-dimensional Cech
M-simplexes, CS (M) is supposed to be 0 with corresponding 0-mappings
(boundary operators).* Then the set of all n-dimensional Cech M-cycles,
Z< (M), and the set of n-dimensional Cech 9M-boundaries, BE(M), may
be defined as usual, so that we obtain the n-th Cech 9Mt-homology group,
HE (), for each n.

For each 9t 9t and dimension n, simplicial map p induces chain
homomorphism p**. Note that if D<M, and if p : D — M and
p’ DT — MW are projections, two simplicial maps, p and p’, are contiguous,
i.e., for each Cech M-simplex, NoNy - - - Ny, images p(No)p(N1) - --p(Ny)
and p'(No)p’(N1)---p'(Ng) are faces of a single simplex.® Since two
contiguous simplicial maps are chain homotopic,® p and p’ induce the same

4More precisely, such CS(91)’s are defined as vector spaces having empty basis, so by
definition, are equal to 0.

5Indeed, it is clear that the intersection (ﬂfzo p(N;)) N (vﬂf:() P (N:)) D N, Ny # 0.
Hence, p(No)p(N1) - - - p(Ng)p' (No)p'(N1) - - - p'(Ng) is a Cech M-simplex.

6See, for example, Eilenberg and Steenrod (1952, p.164). If we are allowed to define
piecewise linear extensions p and p’ of p and p’, respectively, it may also be easy
to find a homotopy bridge between p and p’. One can also prove the assertion by
directly defining the chain homotopy ®q : Cg(M) — Cg (M) as ©q((No - -~ Ni)) =
E?:o(_l)j (p(No) - - - p(N;)p'(Nj) - --p'(Ng)). (Compare this with the mapping defined
in Equation (6.1).)
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homomorphism, pZi™ : HS(M) — HE(M) for each n. The limit for the
inverse system, (HS(91), pZ™), on the preordered family, (Cover(X), <),

HS(X) = lim HY(90),
m

is the n-dimensional Cech Homology group.

Under the definitions of the homology group and the inverse limit, an
element of HS(X) may be considered, intuitively, an equivalence class of a
sequence of Cech cycles, {z"(9) € ZS(IM) : M € Cover(X)}, such that
for each 9,9t € Cover(X) satisfying that Dt <N, we have 2" (M) ~
pIM(z™(DM)), where the equivalence relation is defined relative to the class
of Cech boundaries, i.e., z2™(9M) — pZ™ (2"(MN)) € BE(M).”

6.1.7 Vietoris homology

An n-dimensional Vietoris simplex is a collection of n + 1 points of
compact Hausdorff space X, zgz1 -+ - x,. Vietoris simplex o = xgx1 - Ty
is an M-simplex if the set of vertices, {xo,x1,...,2Zn}, is a subset of an
element of 9T. The set of all Vietoris IMi-simplexes forms a simplicial
(infinite) complex (Vietoris Mi-complex) and is denoted by XV(91). An
orientation for n-dimensional Vietoris simplex xgx1 - - - 2, is a total ordering
on {xg,1,...,2,} up to even permutations. In the following, we suppose
that every Vietoris 9)%-complex is oriented.

The set of all n-dimensional Vietoris 9-chain, C4(9N), is the vector
space whose elements are uniquely represented as a finite sum of n-
dimensional Vietoris 90%-simplexes,

k
" = Zaio?, (ol,...,0p € X' (M),
i=1

where coefficients aq, ..., ai are taken in field F. We may also consider the
boundary operator among chains, 9, : C2(9t) — CY_, (9M), for each n, as
the linear map satisfying,

n
On @ Tox1 -+ Ty — E (=D)’xoxy - & p,
=0

"For more details of the Cech homology theory, see Eilenberg and Steenrod (1952).
For more introductory arguments, Hocking and Young (1961, Chapter 8) is also
recommended.
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where the circumflex over a vertex means elimination as before, and it is
supposed that CY(9%) = 0 for all n < 0.® The set of all n-dimensional
Vietoris M-cycles, ZU (M), and the set of n-dimensional Vietoris -
boundaries, BL(9IT), may also be defined as usual, so that we obtain the
n-th Vietoris 9-homology group, HY (M), for each n.

For coverings M, M € Cover(X), it is clear that (M <M) =
(Xv(91) C XU(9)). Denote by AZ™ : CE(MM) — CE(MN) the chain
homomorphism that is induced by the above inclusion. Then, for each n,
the system of vector spaces with mappings, (Cy, (9%), h™),, cCover(x)’
their cycles, (Z; (M), hi™),, weCover(x): and boundaries, (Bj (M),
[l I eCover(x)» form inverse systems. The inverse limit of the inverse
system, (ZZ(W)/Bﬁ(m)a hi’r‘tm)m,meCouer(X)’

Hy(X) = lim H; (1),
pe

is the n-dimensional (n-th) Vietoris Homology group. If W is a subset
of X, the set of all Vietoris 9T simplexes whose vertices are in W is
denoted by XV(9t) N W. It is obvious that boundary operators and
inclusion mappings with respect to each XV(91) C X?(DN) are closed
in X)) N W, so X"(ON) N W is a closed subcompler of XV(IM)
and for each n, the inverse system, (Z@(9t)/BY(M), may adequately
be restricted as relations on subcomplex XV (9t) N W. For this inverse
limit, we use notation HY(W) even when W is not a compact subset
of X.

An element of HY(X) may be identified with an equivalence class of
a sequence of n-dimensional Vietoris Mi-cycles, M € Cover(X), (an n-
dimensional Vietoris cycle), {z"(9) € Z7 (9|9 € Cover(X)}, such that
for each M, D € Cover(X) satisfying that D<M, we have z"(IM) ~
R (2™(91)), where the equivalence class is taken with respect to Vietoris
M-boundaries, i.e., 2" (M) — L7 (2"(MN)) € BL(M).°

8Precisely, as is the case with Cech cycles, by definition they equal 0 as vector spaces
having an empty basis.

9The concept of Vietoris homology group was originally introduced by Vietoris (1927)
as the first homology theory of the Cech type for metric spaces. Though the theory has
been used in many researches, e.g., Eilenberg and Montgomery (1946), it has not been
frequently discussed as the more general Cech theory. The theory was extended to be
applicable for cases of compact Hausdorff spaces by Begle (1950a), and the result was
used in Nikaido (1959) to prove an analogue of Sperner’s lemma.



6: The Cech Type Homology Theory and Fized Points 137

6.1.8 Vietoris and Cech cycles

The Cech homology theory is a powerful tool to approximate a space with
groups of a finite complex. The Vietoris homology theory, on the other
hand, has an intuitional advantage with which we may directly characterize
the space by its elements (points). Fortunately, we may utilize both merits
since the two homological concepts give the same homology groups (see
Theorem 6.1.3 below).

Before proving this, note the following facts on the equivalences of two
cycles on a simplicial complex. Since a homology group is nothing but a
set of equivalence classes of cycles, it is not surprising that homological
arguments often depend on such equivalence results. Let K be a simplicial
complex. Suppose that the set of vertices of K, Vert(K), is simply ordered
in an arbitrary way, and let 6™ = (ag, a1, ..., ay) be an n-simplex (oriented
by simple order) in K. The product simplicial complex of K and the unit
interval denoted by K x {0,1} is the family of simplexes of the form
((ap,0), (a1,0),...,(a;,0), (as, 1), ..., (an, 1)) for each {(ag,a1,...,an) € K
with all of their faces (Figure 32). The subcomplex of K x {0, 1} constructed
by all simplexes of the form ((ag,0),..., (an,0)) with (ag,...,an) € K
may clearly be identified with K and be called the base of K x {0,1}. An
isomorphism also exists between K and the subcomplex of all simplexes of
form ((ag, 1), ..., (an, 1)) with {(ag, ..., a,) € K, called the top of K x{0,1}.
For each n-simplex (¢™) = (ao, ..., a,) of K, define an n+ 1-chain, ®, ("),
on product simplicial complex K x {0,1} as

n

b, (") = Z(—l)j«ao,o), ..y (a3,0), (aj,1), ..., (an, 1)). (6.1)

J=0

- (2,,1) R
(091)

Ao |
./(2110) ot

Figure 32: Prism K x {0,1}
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Figure 33: Mapping ¢ on Prism K x {0,1} to L

Extend each ®,, to a homomorphism on C, (K) to C,,(K x {0,1}). Then
we can verify through direct calculations that for each n-chain ¢" € K,

Ont1Pn (™) + @10 (") =" x 1 =" x 0 € Cpm1(K x {0,1}), (6.2)

where ¢ x 1 (resp., ¢” x 0) is the chain on the top (resp. base) of K x {0,1}
formed by replacing each vertex of each simplex of ¢ by the vertex of the
ordered pair with 0 (resp., 1). Hence, if 2™ is a cycle on K,

Ont1P,(2") =2" x1—-2"x0¢€ B,(K x{0,1}), (6.3)

i.e., we have 2" x 0 ~ 2™ x 1 on K x {0, 1}. Therefore, if simplicial mapping
1 on K x {0,1} to certain simplicial complex L exists, the next lemma
holds.

LEMMA 6.1.2: Assume the existence of simplicial mapping ¥ on K X
{0,1} to simplicial complex L. For two images, ¥g11(29%0) and g41(27 X
1), in q-th chain group C4(L) of g-cycle z9 € Cy(K) (through induced
homomorphism Pq41 : Cyr1(K x{0,1}) — Cy(L)), we have Yg41(27x 0) ~
Ye41(29 x 1) on L.

We now see the following fundamental result.

THEOREM 6.1.3: (Begle 1950a) Let X be a compact Hausdorff space.
q-th Vietoris homology group H:;(X) is isomorphic to corresponding Cech
homology group H(X) for each q.

To show the above result, use the following two simplicial mappings. Given
covering 9t in Cover(X), choose refinement 9t <* M, which is always
possible for a compact Hausdorff space by Lemma 6.1.1. It is convenient
for the discussion below to denote one such selection for each 9t by a
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fixed operator on Cover(X) as 91 = *M1.1° For each 9 € Cover(X) and
for each x € X, there are N, € *Nt and M, € 9t such that x € N,
and St(N,;*M) C M,. Moreover, for each N € *It there is an element
xy € N. Define functions ¢4, and ¢%, as

¢ Vert(XU("M)) = X 32— M, € M = Vert(X(9M))  (6.4)
@b Vert(Xe("N)) ="M 5 N — 2y € X = Vert(X?(9)). (6.5)

Under the definition of star refinement, it is easy to see that (2, and
@b are simplicial mappings. Hence, we obtain chain homomorphisms
(g + CE(M) — Co(M) and @b, : CH(OM) — CJ(P). As we see
below, these mappings play essential roles in characterizing the relations
between Vietoris and Cech homology groups. Especially, mappings Cé’ﬂq
and @b, respectively induce isomorphisms ¢, : HY(X) — H(X) and
@Y, H(X) — HY(X) (Theorem 6.1.3), and @b, o ¢4, (9T = *9N) assures
the finite dimensional character of acyclic spaces (Theorem 6.2.2) or locally
connected spaces (Theorem 6.2.4).

PROOF OF THEOREM 6.1.3: Let 77 = {#7(9N)|9 € Cover(X)}, (or
simply, {y9(D)}) be an g¢-dimensional Vietoris cycle. For each 9t €
Cover(X) and 91 = *ON, define z2(IM) as 29(M) = (5, (v?(N)). We see
that (1) 27 = {z7(9)} is a Cech cycle, and that (2) mapping (b, : 79— 24
is an isomorphism on HJ (X) to Hg(X).

(1) Since ¢4, : CZ(M) — C5(M) is a chain homomorphism, all
z4(ME) (M € Cover(X)) are cycles in Cg(9). Hence, by definition of
the inverse limit, all we have to show is 29(Mly) ~ pi™2(29(My))
for each MWty <MWt;. Let Dty and DMy be refinements of MW, and Mo,
respectively, to define mappings gg’m and Cf,’mq. By Lemma 6.1.1, we
can take P as P=<x*; and P <" NMy. Note that since {y4(M)} is a
Vietoris cycle, we have hY'¥(y9(P)) ~ 79(My) and AJ2*(v1(P)) ~
J1(Mz). Hence, 20(M1) = (o y(11(OW) ~ Chy, (h2% (y(F))) and
Py (29(M2)) = g2 (Chn,g (VI(M2)) ~ P2 (G, g (R12% (11(B))) .M
It follows that all we have to show is Cg’mq('yq (B)) ~ pyT (Cgmq('yq(‘,p))).
Let K = K(v4(P)) be the complex that consists of all simplexes in cycle
~9(3B) with their faces. Then by Lemma 6.1.2, it is sufficient to show the

10For this, the Axiom of Choice is needed.

1Tn the above, inclusion mappings h?lfp and hst‘B might be abbreviated. Since
including relation C¢ (') C CJ(N) for each MN'X N is obvious, these operators will
be omitted henceforth as long as there is no fear of confusions.
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existence of simplicial map ¢ on K x {0,1} to L = X°(91;) such that
% (vI(B)) and p™2(¢h (v9(PW)) are images through induced map
Ygt1 : Cgp1 (K x {0,1}) — X (M) of v1(P) x 0 and v4(P) x 1, respec-
tively. For each a € Vert(K), define 1 as ¢((a,0)) = ¢4, (a) and ¢((a,1)) =
p™1™2(L (a). For any simplex ((ao,0),...,(as,0), (ai,1),...,(a, 1)) in

K x {0,1}, we have simplex ag---ar of K = K(®I(B)), so
P € ‘P exists such that ag,...,ar € P. We have to show that
(an(ag), .. .,C&l(ai),p””1””2§gt2(ai), ... ,p”m””'é’ggnz(ak)) forms a simplex

in X¢(My). For each j, 0 < j < i, since P=*I "My, each
Cgm(aj) = My, (0 < j < i) includes St(Ni4,;,91) for a certain
Nia; > a;. Hence, P which has a; and satisfies St(P,sB) C Np for
a certain Ny € 9t must be a subset of St(Ni,,,M1) C Mi,,. For
each j, i < j < k, since P <™ Mo x* Mo x My, each p™ ™28, (a;) =
P2 My, (i < j < k) includes St(Naq,, M) for a certain Nag; > aj.
Hence P, which has a; and satisfies St(P,P) C Np for a certain Ny €
My, must be a subset of St(Nag;,M2) C Ma,; and the corresponding
element for M., under projection p™:™2 of 91;. Therefore, we have
¢t (ao) NN Cy (@) Np™™ach, (@) N---Ap™ 2t (a) > P # 0 and
(¢4 (@), ..., by (ai), p™ ™2l (i), ..., p™ ™2l (ar)) € X4(My), ie.,
1 is a simplicial map. By considering the construction way for the induced
map 1, it is also clear that ¥,11(y? x 0) = Cf)’nq('yq) and 9,41 (77 x 1) =
PP ().

(2) We have to show that mapping qu D Z0(X) 297 2% € Z9(X)
is one to one and onto. For this purpose, we use three steps: (2-1) defines
mapping gpgq 1 ZG(X) — Z](X), (2-2) shows that composite gogq ogfq is the
identity, and (2-3) shows that composite (fq o wiq is the identity.

(2-1) Let us define a function that gives for each 9t and 27 =
{z7(9)} € Z(X), an element @5, (29(DN)) € ZY(IM), where N = *M.
Denote the relation by ¢? : Z&(X) 3 27 — {ph,, (z1(*M))M <
Cover(X)} € HsmECOUe’l‘(X) Z](9Mt). We see that for each Mty < My with
Ny = "My and Ny = My, @5, ,(29(D)) ~ W28 (29(N2)), so
that sequence {¢b,,(z7(*M))|M € Cover(X)} is a Vietoris cycle. We can
assume Mo ¥ Dy <™ MY without loss of generality since the existence
of a common star refinement, M3, of Dy and Dty combined with the
same assertions for Mtz <* D <M and Wiz <F My <F M, will assure
the results for 9ty < My through AT ™ @b (29(*9M3)). Take a common
star refinement B of D and My. Since 27 = {z9(MM)} is a Cech cycle,
all we have to show is gol;mq(pq‘“l‘”zq(%)) ~ h;"lm2¢&2q(p;‘2”2q(‘p)).
Let K = K(24()) be the complex formed by all simplexes in cycle
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zI(P) € X7(P) with their faces. By Lemma 6.1.2, it is sufficient for
our purpose to show the existence of simplicial map ¥ on K x {0,1} to
L = X*(9) such that @b, ,(p3*29(P)) and hJ2¢h, (p32% 29(P))
are images through induced map 411 @ Cyp1(K x {0,1}) — X7 (91)
of z9(P) x 0 and z9(P) x 1, respectively. For each a € Vert(K) C B,
define § as $((,0)) = ¢hy, (1% (@) and Y((a,1)) = @b, (p™*% ().
For any simplex ((ao,0),...,(a;,0), (as,1),...,(ax, 1)) in K x {0,1},
we have a simplex ag---a of K = K(24(B)), so that ag N --- N
ar # 0. We have to show that (% (p™*(a0)),..., ¢, (0™ % (a;)),
@b, (072% (a;)), - . ., P, (P™2% (ai))) forms a simplex in X V(M1 ). Note that
for each 7, 0 < j < 4, PO FMy, and for each j, ¢ < j < k,
mﬁ* Do <MW <5 D <M. Since ag N -+~ Nag 75 @, there are N1 € 91
and No € O such that ag U ---Uar C N; and g U --- U ap C
Ns. By definitions of ¢® and p, St(Ny;D1) and St(Ny; ) contain all
points of the form 5 (p™*(a;)), (0 < j < i) and @b, (p™2%(a;)),
(i < j < k). There are My € My and MMty such that St(N1;9%) C
My and St(Na;D2) C Ms. The fact My <* D means, however, that
M, C Nj for some Nj in 9t;. Since N{ N Ny D ag U ---Uag, Ni C
St(N1;9%1), so that M’ includes both St(N1;9t) and St(Na; DMa). Hence,
(@5, (™% (a0)), - - P, (D™ ¥ (4)), P, (P72 (@), -, P, (072 ()
forms a simplex in XV ().

(2-2) We see for each 9T, Dt = "MW, P = "N, and 1?7 € C?(X),
©hq © Cog (V1 (B)) ~ 74(PB), which is sufficient for assertion (¥, 0, (v9) =
~v9. Let K = K(v9(B3)) be the subcomplex of XV (*P) formed by simplexes
of v1(*P) and their faces. By Lemma 6.1.2, we may reduce the problem
to show the existence of simplicial map ¥ on K x {0,1} to L = X?(9M)
such that ¢, o (%, (v/(PB)) and y7(P) are images under induced map
Ya+1 2 Cap1 (K x{0,1}) — XV(9N) of v9(P) x 0 and v7(P) x 1, respectively.
For each a € Vert(K) C X, define v as ¥((a,0)) = % o ¢ (a) and
¥((a,1)) = a. For any simplex {((ap,0),..., (a;,0),(a;,1),...,(ag,1)) in
K x {0,1}, we have a simplex ag---ay of K = K(v7(P)), so that there
is a member P of B such that ag,...,ar € P. We have to show that
(el 0Ch(ag), ..., ¥% oCh(a;),ai,...,a) forms a simplex in X (91). Since
PN, there are N € D and M € M such that St(P,P) C N
and St(N,DM) C M. Hence, by definitions of ¢% and ¢4, M includes all
vertices of (¢ o (Y (ag),..., 5, oCh(ai), ai,. .., ak).

(2-3) For each 91, 9 = "MW, P = "N, and 27 € C°(X), we see
By 0 Dby (z9(B)) ~ 2z%(P). This exactly shows (b, o b, (29) = 29 Let
K = K(21(*R)) be the subcomplex of X¢(5) formed by simplexes of z9(PB)
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and their faces. By Lemma 6.1.2, it is sufficient for our purpose to show the
existence of simplicial map 1 on K x {0,1} to L = X(9) such that ¢% o
@&q(zq(m)) and z9(P) are images under the induced map g1 : Coq1 (K X
{0,1}) — X°() of z7(*P) x 0 and z9(P) x 1, respectively. For each a €
Vert(K) C B, define ¢ as ¥((a, 0)) = ¢4, 04% (a) and ¥((a, 1)) = a. For any
simplex ((ao,0),...,(a;0),(a;,1),...,(ax, 1)) in K x {0,1}, we have a sim-
plex ag - - ar of K = K(z9(P)), so that sets ag, . . ., ax € P satisfy agN---N
ar # . We have to show that (¢4 o b (ao),...,C% o ¢ (ai),ai,...,ax)
forms a simplex in X ¢(9T). By definitions of ¢4, and (Y, vertex 2,05 (a;)
(0 < j < i)is aset in M; € 9t such that for a certain z; € a;
and its neighborhood N; € I, relation M; D St(N;;9) holds. Since
apN- - -Nay # O, there is aset N € N such that agU- - -Uag C St(ap;P) C N.
Since (N;;M) includes N for each j = 0,...,4, M; includes N for each
j=0,...,5.Hence My N---NM;Na;N---a DayN---Nay # 0, so that
(¢t o wl(an),..., ¢l owb(ai),a;, ... ax) is a simplex in X°¢(9). [

6.2 Vietoris—Begle Mapping and Local
Connectedness

6.2.1 Vietoris—Begle mapping

It is sometimes convenient to use the notion of a reduced set of 0-cycles
and reduced 0-th homology groups. A reduced 0-th homology group is
obtained by considering only 0-cycles (= 0-chains) in which the sum of the
coefficients is 0. Instead of 0-th homology group Ho(X) = Zo(X)/Bo(X),
the reduced homology group will be denoted by Ho(X) = Zo(X)/Bo(X),
where Zo(X) = {z € Zy(X)|z = S 0? and 3 o' = 0}. Topological
space X is called acyclic under a certain homology theory, if (1) X is
non-empty, (2) homology groups H,(X) are 0 for all ¢ > 0, and (3) 0-
th homology group Hy(X) equals the coefficient group F' (or equivalently
0-th reduced homology group lfIO(X ) equals 0).12

12Note that the basis of Zo(X) = Co(X) is {0°]|0® = (z),z € X} and Zo(X)/Zo(X)
may be identified with F. One can also check that all 0-boundaries belong to Zo(X). If
every 0-cycle (= 0-chain) in which the sum of coefficients is 0 is a 0-boundary (i.e., if
Ho(X) = 0), Zo(X)/Bo(X) may therefore be identified with F. On the other hand, if
there is a 0-cycle such that the sum of its coefficients is 0 and it is not a 0-boundary, then
the set of all such chains forms a subspace of Zo(X) and the dimension of Zo(X)/Bo(X)
that equals the dimension of (Zo(X)/Zo(X)) x (Zo(X)/Bo(X)) is greater than two;
hence it cannot be identified with F'.
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b. | £l

Figure 34: Vietoris—Begle mapping of order n

Let X and Y be compact Hausdorff spaces. For Vietoris 99%-complex
XV (1) and subset W of X, the set of all Vietoris 9i-simplexes whose
vertices are points in W forms a subcomplex of XV(t) and is denoted
by X¥(9t) N W. Then continuous function f of X onto Y is called a
Vietoris—Begle mapping of order n if for each covering 9t of X and for
each y € Y, there is covering P = P (M1, y) of X with P M such that
each g-dimensional (0 < ¢ < n) Vietoris P-cycle 27(P) € X (P) N f~(y)
bounds (can be identified with an image of the boundary operator of) a
q + 1-dimensional Vietoris 9t-chain c4TH(9M) € XV(IM) N f~1(y), where
all 0-dimensional cycles are chosen in the reduced sense. (See Figure 34a,
for Mt = { My, My, My, M3, My}, refinement 0 = {V;, Vo, V3, V4 } satisfies
the condition. In Figure 34b, however, for any refinement of 9t =
{Moy, M1, M3, M3, My}, we cannot expect 1-dimensional cycles of type
ab+bc+cd+de+ea bound a 2-dimensional 91-chain in f~1(y).) Continuous
onto function f : X — Y is said to be a Vietoris mapping if compact set
f71(y) is acyclic for all y € Y, ie., H'(f~(y)) = 0 for all n > 0 and
HY(f*(y)) = 0. If f is a Vietoris-Begle mapping of order n for all n, by
definition of the inverse limit, f is a Vietoris mapping.'® The converse is
also true in our special settings. In this chapter, we see the following two
important theorems: (i) if coefficient group F' is a field, Vietoris mapping
is a Vietoris—Begle mapping of order n for all n (Theorem 6.2.2), and (ii) if
f:X — Y is a Vietoris—Begle mapping of order n, there are isomorphisms
between H,;(X) and H;(Y) (0 < g < n) (Theorem 6.3.3). In this section,

13Under induced inverse system (HY(90%) = Z2(9%)/BL(9N), R ) on e Cover(F-1(y))
for each n and 9T, by taking W in the condition for Vietoris—Begle mapping of order n,
images of n-th Dt-cycle, 227 (2™ (D)), belong to BL (M) =0 € HY (M) for all N < B.
This means that every element of inverse limit HZ(f~!(y)) must be 0.
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we see (1). Assertion (ii) is treated in the next section after the concept of
Vietoris—Begle barycentric subdivision is defined.

Since coefficient group F' is supposed to be a field, inverse systems of
Vietoris and Cech type chains, cycles, boundaries, and homology groups are
systems of vector spaces. All n-dimensional chains, cycles, and boundary
groups of nerves (defining Cech homology groups) are especially finite
dimensional. For an inverse system of finite dimensional vector spaces, we
know the following result on essential elements.'*

LEMMA 6.2.1: (Essential Elements for Inverse System of Finite
Dimensional Vector Spaces) Let (E;, mij)ijerj>i over directed set
(I,>) be an inverse system of finite dimensional vector spaces. Then for
every i there is element jo > i such that for all j > jo, every element x; of
mii (E;) C E; is an essential element of E;, i.e., x; € mr(Ey) for all k > i.

PROOF: The set of essential elements of FE; is subspace H; =
(> mij(£;). Since Ej; is finite dimensional, the dimension of H; is also
finite: n. Then there are finite elements ki,...,k, of I such that H; =
ﬂ;;lm-kj (Ek,;). Let jo be an element of I such that jo > j, for each
k = 1,...,n. Then for all j > jo, we have m;;(E;) = mij, (75,;(E;)) C
Tijo (Ejo) = Tiji (Mjwjo (Ejo)) C mij, (€4, ) for each k& = 1,...,n. Hence, for
eachj > jo, Wij(Ej) C H; = ﬂ?:l Tk (Ek7) |

Since the inverse system for the Cech homology group (for compact
Hausdorff space X) is a system of finite dimensional vector spaces, it follows
from Lemma 6.2.1 that for each covering 9t of X, there is a refinement
M < My = *Mt such that if z7(M) € Z5(N) is a g-dimensional N-cycle of X,
then p20™ (29(MN)) is the Miy-coordinate of a Cech cycle. By taking the finest

q
M for g =0,1,...,k and taking P = N, we have the following theorem:

14 This concept of importance in the homology theory of system of groups is due to Cech
(1932). See also Lefschetz (1942, p.79) and Steenrod (1936) for elementary compact
coefficient groups.
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THEOREM 6.2.2: (Vietoris Mapping and Vietoris—Begle Map-
ping of Order n) Let M be a covering of compact Hausdorff space X
and W be a compact subset of X such that every q-dimensional Cech
reduced cycle in W (0 < ¢ < k) bounds a q + 1-dimensional Cech chain
inW. (I:Ig(W) =0).15 Then refinement P of M exists such that every q-
dimensional Vietoris P-cycle on W (0 < g < k) bounds a g+ 1-dimensional
Vietoris t-chain on W. Hence, Vietoris mapping is a Vietoris—Begle
mapping of order n for all n.

PROOF: Take refinements P = *M and DN of Wy = "MW1 as stated in
the previous paragraph. Let 4 be a ¢-dimensional Vietoris 9B-cycle on W
(0 < g < k). Denote by ¢% : XU(P) — X°¢(M) the simplicial mapping
defined in the proof of Theorem 6.1.3. Then Q&q(vi) is a g-dimensional
Cech M-cycle (0 < ¢ < k). By definition of 91, p;"o"“(g‘(’y%) is the 9io-
coordinate of Cech cycle z? on W. Since f{g(W) = 0, this Cech cycle
bounds a g + 1 chain so that p;"O‘”g‘f,’T (73) ~ 0 on Cg(My). It follows that
PO Ch (V%) ~ 0 on W (IM) = XV (M)NW, where b, is the simplicial
mapping defined in the proof of Theorem 6.1.3 and X?(9t) N W denotes
the subcomplex of Vietoris 9%-simplexes on W. Hence, the first assertion
of this theorem follows if we see @b, pZ™ (b (v4) ~ 7§ on X“(MM)NW.
We can see it by completely repeating the same argument with (2-2) in
the proof of Theorem 6.1.3. The second assertion follows immediately from
the first if we set W = f~1(y) for Vietoris mapping f : X — Y and
point y € Y. |

6.2.2 Locally connected spaces

Besides Vietoris—Begle mapping, there is another important concept for
fixed-point arguments under Cech-type homology: local connectedness. In
Cech-type homology theory, the family of open coverings, Cover(X), on
compact Hausdorff space X is used to describe the two fundamental features
of topological arguments: (i) the measure of connectivity (represented
by the intersection property among open sets), and (ii) the measure of
convergence or approximation (as a net of refinements of coverings). All
analytic concepts are changed into algebraic ones through the above two

5For notational convenience, let us define here H;(W) for each ¢ > 0 as H;(W) =
Hg(W) Of course, the condition says that W is an acyclic set in the sense of Cech
homology (equivalently, in the sense of Vietoris homology by considering the Cech—
Vietoris equivalence arguments in Theorem 6.1.3).
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channels. In the following, it is especially important to notice the second
feature, so that each covering 9t € Cover(X) is used as a sort of metric or a
norm, and Cover(X) is used as if it were uniformity in describing the total
convergence properties for space X. To emphasize that we are choosing a
covering or a refinement for the second purpose, we call it a norm covering
or a norm refinement instead of simply saying covering or refinement.

Local connectedness is defined as a purely homological notion to
generalize the concept of absolute neighborhood retracts frequently used
under the framework of metrizable spaces.!® Consider compact Hausdorff
space Y and 9t € Cover(Y). A realization of simplicial complex K in
Y?(901) is a chain map 7 of K into Y(9N). Partial realization 7’ of K is a
chain map defined on subcomplex L of K such that Vert(L) = Vert(K). For
norm covering M € Cover(X) and realization 7 of K, write norm(7) < )N
if for each simplex o of K, there is a set N € 9t that contains underlying
space |Ta| of chain 70.17 For partial realization 7/ of K (a chain mapping on
subcomplex L of K), we write norm(7') < 9% only when for each simplex o
in K (not in L) there is a set N € D1 that contains underlying space |7/¢”|
of chain 7/¢’ for all face ¢’ of ¢ in L.

DEFINITION 6.2.3: (Locally Connected Space) Topological space
X is said to be locally connected (abbreviated by lc) if for each norm covering
€& € Cover(X), norm refinement J(€&) < & satisfies the following condition:
for each covering 9%, there is a refinement DF(MT, &) such that every partial
realization 7’ of finite complex K into X (D(M, €)) with norm(r') < J(&E)
may be extended to realization 7 into XV (9%) with norm(7) < €&.

Intuitively, the definition says that for X we can take covering J(€&) to
roughly grasp the shape of X by identifying members of J (&) as connected

16Topological space X is an absolute neighborhood retract (ANR) if for every normal
space Y, for every closed subset B C Y, and for every continuous function f : B — X,
neighborhood U of B and continuous function f’ : U — X exist such that the restriction
of f' on B equals f. Generally, for subset A C Z of topological space Z, A is a retract
of Z if there is a continuous function g : Z — A such that the restriction of g on A is
identity. A is a neighborhood retract (NR) of Z if A is a retract of a certain neighborhood
V in Z. Tt is clear by the definition that if X is ANR, its open subsets, finite products,
and retracts are also ANRs.

17For a value under a homomorphism, parenthesis is abbreviated as 7o = 7(o). Note
also that the underlying space of chain 7o is the underlying space of the corresponding
complex defined by all simplexes of 7o (that appeared with non-zero coordinates in
the formal summation). The situation where set N € Dt contains |7o| is denoted by
diam |To| < .
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(a)

Figure 35: Covering o in definition of lc space

components without holes of X. See Figure 35. If &€ = {E, J;, o}, J(E) =
{J, J1, J2}, and M = { My, Mo, M3, My}, then for any refinement (I, &)
of &, partial realization 7" of K on L such that 7)(0) — (a) and 74(1) — (b)
fails to be extended in a way such that norm(7) < &. If we take J(&) as
{J1, J2}, we can take DT(IM,&) as DM, &) = ML. In this case, however,
J (&) still fails to grasp the hole in Jy. If we refine 91 in such a way that
M3 is further refined into three open sets, M3_1, M3_o, M3_3, surrounding
the hole with ﬂle Ms_; = (0, then using ¢, d, f in the picture, we obtain a
partial realization of 2-dimensional simplex K = {0,1,2,01,12,20,123}
on subcomplex L = {0,1,2} that cannot be extended on C3(K) to
C3Y ().

A converging sequence with a limit point may provide a simple example
for a compact Hausdorff space that is not lc. Even a connected compact
Hausdorff space may fail to be lc, as the example (topologist’s sine curve)
in Figure 36 shows. In the picture (including segment [vgv] of limit points),
any sufficiently small e-ball near y € [vgv;] will crop part of the sine curve as
a set of infinitely many segments. As in the case with a converging sequence,
we cannot find an appropriate J (&) representing the shape of X, i.e., if we
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Figure 36: Topologist’s sine curve with limit points
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take Mt = { My, My, ...}, which is much finer than J(&) = {Jy, Ji1,...}, so
we can find a partial realization of 1-dimensional simplex K = {0,1,01}
on subcomplex L = {0, 1} that cannot be extended on C4(K) to C¥ ().

Note that if X is a compact Hausdorff ANR, then X is lc. Indeed, if
X is a compact Hausdorff, then X can be identified with a subspace of
[0,1]F, where F is the set of all continuous functions on X to [0,1] = {y €
R|0 <y <1}, under homeomorphisme : X 3 z — (f(x))ser € [0,1]F.18 By
the definition of ANR, there is an open set W C [0, 1]¥" such that e(X) C W
and continuous function f : W — e(X) satisfying that f|.x) = id. Since
[0,1]F can also be identified with the convex subset of R, we have base
U for the topology of [0, 1] such that each U € U can be identified with
a convex subset of RF. That is, each set of n + 1 points in U is associated
with a continuous image in U of an n-dimensional simplex in RY whose
n + 1 vertices are mapped to those n + 1 points. Hence, if for any & given,
we construct J(€&) through elements of {U|U € U,U C W}, then for each
set of n + 1 points in J € J(€&), we have continuous function g on an
n-dimensional simplex in R to X such that g maps the vertices of the
simplex to those n + 1 points. For M € Cover(X), take DT(M,E) as a
refinement of M and J(E).

It is clear from the definition that if X is lc, then X x X is also lc.
Moreover, compact Hausdorff lc space has the following strong properties.

THEOREM 6.2.4: (Begle 1950b) If X is a compact Hausdorff lc
space, the next three assertions hold: (a), (b), and (c).

(a) There is covering Mo of X such that if z is a Vietoris cycle such that
2(M) ~ 0 on XU (M) for some M <Ny, then z ~ 0.

(b) There is finite complexr K such that the homology groups of X are
isomorphic to the corresponding groups of K.

(c) Each covering M of X has a normal refinement M, i.e., a refinement
such that for each cycle zgpm on XV(9') C XV (IM), there is a Vietoris
cycle z such that z(IM) = zop .

PROOF: These results correspond to Lemmas 1, 2, and 3 in Begle (1950b).
I provide here a brief sketch of the proof by roughly following the arguments
in the original paper. To see assertion (a), define Dty as g = FJ(&), where

18 Let X be a normal space and F' be the set of all continuous functions on X to [0, 1].
By Urysohn’s Lemma (see Mathematical Appendix I), one can probe that X is identified
with a subspace of [0, 1] under homeomorphism e : X 3 z — (f(z))fer € [0,1]F. (See
also Kelley (1955, p. 117).)
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€ is an arbitrary covering of X. (For example, suppose that & = {X}.)
Since the definition of lc is intended that J(€&) represents the shape of X
by identifying each J € J(€&) with connected components having no holes,
we can check that given any Vietoris cycle (of a certain order) {z(99%)| 9t €
Cover(X)}, z(M) ~ 0 on XU(M) for some N <Ny means z(N') ~ 0 on
X? (D) for all D' < DN using the definition of Ic (use N’ = DN(M',&), chain
C such that 9C = z(M"), and partial realization 7/ of |C| in X¥(M")).

For assertion (b), consider 9y in assertion (a), a star refinement
My <* Ny, and the nerve of covering Dy, X¢(M;). For each M € Ny,
define element ™ <€ M arbitrarily. Then we can define K as the
Vietoris subcomplex of X?(My) such that Vert(K) = {zM|M € M}
and (zMo...2Mn) ¢ K C X¥(My) if and only if (Mg ---M,) € X¢(Dy).
Mapping X¢(M1) > (My---M,) — (@Mo...2M) ¢ K c XV(D) may
be identified with ¢4, , defined from (6.5). Take a further star refinement
De <™ I and consider mapping Cf;m : X >z M, €9 in (6.4). Then,
as in the proof of Theorem 6.1.3, we can check that S"gmn o Cé’mn induces an
isomorphism between H}(X) and H,(K).

For the last assertion (c), use 9ty in (b), and let M’ be DT(MWT, D)
for each 9%. To show the result, there is no loss in generality to assume
that M < J(D1). Let z be a cycle on XU(M'). For each My < M, by
considering My = (ML, D1 ), we may define a cycle z(Mt;) on X(My)
as follows. Let 7/ be the partial realization of |z| in XV(92) defined as
700 = 00 for each 0-dimensional simplex in |z|. Since norm(7’) < J(),
there is a realization 7 of |z| in XV (91;) with norm(r) < 991;. Define
2'(My) as 2/(MA1) = 72. For the special case W = M, we may suppose 7
to be equal to the identity chain map. Though family {z/(D%)| Dt < D'} may
not form a Vietoris cycle, we can find a cofinal (with respect to directed
set Cover(X)) subfamily that may be utilized to define a Vietoris cycle.
Consider cofinal subset {|9(P,M,) < M} of Cover(X), and for each
P e {PIOP,N,) <M}, define 2(P) as z(P) = 2/(N(P,N,)). Note
that z(9F) = 2/ (D(M,N,)) = 2/ (M) = z. To show that we may construct
from {z(P)|DN(P,MN,) <M’} a Vietoris cycle (i.e., for each P’ <P,
we have z(B') ~ z(P”) on XV(P")), exploit that for all refinements
M and N” of a covering of the form D(P,D,) that refines M, we
have z(DM') ~ 2(M”) on XV(P) (to see this, use partial realization p’ of
K = |z|x{0,1} in X" (DT(P,M, )) such that on the base of K, p’ is the chain
map on |z| to XU(D') and on the top of K, p’ is the chain map on |z| to
xXv(m”). [ ]
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6.3 Nikaido’s Analogue of Sperner’s Lemma

In this section we see the important second half of the Vietoris—Begle
mapping theorem; (ii) if f : X — Y is a Vietoris—Begle mapping of order n,
there are isomorphisms between HJ(X) and H/(Y) (0 < ¢ < n). For this
proof, we need the concept of barycentric subdivision under the framework
of Vietoris complexes. After the proof of Vietoris—Begle mapping theorem,
we also see an extension of Sperner’s lemma originally given by Nikaido
(1959) as the first application.

6.3.1 Vietoris—Begle barycentric subdivision

Let Y be a compact Hausdorff space. Consider coverings 91 € Cover(Y')
and R € Cover(Y) of Y. In the following, for Vietoris M-chain ¢(IM) €
Cy (M), denote by K(c(M)) the complex of all simplexes that appear
with positive coefficients in ¢(9%) and by diam |¢(9)] < DT that there
is element N € 9t in which all vertices of K (c(91)) belong. Moreover,
for each g-dimensional chain ¢? € C7 (M) and y € Y, we denote by
y * ¢ the (¢ + 1)-dimensional {Y}-chain defined as the extension of the
operation y * {ag---ar) = (yag---ay) for each oriented k-dimensional
simplex (ag - - - ax).1? M|N-barycentric subdivision of k-dimensional Vietoris
R-simplex o* € YV(R) is chain map Sd, : CY(RN) — CY(N), satisfying
the following conditions:

(SD1) For each 0-dimensional simplex yo of K(o*), Sdo(yo) = vo-

(SD2) For each g-dimensional simplex (yo - - - y,) (0 < ¢ < k) in K (o),
y € Y exists such that y * Sdq—1((yo--- i -~ yq)) € Cy (M) for each i
and Sdy((yo -+~ yq)) = 3io(=1)'y * Sdg—1({yo - i -+ ya))-

(SD3) diam |Sdyo*| < M.

Note that as long as the existence of y for each ¢-dimensional HR-simplex
(yo---yq) stated in (SD2) is assured, conditions (SD1) and (SD2) may
be considered a process to construct Sdg, ¢ = 0,1,---. By mathematical
induction, we can verify for each ¢ > 0 that 9,5d,({(yo---y,)) =
Sdg—104({yo - - - yq)), so that the Sd, constructed is indeed a chain map.
Consider n-skeleton Y,'(R) C Y?(MR) of YU(MR), the subcomplex
formed by all k-dimensional (0 < k& < n) Vietoris fR-simplexes on Y.

9Note that above, {Y'} € Cover(Y) is taken as a covering of Y.
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An n-dimensional RIM-barycentric subdivision of Y is a chain map
{8az™ : CY(Y,) (M) — C; (M)} such that for each k-dimensional simplex
o* (0 < k < n), the restriction of {SdZ™} on the chain of subcomplex of
Y,?(MR) defined by o* is an SD-barycentric subdivision of o*.

Next, assume a continuous onto map f on compact Hausdorff space
X to Y. For each pair of coverings 9t € Cover(X) and Dt € Cover(Y)
such that M<{f~H(N)| N € M}, f induces simplicial map X(M) >
ag---ax = f(ao)--- f(ax) € Y?(M) so that chain map {f, : CY (M) —
Cy (M) }. Then as we can see in the next theorem, if f is a Vietoris-Begle
mapping of order n, there is a chain map 7 = {r;} on (n + 1)-skeleton
of YV(R) to X (1) such that {f; o 7} is an (n + 1)-dimensional (RN)-
barycentric subdivision of Y. Moreover, given 9%, such refinement SR may
be taken arbitrarily small and corresponding 7’s may be defined as (Vietoris
homologically) unique.

THEOREM 6.3.1: Let X and Y be compact Hausdorff spaces and let
f X — Y be a Vietoris—Begle mapping of order n. For each 9t €
Cover(X) and M € Cover(Y) such that M <{fLY(N)|N € DN}, cover
R = R(M,MN) € Cover(Y) and chain map T = {74} on (n+1)-skeleton of
YV (R) to XV (M) exist such that chain map {f, 0 74} is an n-dimensional
(RMN)-barycentric subdivision of Y. Moreover, for any & € Cover(Y),
there exist R’ and 7' satisfying the same condition with R and T such that
R' S and 7)(29) ~ 74(29) in CY(M) for all 29 € ZY(R').

The above theorem shows an essential feature of Vietoris-Begle
mapping and plays crucial roles in the proof of the Vietoris—Begle
mapping theorem. Before proving it, I introduce one technical lemma. In
Lemma 6.1.2, we have seen one of the simplest kinds of prismatical relations
that may be utilized to show equivalence between two cycles. Another
convenient (though slightly more complicated) method exists in forming
prisms. Denote by {0, 1,7} the 1-dimensional abstract complex formed by
2 0-dimensional simplices 0 and 1 with 1-dimensional simplex I whose
boundaries are 0 and 1 under relation 9;(I) = 1 — 0. For simplicial complex
K, the product complex of K and {0,1,I} denoted by K x {0,1,1} is the
family of simplexes of form o x 0, 0 x 1, and o x I, where ¢ runs through all
simplexes in K. Boundary relations on K x {0, 1, I'} are defined as 9(cx0) =
(00) x0,0(c x1) = (o) x 1, and d(oc x I) = (0c) x [+ (0 x 1) — (o x 0).
(See Figure 37.) Note that K x {0,1,1} is no longer a simplicial complex.
The subcomplex of K x {0,1, I} constructed by all simplexes of form & x 0
may clearly be identified with K and is called the base of K x {0,1,1}. An
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Figure 37: Prism K x {0,1,1}

isomorphism also exists between K and the subcomplex of all simplexes of
form o x 1 called the top of K x {0,1,I}. Then for each cycle z on K, we
immediately have 9(z x I) = (2 x 1) — (2 x 0) so that 2 x 1 ~ 2z x 0 in
K x {0,1, I}. Therefore, as before (Lemma 6.1.2), if chain mapping 6 exists
on K x {0,1,I} to a certain simplicial complex L, we have the following;:

LEMMA 6.3.2: Assume that chain mapping 0 exists on K x {0,1,1} to
simplicial complex L. For two images, 0441(29%0) and 0411(27 x 1), in g-th
chain group Cq(L) of g-cycle 29 € Cy(K) (through induced homomorphism
Og+1 1 Cyp1(K x {0,1,1}) — Cy(L)), we have Oy441(29 x 0) ~ O441(2 x 1)

on L.

PROOF OF THEOREM 6.3.1: We use four steps. Step 1 is devoted to
preparing the basic tools. In Step 2, we construct S8. Step 3 is used to
define 7. Step 4 is assigned for the constructions of &’ and 7’.

(Step 1) By the definition of Vietoris-Begle mapping, there is
covering P(M,y) for each y € Y and M. Consider closed (com-
pact) subset X\St(f~!(y);*P(MM,y)). Then the image under f of
X\St(f~1(y); *PB(M,y)) is also a closed (compact) subset of normal space
Y disjointed from {y}. Given D € Cover(Y), choose Q(M, DN, y) > y as
an element of *)t and Q(MT,D) as a finite subcovering of the covering
{Q(MM, y)|ly € Y}. Then covering £ (M,D1) satisfies that if B is a subset
of Y such that B C Q for some Q € Q(M,MN), there is point y € Y such
that St(y;*01) D B and St(f~'(y); *P(M,y)) D f~'(B). In this proof we
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call this y the corresponding point of Y to B and use it as if it were the
barycenter of points in B.

(Step 2) Hence, for each 9t € Cover(X) and M € Cover(Y),
D(M,MN) € Cover(Y) satisfies that for every ¢-dimensional £(9IT,91)-
simplex (yo---yq), (0 < g < n), there is point y € Y such
that y * (yo---y,) is a *M-simplex and St(f~'(y); *PM,y)) O
I *({yo,---,yq}).- This suggests the possibility to obtain a sequence of
refinements MVt; < - K M1 = P with refinements My < -+ KM =
M such that My <x{f"(N)IN € My} for each k = 1,...,n +
1, and for each g¢-dimensional Mg -simplex (¢ = 0,...,m) (Yo --Yq),
y € Y exists such that y * (yo---y,) is a ™gqi-simplex and
St(f y);* PBMyi1,9) O F {vo,---,yq}). (As we see in the next
step, under the definition of barycentric subdivision (SD1)—(SD3), this
property shows that for each n + 1-dimensional 9%-simplex we can define
an MMM, 11-barycentric subdivision.) Indeed, given 9,41 = O and
M1 = M, set N, = QM ,," M 11) SNy Note that with
(M, ,™M,11) associates finite yn11:’'s such that QM MNpy1)
consists of Q(My41, " Mnt1,Yn+1,i)’s. Let M, be a common refinement
of coverings *PB(Myi1,Ynt14)’'s and {fTH(N)|N € M,}. Set M1 =
DM, ,"M,). Repeat the process until we obtain Dg. Define R as R =
R(MT, D) = Ny

(Step 3) Let us define 7, (0 < ¢ < n) on chains of YY(R) = Y?(My)
to XV(91). Consider a O-dimensional Vietoris R-simplex, o, of Y?(R).
0% may be identified with point yo in Y. Define 7(c”) as 0-dimensional
Vietoris Mo-simplex £0 of XV (M) that may be identified with arbitrary
point 29 € f~1(yo) € X. Then we have fy o 79(0%) = 0® = Sdy(a?), so
that we obtain 79 by linearly extending it. Next, consider k-dimensional
Vietoris JR-simplex, o*, of YY(:M) (0 < k < n + 1). Suppose that for
each (k — 1)-dimensional M-simplex o¥~1, 7,1 (o*~!) is already defined
and satisfies that fy_1 o 7_1(cF™1) is a S8 *Dt,_;-barycentric subdivision
of o*~1 with the relation of chain map Ox_s © Tx—1 = Tk_2 © Ox_1, where
Tg—2 for k = 1 is defined to be a 0-map. In the following, we see that we
may define 75,(c*) to satisfy that dy_y o 7x = Tx_1 0 O and fp7ro" is a
R *Dg-barycentric subdivision of oF for each k-dimensional Vietoris R-
simplex o*. Then by mathematical induction, we may extend the definition
of 7, until it is finally defined on all elements of the (n + 1)-skeleton
of Y(R). Since dpo* is an M-chain, 7_10,0" is already defined and is
a My-cycle since Jy_174_10k0" = Ty_20y_10x0* = 0. By assumption
feo1Th—10k0" = fr1mho1 Zfzo(—l)iaf_l = Zfzo(_l)ifkflﬁcflaf_l
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belongs to CPY_, (**M_1), where oF Vs are k + 1 (k — 1)-dimensional
face of ¢F, and fkflkalaf_l is a R™)_1-barycentric subdivision
of offl for each i. It follows that all vertices of the *)1;_i-chain,
fkflkalakUk = fkflkal Zf:()(—l)iaf = Zf:()(—l)kfkfﬂ'kflaf, belong
to St(Ro; *Mi—1) C St(*Ni—1; *NMk_1) for an Ry € M having all vertices
of 0% as its elements and **Ny_; € **d_; such that Ry C **Ny_;. Since
there exists *Ng_1 € *)i_1 such that St(**Ng_1;*Mg_1) C *Ng—1, we
have diam|fk_17k_18kok| < "My—1. Then DNy = Q(M, *My) implies
that there is corresponding point y = yi; € Y, Q(Mk, " M, yr) €
(M, *Ni), to |fr_17h_10r0"| satisfying the following two relations.2°

St(y; M) D | fr17k—10k0"] (6.6)
St (y)s "B, y) D f (| foem1Th—10k0%|) D |Ti10k0™]. (6.7)

Denote by z*~! the cycle 7,_10r0" € Zy_(9M—1) and let x1,..., 2, be
the vertices of K (z*~1). Note that by (6.7), there are finite o,..., 2, €
f~Hy) and *Pi,...,*Py € “P(My,y) such that 2} € *Pi,...,2, € *Py
and 21 € *Pi,...,2¢ € *P;. By defining mapping u on Vert(K(z*~1) x
{0,1}) to X as wu(z;,0) = z; for each vertex (z;,0) in the base of
K(z*1) x {0,1} and p(w;,1) = a% for each vertex (x;,1) in the top
of K(z*=1) x {0,1}. It is easy to check that u is a simplicial map.
Indeed, if ((ao,0),..., (a;,0), (a;,1),..., (am,1)) is a simplex in K (2*~1) x
{0,1}, then ((ao,0),...,(am,1)) is a simplex in K(2*71), so that ele-
ment Mp_1 € 9M_1 exists such that ag,...,a,, € Mjy_1. Since a;
equals some z;, and both (z;,0) and (x;,1) are in *P;, all vertices in
(ag,...,ai,mla;,1),..., ulam,1)) belong to St(My_1, P (9M4,y)). By con-
sidering that Mt,_1 < P (M, y), they belong to an element of P (M, v),
so that u maps K(2F~!) simplicially to XV(P (M, y)). Let us use u
to define 74(c%) as follows: Set & = pu(®r(z*71)), where @, is the
prismatic chain homotopy defined in Equations (6.1)—(6.3). By (6.3), we
have O (u®2""1) = p(zF1 x 1) — p(zFt x 0) = p(zF1 x 1) — 2+ L.
Since (2! x 1) is a cycle on XY(P(My,y)) N f~1(y), there is chain
¢ on XU(P(Mk,y)) N f~1(y) such that 9x&s = p(z*! x 1). Then
if we set 7i(c%) = & — ¢F, we have Opmpo® = 2P = 7_10k_10",
so that 7 satisfies the condition for the chain map. Moreover, since
S0 = Fuleh — €6) = Ful€h) — fi(u(®(z4))), we may also rewrite it

20For Vietoris fB-chain c, |c| denotes the set of all vertices of simplexes that appeared in
¢ with positive coefficients.
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as fu(€5) = p(Pr(fr-12F71)) = fr(€5) — A(@r(fr-17r-1000%)) = fu(€h) —
(@ (Sdy_10xc*)), where @ is the prismatic chain homotopy on complex
K(fr—1(z""1) to K (fr—1(2F71))x{0,1} and /i is defined on K (f_1(z*~1))
in exactly the same way as pu, i.e., a(f(x;),0) = f(x;) and a(f(x;),1) =
f(zl) = y. Since St(y;*MNi) D |fe—17k—10k0"|, p is a simplicial map
on K(fr—1(z"1)) x {0,1} to Y?(*M%). Moreover, fi(rr0") is clearly the
connection of y with Sdy_; Opo* with diam | Sdy, o*| < *Dy.

(Step 4) Take M) <--- <M, and NG <-- <N, in the same
way as My < -+ < M1 and DN <x--- K NM,41 except for the process
to define DMy (k < n). Let us define M) as a common refinement of
Q1,4 ), M, and & for each k& < n. Define R’ as M and
7. (0 < k < mn+1) in exactly the same way as 7. We now check for
each M'-cycle 2", 7,(2") = 7/ (2"). For this purpose, it is sufficient by
Lemma 6.3.2 to show mapping 6 to XV(91) such that for each o* x 0,
0(c* x 0) = 7,(c*), and for each 0% x 1, §(c* x 1) = 7/ (%), (0 < k <
n), may be extended as a chain mapping on K(z™) x {0,1,I}. On the
base and top of K(2™) x {0,1,I}, 0 clearly defines chain maps since we
have Oy (0xo® x 0) = Ox(1i(c%)) = T 1(Oro") = Or_1(Oro* x 0) and
O (00" x 1) = Ok (7} (c%)) = 71 _, (O®) = O—1(Oo* x 1).

Let us consider a O-dimensional simplex ¢ in K(2") and ¢ x I €
K(2™) x {0,1,I}. By definition (in Step 3) foro0? = forh0® = 0° and both
70(09) and 74(0°) are points in f~1(a%) = f=1(|foro0®]) = F1(| forse®]) D
|700°| U |7§0°|. Then it is automatically satisfied that y (y = o) exists
such that

St(y; D) O |o°| and
St(f~ (w); Py, y) D f(00).

Note that 09(c® x I) = 7(c%) — 7/(¢"). Hence, we have St(f~1(y); *B) D
|00(c° x I)| (Figure 38). Let us consider simplicial complex K = K (7(c?)—
7(0%)) and mapping w : Vert(K x {0,1}) to X such that w(a,0) = a and
w(a,1) = y*, where y? is an element of f~!(y) satisfying {a,y?} C *P for
some *P € “P. Such y* exists since St(f~1(y);*B) D |09(c° x I)|. Then
w is a simplicial map on K x {0,1} to X?(*P). As before, let us define &}
as & = w(®(r90? — 730?)), where ® denotes the prismatic chain homotopy.
Note that ¢} = w((roo?—7150%) x 1) —(100° —7450Y). Now w((190?—740%) x 1)
is a 0-cycle (by the previous equation) on XV(P) N f~1(y), there is a 1-
chain & on X?(Mt1) N f~1(y) such that 9 = w((m90? — 7§0°) x 1). Define
0(c® x I) to be & — &1, Then 6 satisfies the condition of chain map 96 = 60



156 Fized Points and Economic Equilibria

g\
\e s ~y _
i

g, e

Figure 38: y and 09(c* x I)

for 0¥ x I for each 0-dimensional 0. Clearly, f|¢2 — £1] is the connection
of y and ¢° = y, so that diam f|&} — &1 < ™y

Next assume that 6(c™ x I) is defined for each m < k in such a way
that 90 = 96, 6(c™ x I) € M, 41, and diam f|0(c™ x I)| < Dy,11. Let
o be a k-dimensional simplex of K(2"). Then 6(d(c* x I)) is already
defined. Since 0(0(c* x I)) = 0((0c%) x I) + 8(c* x 1) — 6(c* x 0), we
have f|0(0(c* x I))| C f|0(9c%)| U f|m(c®)| U f|r/.0"|. By considering
facts diam f|m (o) < " and diamf|7',;(ak)| < M, <M, we have
St(R';9%) D flm(c®)| U flri(o%)|, where R’ denotes an element of 2R’
to which all vertices of o* belong. It is also true by assumption that for
each (k —1)-dimensional face o*~1 of o*, diam f|0(c*~1 x I)| < Dy, so we
have diam f|09(c* x I)| <My, = Q(My11,  My41). Hence, we have point
y such that Q(My41, " Mit1,y) € Q(Mpr1, Miy1),

St(y; *Mir1) D f|00(c* x I)| and
S THY): P (Mr1,y) D fHF109(c" x D).

It follows that we have St(f~'(y);*B(Mrr1,y)) D [00(c* x I)|. (See
Figure 38.) Consider again simplicial complex K = K(69(c* x I)) and
mapping w : Vert(K x I) to X. Then we may define 6(c* x I) in exactly the
same way as before until k& = n in such a way that 90(c* x I) = §9(c* x I),
0(0’1C XI) eﬂ)?kﬂ,and diamf|9(ak XI)| S*mk+1. |
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6.3.2 Vietoris—Begle mapping theorem

Let X and Y be two compact Hausdorff spaces and f : X — Y a continuous
mapping. For each covering N € Cover(Y), M (M) = {f~1(N)|N € 9N}
is a covering of X. It is clear that f maps each 9T(DT)-simplex to M-
simplex to induce a simplicial mapping on X (Mt(N)) to YV (M) and chain
mapping {f,'}. Given g¢-dimensional Vietoris cycle 47 = {y7(9)|M €
Cover(X)} of X, define f,(7v?) as the ¢-dimensional Vietoris cycle of Y,
{7 (v4(M(D)))[D € Cover(Y)}. The mapping of 77 to fy(y9) clearly
induces a homomorphism. The next theorem shows that f; indeed induces
an isomorphism (Figure 39).

THEOREM 6.3.3: (Vietoris—Begle Mapping Theorem: Begle
1950a) Let X and Y be compact Hausdorff spaces. If f : X — Y is a
Vietoris—Begle mapping of order n, an isomorphism ezists between H:;(X)
and HJ(Y') for each ¢=0,1,...,n

PROOF: We use three steps to prove the assertion. In Step 1, we construct
n-dimensional Vietoris cycle {7™(91)} of X from {z"(9N)} of Y. With it,
we can see in Step 2 that the homomorphism induced by f between HJ (X)
and HJ(Y) for each ¢ = 0,1,...,n is onto. The homomorphism is seen to
be one to one in Step 3.

(Step 1) With each 9t € Cover(X) is associated covering D¥(IN) €
Cover(Y') such that M <{f~L(N)|N € (M) }. U M = {f~L(N)|N € M}
for some M, it is always assumed that DU(MT) equals one such N. Let
2" = {z"(M)|DM € Cover(X)} (or simply {z"(D)}) be an n-dimensional

X Y

/\

f4a)

Figure 39: Isomorphism under Vietoris—Begle mapping of order n
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Vietoris cycle of Y. For each covering It € Cover(X), define v"(9N) as
() = 7, (2" (R(DT,O(M)))), where 7 = {7,} and R(M,DN) are the
chain mapping and the covering defined in Theorem 6.3.1.

We see that 4™ = {y™(91)} is an n-dimensional Vietoris cycle. Since
every Y*(IMM) = 7, (z"(R(MVLDT(M)))), an image of cycle, is obviously
an n-dimensional Vietoris 9M-cycle, all we have to show is (M) ~
h2 (4 (901)) for each pair " < 9%, That is, 7, (2" (R(,M(IM)))) ~
h,”f”"// (7! (2" (PR(T',DU(M"))))) for each M” < M, where 7” is the chain
mapping associated with D8(T",DT(MT'")). Denote KR(MT", (M) by
MR’ and R(M,DN(M)) by M. If we omit inclusion map h,, we have to
show 7, (2" (R)) ~ 7/(z"(R")).

In Step 4 of the proof of the second assertion in Theorem 6.3.1, we may
choose M) < -+ <M, and N[ < - - - < M), 1 as common refinements not
only of series {9} and {M} constructing 7 (in Step 3) for WM and N
but also of other streams {9t} and {M}/} combined with chain map 7"
for M and D" that satisfy the same condition with 99T and D. Since
the construction of 7 is independent of 7 and 7", by repeating the same
argument (to construct €' instead of #), we can see 7/ (2") ~ 7,(2") and
7! (2") ~ 7/ (2") in CY (M) for all 2" € ZY(NR).

That is, refinement R’ that is common to & = (MW, M (MWT)) and
R’ = R(MVV',M(M")) exists with chain map 7’ such that 7/(z"(R')) ~
7(z"(R')) and 7'(2"(R)) ~ 77(z"(MR')), where 7 and 7" are the chain
maps associated respectively with 9% and SR”. Hence we have 7(2"(R')) ~
7//(2"(R’)). Since 2" is a Vietoris cycle, we know h2® (2"(R')) ~ z"(R)
and A2 (27(R)) ~ 2*(R"), so we have 7(2"(R)) ~ 7 (z"(R")).

(Step 2) Now we see that f induces an onto homomorphism. Let 2" be
an n-dimensional Vietoris cycle of X and 4" = {7,,(z™ (SR(M,D(M)))) } be
the n-dimensional Vietoris cycle of Y corresponding to 2™. Let us verify that
fo(7™) ~ 2z™. Given D € Cover(Y), let M be covering {f~H(N)|N € D}
Then 4™ (M) = 7(2"(M)), where N = R(M,D(M)). It follows that the
M-th coordinate of f,,(v™), fX(y™(9M)), equals f7,z"(DR(MT,H(M))).
Note that 9¥(M) may not equal . Since [fY7,2"(R(MVL,DN(M)))
is (ROU(MY))-barycentric subdivision of z"(M(M,D(M))), we have
Z"(R) ~ 8dp2"(R) = [T (T (REN(M)))) = f7(7"(M)) on
Y?(91) (as well as on YV (DU(MN))). Moreover, since 2™ is a Vietoris cycle,
we have 2" () ~ 2"(M). It follows that z" (D) ~ f (7™ (MW)) on YV (MN).

(Step 3) Confirm that the mapping induced by f is one to one. Since
f clearly induces a homomorphism, it is sufficient to show that f,(y™) ~ 0
means 7" ~ 0 for each n-dimensional Vietoris cycle 7™ of X. Given
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Mt € Cover(X), choose DT = (M) and R = R(MW,NN(MN)) as before,
and let 3L be covering 8t = {f~!(R)|[R € R}. Moreover let us recall
sequence {9y} of refinements of Mt defined in the proof of Theorem 6.3.1
and 20 a common refinement of 41 and all Mty ’s.

Since " is an n-dimensional Vietoris cycle, 7" (3) ~ 7" (4k) on X" (4).
Then we have f3y"(0) ~ f24™ (L) on YV (MN). But if f,(7") ~ 0, M-th
coordinate of fn,(v™), 2™ (M(R)) = fI4™(YU) satisfies f3~™(4h) ~ 0 on
Y?(9R). Hence, we have f3(v"(0)) ~ 0, so 7, (f3(y"(2W))) ~ 0, where
7 = {7} is the chain map associated with & = DR(M,M). Now it is
possible to show 7, (f2(v"(2))) ~ 7™(2W) on XV (M). Indeed, consider
K = K(v"(%0)) and the product cell-complex K x {0, 1, I} with chain map
6 defined on the base and top of K x {0,1,1} to X*(9) as 8(c* x 0) = o*
and t9(<7’f x 1) = kakok for each simplex ok of K. We may extend 6 as a
chain map on K x {0, 1, I} in exactly the same way with the process stated
in the proof of Theorem 6.3.1. (In Step 4, substitute 73, fxo® for 7,0 and
o® for 7/ (c%).) Then we have 7, (f2(7"(2))) ~ (W) on X? (M), so that
Y ($8) ~ 0 since 7, fy" (W) ~ 0 on X?(MY). Since 1" is a Vietoris cycle,
Y (5G) ~ A™(M). Thus v (M) ~ 0 on XV (M), so 4" ~ 0. [ |

6.3.3 Analogue of Sperner’s lemma

Nikaido (1959) treats a theorem that may be considered an extension of
Sperner’s lemma based on the Vietoris—Begle mapping theorem. Let X and
Y be compact Hausdorff spaces. Suppose that ¥ may be identified (under
homeomorphism) with n-dimensional simplex (aa!---a™) in Euclidean
(n + 1)-space R™*!. Moreover, assume that continuous onto function
f: X — Y exists. For each k-dimensional face a® - - - a’ of a® - - - ™, denote
by [a® ---a’*] the set of all convex combination of points of {a’,...,a*}.
In this section, we call f=*([a% ---a%]) a k-face of X. For point x of X,
smallest dimensional face a® ---a’* exists such that f(z) € [a% ---a®],
the carrier of f(x). We also call such an f~!([a% - --a’*]) the carrier of x
(Figure 40).

Consider covering MM € Cover(X) of X and Vietoris 9t-complex
X?(M). Denote by K(Y) simplicial complex K({(a’a'---a™)). Suppose
chain map 7 = {7,} on chains of K(Y) exists to chains of XV (),
74 1 Cq(K(Y)) — CF (M), satisfying the following two conditions:

(T1) |m((a% ---a®))| C f~Y([a% ---a’*]) for any k-face a’ ---a’* of Y.
(T2) 70(a?) is a single point for each vertex a’ of Y.
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Figure 40: Faces and carriers

We can always construct such a 7 when f is a Vietoris mapping. Indeed,
if f is a Vietoris mapping, each compact k-face of X, f~([a% ---a*]),
is acyclic by Theorems 6.2.2 and 6.3.3. Note that the number of all k-
faces of X is finite, and they are also compact as inverse images of closed
sets. By applying Theorem 6.2.2 repeatedly, for each covering 9t of X,
a sequence of coverings of X, My Ny <---PD,,—1 KM, = M, may be
obtained that satisfy that for each k-face f=1([a% ---a’*]) of X and £ <k,
each (¢ — 1)-dimensional Vietoris 9%,_1-cycle in f~1([a® ---a’*]) bounds
an (-dimensional Vietoris 9%,-chain in f~!([a% - --a’*]). Define for each
0-dimensional face (vertex) a® of Y, 79(a’) as 7o(a’) equals an arbitrary
point of f~1(a’), and extend 7° linearly on Co(K(Y)). Now assume that
up to k (0=k<n — 1) the construction of 7,,, (m < k) is finished and that
for each m-dimensional face 0™ = (a% ---a'm) of Y, 7,,(c™) is a Vietoris
M,,-chain in f~1([a% - - - aim]). Take an arbitrary (k + 1)-dimensional face
obtl = (a%...q"+1) of Y. Then do**! is a k-dimensional chain in YV
so that 700"t is well-defined as a Vietoris 91j-chain in a® - .- ai+1.
Note however, that 9m,00%t! = 991,0%t! = 0, so 7,00"t! is indeed a
k-dimensional Vietoris Mt,-cycle in a® - - - a’*+1. Hence, by considering the
relation between 2, and M1 1, 700%F! bounds a (k + 1)-dimensional
Vietoris Myy1-chain in f~1([a® ---a*+1]), 681, Therefore, by defining
Ter107 T as 0¥+ and extending it linearly on C1 (K (Y)), we obtain 7y 1.
It follows that by mathematical induction, we obtain 7.2! (See Figure 41.)

210ne can find such arguments to construct a chain map based on acyclicity in
many places like the construction of the Vietoris—Begle barycentric subdivision in
Theorem 6.3.1 and the definition of the extended Lefschetz number for the mappings of
class D in Chapter 7, Section 7.1. The construction method is axiomatized in homology
theory and called the method of acyclic models.
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Figure 41: Method of acyclic models

Operator 7 may be considered a generalization process of barycentric
subdivision. If X =Y and f is identity mapping, and if y in (SD2) can be
taken as y = (yo + - - + yq)/(¢ + 1) under the linear structure, one may
verify that chain map Sd satisfies conditions (T1) and (T2).

Vertex assignment v is a mapping on X = Vert(X?(IM)) to
{a% al,... ,a"} = Vert(K(Y)) such that for each x € X, v(z) is a vertex
of the carrier of f(z). Obviously, v is a simplicial mapping on X (91) to
K(Y), so it induces a chain homomorphism that we also denoted by v
or {vg}, vy + CF (M) — Cy(K(Y)). Given vertex assignment v, we call
n-dimensional simplex ¢” in X?(9M) regular if v,(c") = (a®a'---a™) or

vp(0™) = —{a%al---a™). It is also convenient to define sign €(c™) of m-
simplex of XV(9M) for each m = 0,1,...,n as e(c™) = 1, if v, (c™) =
(a®al - a™); €(0™) = —1 if vy(c™) = —(aa’ - -a™), and €(c™) = 0

otherwise. In the next lemma, we use .J as an index set for all n-dimensional
simplexes in X" (M).%?

LEMMA 6.3.4: (Nikaido 1959: Sperner’s Lemma) Let
7,((a%al - -a™)) = > jes o}, where T denotes the chain map defined
above. Then .. yaje(or) # 0. At least one regular simplex exists for
an arbitrary vertexr assignment.

PROOF: Note that in the above expression, 7,((a’al---a")) =
> jes oy, the value of 7, >0 c ;07 is a finite sum by definition of
the chain map, so a;j = 0 except for finitely many j € J. By condition
(T2), the lemma is clearly true for n = 0. In the following we show
the lemma using mathematical induction over n. Let K be an index
set for all (n — 1)-dimensional simplexes in XV (91). We call (n — 1)-
dimensional simplex o™~! in XV(9M) regular if vy,(c""1) = (a'---a™) or
vg(0™ ™) = —(a’---a™). Assume that the lemma is true for n — 1, i.e., for

22Recall that we only treat finite chains, so in the formal summation all but a finite
number of coefficients are 0.
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f restricted on f~1([al---a"]) to K({a'---a™)), T restricted on chains of
K({a'---a™)), and arbitrary vertex assignment v on X to {a'---a"},

Tn— 1( Zﬁke

keK

where the summation is taken over all £k € K for notational simplicity.
(There is no problem since e(op™') = 0 for all o}~' ¢ X?(M) N
f~Y([at---a"]) by the definition of €.) For our purpose, it is sufficient to
show that

Y ajeo) =) Brelo

jeJ keK

(Step 1) First, notice that

ZO‘J ZO‘J Z (o) e(oy™ Y

jeJ jeJ  keEK

where [ - : -] denotes the incidence number. Indeed, when ¢} is regular, there
is one and only one regular (n—1)-face o}~ 1ofa Let (07 1) = (ug -+~ uy).
If [(op7 1) : (07)] = 1, then by using a certaln point ugp € X, we may
write (a;?) = (upu1---up). Hence, vy(07) = (v (uo) (ug) - -v(up)) =
+(a® a”) if and only if v,_1 (o}~ 1) = ((u1) - v(vy)) = E(at---a™).
Therefore €(0f) = (o™ DI (ol : (o o)) = —1, then we may
write (o ?} = —(uouy - - - uy,). Hence, vn( o?) = —(v(uo)v(ur) - v(un)) =
a0 a) if and only i vy1 (0} 1) = {ofun) -+ o(0)) = Fa -0,
Therefore, e( o?) = —e(oy, 1). In each case, we have €(o 1) =D kexllon OF
(o!)e(oy ~1). When o7 is not regular, we must show that ZkeKKaZ b
(o)e(oy 1) = 0 even if o7 has regular faces. Suppose that ;' “lis a
regular face of o} and let <al" Y = (uy---uy,). There is a point ug of
X such that Ve’r’t(a;?) = {ug,u1,...,un}. Since o7 is not regular, there
is an m such that v(ug) = v(um). Let 02—1 be the face of o7 whose
vertices are {ug,ut, ..., un\{um}. Let (o7~ ') = (wy---w,). Clearly, o
has exactly two regular faces, o7~ ' and o,f . Then, if [( nly (o] =1
and [(o}7 1) : (o)) = £1, we have (0}) = (uou1 - n) and (07) =
T (umwy - - wy). Since (uguy -+ Up) = — (U ** Uy —1UQUm41 -« Up ), We
have (umwy -« -wyp) = H{uguy - up) = FlUmUi - Um—1U0Um41 - ~-un>7
so that (v(wi)v(ws) - -v(wn)) = Flo(w): - vum-1)v(uo)v(mr) -
v(uy)) = Flo(ur)v(uz) - v(uy)). It follows that e(op ™) = Fe(o] ).
In exactly the same way, if [(o7""!) : (o7)] = —1 and (o™t (o] =
+1, we obtain that e(o} ') = :I:e(affi]). Therefore, we have [(Jf !

)
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(o})]e(a :1) + o)+ (eM]e(op™") = 0 in all cases, so >, g llof ™)

j ( zn 1 J
(o7 )]e(o ™) = 0.
(Step 2) Next, we see that

D> oy (eMelop™) =D Bre(op ™).

jeJ  keK kEK

Note that since 7,,((a’---a™)) = > jes o), we have

On(Tn((a®--a™)) = 0 | Yol | = a;on(o})

jeJ jeJ
— n—1 . n n—1
= E :aj E [<0k >'<Jj >]Uk .
jEJ  kEK

Moreover, since 01 = 70, we also have
On (T ((@®---a™)) = 70 10n((a®--a™) = > (=)' 701 ((a®-- @’ - a™)),

where the circumflex accent denotes the omission of vertex a’. It follows
that

S]

Zaj Z [<0'Zfl> : <J§L>}0271 — Z(_l)iTn—l«ao LAt an>)
=0

jeJ keK 7

Since 7,-1((a®---a*---a")) < f7(a%---,a% -+ ,a"]) (Condition
(T1)), by considering that each o7~ ' appearing in formal summation
Tn_1((a®---a’---a"™)) except for i = 0 cannot be regular, the coefficient
of each regular o ' (k € K) must equal its coefficient in 7,1 ({a' - - - a™)),

so we must have

> allof ™) (o)) = B

JjeJ

for each regular o} ~! (k € K). Since e(o ") = 0 for each ¢}’ ' that is not
regular, we have

Yoy Lop ™) (oPe(op™) = Y Brelof ™). u

jeJ keK keK



164 Fized Points and Economic Equilibria

6.4 Eilenberg—Montgomery’s Theorem

By combining Lemma 6.3.4 with the Vietoris—Begle mapping theorem,
we obtain the following coincidence theorem. Although the result may
be considered a special case of Eilenberg-Montgomery—Begle’s fixed-point
theorem, we prove it directly and use it to show a simple version of
Eilenberg—Montgomery’s theorem.

THEOREM 6.4.1: (Nikaido 1959) Let X be a compact Hausdorff

0a1_. n

space and Y a set homeomorphic to finite dimensional simplex a -a”.
Suppose two continuous mappings f and 6 exist on X to Y, one of which,

/s is a Vietoris mapping. Then there is point x € X such that f(x) = 0(x).

PROOF: Let us identify Y with [a%a'---a"]. Then every point y € Y
may be uniquely represented as y = Z;;O y;a', where y; > 0 for all i
and Y7 jy; = 1. In the same way, we may represent f(z) and 6(z) as
(fo(x),..., fu(x)) and (Og(x),...,0,(x)), respectively. Denote by F; set
{x € X|fi(z) > 0;(x)}. It is easy to check that for each k-face a® - --a'*
of Y, f=1([a% ---a’]) C U?:o F;,. Then we may define vertex assignment
v as v(z) = a' for vertex a’ of the carrier of x (f~!([a% ---a®*])) such
that € F;. Since for Vietoris mapping we may construct chain map 7 in
Lemma 6.3.4, we may obtain regular n-simplex ¢” in X?(9t). Therefore,
there is at least one M € 99t such that M NF; # () for all =0, ..., n. Now,
assume that ();_, F; = 0. Then family {F¢ = X\F;|i = 0,...,n} may be
considered a covering of X. If we apply the same argument for 901 to {Ff =
X\F;|i =0,...,n}, we obtain an element of {Ff = X\F;|i =0,...,n} that
intersects with all F;’s, which is impossible since FFNF; = @ for all 4. Hence,
we have ), F; # 0. Now, checking that any element x € (), F; satisfies
f(x) =0(x) is easy. [ |

By using Theorem 6.4.1, we can easily obtain the following simple
version of Eilenberg—Montgomery’s fixed-point theorem.

THEOREM 6.4.2: (Eilenberg—Montgomery’s Fixed-Point Theo-
rem: Euclidean Space) Let Y be a set homeomorphic to finite dimen-

1..

sional simplex a’a' ---a™. If ¢ : Y — Y is an acyclic valued correspondence

having a closed graph, then ¢ has a fized point.

PROOF: Let X be the graph of ¢, G, C Y x Y. Since ¢ has a closed
graph, G, is a compact Hausdorff space. Consider two projections: f : X =
Gyoo(zy)—zeYandb: X =G, > (z,y) —y €Y (Figure 42). Since
v is acyclic valued, f is a Vietoris mapping. Therefore, by Theorem 6.4.1,
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Y f:zh (z) - acyclic

Figure 42: Eilenberg—Montgomery fixed-point theorem

there is point z* € X = G, C Y x Y such that f(z*) = 6(z*). This
means, however, the first and the second coordinates of x* are identical,
i.e., * may be represented as (z,x). Hence, we have (z,z) € G, so that
x € ¢(z). ]

Note that both the above two theorems include Brouwer’s fixed-point
theorem we used in Chapter 2 without a proof.
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Chapter 7

Convex Structure and
Fixed-Point Index

7.1 Lefschetz’s Fixed-Point Theorem and
Its Extensions

This chapter treats theorems that relate the fixed-point arguments in
Chapters 2 and 3 to homological arguments in Chapter 6. Our general treat-
ment of fixed-point arguments in compact Hausdorff spaces without vector-
space structures, concepts like Browder- and Kakutani-type mappings, are
directly related in this section to the homological fixed-point formula of
Lefschetz (1937). Moreover, it is also possible to use these concepts to
extend the notion of the Lefschetz number and to obtain an extension of
Lefschetz’s fixed-point theorem. We can also develop our arguments into a
cohomology and an index theory in the later sections.

In this section, we treat compact Hausdorff lc space X. As stated
before (see p. 148), this class of compact Hausdorff spaces includes absolute
neighborhood retracts (ANRs). The homology groups of X are isomorphic
to the corresponding groups of a finite complex (Theorem 6.2.4), and the
classical results of Lefschetz (1937) and Eilenberg and Montgomery (1946)
can be shown as extended (Begle 1950b) in this case.

The Lefschetz number of continuous mapping f : X — X is the
summation of a trace of homomorphisms, trace (f;) : HY(X) — H?(X),

oo

> (=1) trace (), (7.1)

i—0

which is well-defined since all HY(X) are finite dimensional and HY(X) =0
for all sufficiently large ¢. Intuitively, for every dimension i, the basis
of CY(M) (hence, of HY(M)) is given by i-dimensional simplexes in
Xv(9), so that if f completely maps all points in a certain simplex to
other simplexes, the trace of linear mapping f; should necessarily be 0

167
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Figure 43: Lefschetz number 0

(Figure 43). Lefschetz’s fixed-point theorem is nothing but a restatement
of this intuitive observation; i.e., if there is no fixed point, the trace of all
such linear functions should equal 0.

The purpose of this section is to relate such profound algebraic features
of fixed-point arguments with our fixed-point theorems and methods for
general Kakutani-type mappings.

7.1.1 Convex structures and mappings of
Browder type (class %)

Before relating Kakutani-type mappings with arguments for Lefschetz’s
fixed-point theorem, we see how methods for Browder-type mappings may
be recaptured through the framework of Cech-type homology theory.

Let E be a Hausdorff space on which a convex structure (a concept
of combination among finite points with real coefficients) is defined, and
let X be a non-empty compact subset that may not necessarily be convex.
Mapping ¢ : X — 2% is of class # if ¢ has a fixed-point-free convex
extension having local intersection property on X\Fix(p). Figure 44
represents a typical situation for mapping ¢ : X — 2% of type 4, where x
and ' are not in Fix(p). Under the convex structure defined in Chapter 2,
Section 2.2, if X is convex, then class 4 mapping is nothing but a mapping
satisfying condition (K*) in Chapter 2, Section 2.3.

The local intersection property on X \Fix(p) for a convex extension of
mapping ¢ of class A enables us to replace the relation among the open
coverings of X \Fix(p) with convex combination of points. See Figure 45,
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Figure 44: Mapping of class #

Figure 45: Intersections and convex combinations

where y and y’ are points in the convex extensions of ¢(z) and @(z'),
respectively, satisfying the local intersection property near x and z’. If the
neighborhoods of z and 2’ have an intersection point in X\Fix(p), then
the convex combination of y and y’ belongs to X since point z € X\ Fix(p)
exists such that both y and ¢’ belong to a convex extension of ¢(z).

For mapping ¢ such that Fix(p) = 0, such neighborhoods form a
covering of X, and a convex combination of points (y, y’, etc.) constructs
a complex that may be considered an approximation of X (see Figure 46).
Clearly, the complex may also be characterized as the nerves of the covering
formed by the neighborhoods of x, 2/, etc. Note that the partition of unity
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.\/’l

]
Figure 46: Realization of Cech complex
for the covering formed by the neighborhoods of points, z,z’,...,a: X —
[0,1],&¢' : X — [0,1],... gives a continuous mapping on X to complex K

formed by points y,y/, ..., as
P X2z~ al@y+d(@)y +--€|K|.

The continuous mapping restricted on |K| to itself, however, never has a
fixed point since by the property of class & mapping ¢, z* € U(x), x* €
U(z'),..., (neighborhoods of z,z’,..., resp.), means y,y’,..., belong
to the fixed-point-free convex extension of ¢(z*), so z* cannot be any
convex combination among points y,¥y’,.... As we can see below, for
such continuous mapping f¥, Lefschetz’s fixed-point arguments may be
applicable; hence, for mapping ¢ of class #, the trace of homology mapping
f& s HY(|K]) — HJ(|K|) for each ¢ = 0,1,2,..., of ¥ (a certain kind of
linear approximation of ¢) is 0 for sufficiently fine K as long as ¢ has no
fixed point.

7.1.2 Convex structures and mappings of
Kakutani type (class %)

In the last part of Chapter 2, we treated a wide class of mappings,
the Kakutani type, and we saw that (1) the fixed-point property holds
(Theorem 2.3.5), and (2) a directional structure on which the dual space
representation of ¢ has local intersection property as long as ¢ has no fixed
points (p. 53, Figure 23) may be definable.
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Assume that X is a compact subset of Hausdorff topological space
having convex structure ({fa|A € #(X)},C). Mapping ¢ : X — 2X\{0}
is of class ¢ if for each x € X, there is closed convex set K, such that
(1) (z ¢ o(x)) = (x ¢ K;), and (2) there is an open neighborhood U, of
x satisfying that Vz € U,, ¢(z) C K,.! Note that for mapping ¢ of class
J; each neighborhood U, of x may be chosen arbitrarily small. Of course,
class £ mapping is nothing but the Kakutani-type mappings in Chapter 2,
Section 2.3 if X is convex.

For mapping ¢ : X — X of class %, let us define the Lefschetz number
of ¢ in a generalized sense. Since X is compact and Hausdorff, for each
mapping ¢ : X — 2% of class #, there is at least one covering 9t =
{My,..., My} of X such that for each i = 1,...,m, there is a convex set K;
satisfying that (z € M;) = ¢(z) C K;. As stated above, 99t may be chosen
arbitrarily small, so we may suppose that 9t < *), where 9ty € Cover(X)
is the covering for lc space X stated in Theorem 6.2.4-(a). The nerve of
any covering O < *I < *N gives a finite dimensional (ordinary simplicial)
homology group that is isomorphic to H}(X) for any dimension n. The
isomorphism is induced by a composite of mappings % on - Cn(™Mg) —
C(My), projection p,0™ ¢b - CV(*M) — C¢ (M), and inclusion 7, ™™ to
define the mapping between cycles as 0,,(2) = ¢’ o p, 0 (% 0 hy,(2(M)). (See
the proof of Theorem 6.2.4-(b) (Lemma 2 in Begle (1950b)).)

Let 9t = {Ny,...,N,} be *I1. Take a; € Ny,...,a, € N, and by €
o(a1), ..., by, € p(a,) arbitrarily and respectively denote by A and B sets
{a1,...,a,} and {by,...,b,}. Denote by K(A) the complex with vertices in
A such that a;, - - - a;, € K(A) iff ﬂ§:1 N;; # 0. Clearly, K (A) is isomorphic
to the nerve of covering D1, so for an arbitrarily small refinement P of
"N, homomorphism 6,, exists between cycles that define the isomorphism
between homology groups:

0, : Z0(X) — Z,(K(A)) (7.2)

for any dimension n, where Z(X) denotes the set of all n-dimensional
Vietoris cycles on X and 6,,(2) = @2 o pp 0 ¢ o b, (2(B)).

Since DN is a star refinement of ML, complex K (A) may be considered a
subcomplex of XV (MN). Define abstract compleX K (B) with set of vertices
B as by, ---b;, € K(B) if and only if co{b;, =0,...,4} C X. Then,
we may obtain simplicial mapping 7 : K(A4) — (B) such that 7(a;) = b;

ISince K is closed, we may suppose Uz N K, = () without loss of generality as long as
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for each i = 1,...,n. Moreover, under convex structure on X, by taking
B’ D B sufficiently large, the restriction of fp on K(B), we may obtain
continuous mapping r on a standard realization of K(B) into X. Hence,
we have homomorphism r,, o7, 06, : H'(X) — HY(X) whose trace is well-
defined for each dimension n. Note that these mappings depend on how we
choose M, P, A, B. For mapping ¢ of class 7, define the Lefschetz number
A(p) as the minimum of the natural numbers given by such traces as

o0

A(gp) = min (—l)i trace (m oT; 0 97) (7~3)
o, p,A,B =0

We can verify that this number also characterizes the existence of fixed
points in exactly the same way as ordinary Lefschetz numbers even for
wide class of mappings #. All we have to show is that if ¢ of class J&
has no fixed point, there is at least one set of 2T, A, and B under which
trace (r; o 7; 0 §;) = 0 for any dimension i. Verifying it is a routine task,
however, if we recall the definition of 6,, (i.e., all we have to consider is
PB-simplexes that may be taken as small as possible).

7.1.3 Acyclic valued directional structures and
mappings of class 2

The arguments in the previous subsection for a generalization of Lefschetz’s
fixed-point theorem may also be applicable to such cases where each K,
characterizing the mapping of class J# is not convex but acyclic.

Let X be a compact Hausdorff lc space. Mapping ¢ : X — 2%\ {0} is
of class 9 if for each x € X, closed acyclic set K, exists such that (1) (z ¢
o(z)) = (z ¢ K;), and (2) open neighborhood U,, of x satisfies that Vz €
U., ¢(z) C K,. As before, since K, is closed, we may suppose U, N K, =
without loss of generality as long as « ¢ K. Note also that for mapping ¢
of class %, each neighborhood U, of x may be chosen arbitrarily small. In
standard cases, non-empty convex sets are acyclic, so the discussion for class
2 mapping below may also be considered a generalization of the previous
argument for class J# mappings (Figure 47).

Since X is compact and Hausdorff, for mapping ¢ : X — 2% of class
9, at least one covering M = {Mj,..., M} of X exists such that for
each ¢ = 1,...,m, acyclic set K, exists that satisfies that (z € M;) =
(p(2) C K;). Since Mt may be chosen arbitrarily small, we may suppose
that M < Mo, where Ny € Cover(X) is the covering for lc space X stated
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Figure 47: Mappings of classes £ and &

in Theorem 6.2.4-(a) as before. The nerve of any covering Dt < =Mt <Ny
provides a finite dimensional simplicial homology group that is isomorphic
to HY(X) for each dimension n. The isomorphism is induced by a composite
of mappings ¢%,,, : C<(*M) — C2(M), projection p=* ™, b+ CY(*M) —
C<(*9M), and inclusion h, ™™ as 6,(z) = @b 0 p, 0 C2 o hy, (2(N)).

Let k& be the dimension of the nerve of 9t. We shall define a sequence
of the refinements of I,

DoM< I SD S Mypp1 IMITM™ MM <N,
(7.4)

as follows: Let Mtpr1 = M. For ¢ such that 0 < ¢ < k, define My,
as a refinement of ™M, ; such that for each compact acyclic K; €
{Ki,...,Kpn}, any ¢-dimensional Vietoris 9,-cycle of K; bounds a chain
in My of K;. (This is always possible by Theorem 6.2.2.) Note that
for each pair of M, and Mty ; and dimension n, homomorphism #F =
@2 o pp o (t o h, between CY(Myy1) and CZ(My), which induces the
isomorphism among homology groups, exists.

Let us define chain homomorphism 7 = {7,;} on the k-skeleton of
X?(My) to XV (M). First, denote by £ = {Lg, L1,...,Ls} cover M. By
the definition of ¢%,,,, ©%..(Li) = 1, € L;, and an M; € M exists such
that St(L;; £) C M;. Define a; as a; = zr, and K,, as the corresponding
K for each i =0,...,s. Then we have for each x € L;, ¢(z) C K, for all 4.
With respect to a;, fix a point b; € p(a;) C K,, for each i.

For 0-dimensional simplex ¢* = (z°) of X¥(9My), image Oy o O '"
o---000(2°) is by definition one of points ao, ..., as : a;. Define 79(c?) as
70(0%) = b; and extend it linearly on C¥(9) to CF (M) C CY(M).
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.Q . '

Figure 48: Class 2 mapping and 91;-chain

Next, for 1-dimensional simplex ! = (z%21) of X? (), we may write
100(ct) = 10(z° — 2') as b; — b;, where b; = 79(2°) and b; = mo(z!). Of
course, b; —b; may also be considered an Mp-cycle (in the reduced sense).?
Hence, by definition of 9%, relative to Mt;, we have a Mt -chain ¢! such
that 9(c') = b; — b; (Figure 48). Define 71 (c!) as 71(c!) = ¢! and extend
it linearly on C7(9p) to CY (M) C CY(M). Clearly, 011 = 700 holds.

Now, assume that for all dimension ¢ < ¢, (2 < ¢ < k), 7, is defined
on CY(My) to C;(M,) C CJ(M) and I7; = 7,10 holds. Then for
¢-dimensional simplex ¢ of XV(9My), chain ¢ = 74_19(c") is well-defined.
Since d(c) = 1-10(0") = 71-200(c*) = 0, c is indeed M,_1-cycle. Hence,
by definition of 9%, relative to Mty, we have a Mi,-chain ¢’ such that
d(c*) = c. Define 74(0") as 7¢(0?) = ¢’ and extend it linearly on C}(9p)
to Cy (M) C CY(M). Clearly, d1¢ = 74—10 holds.

Hence, by induction, we have successfully obtained chain map 7 = {7}
on the k-skeleton of X¥(Mip) to XV (Myy1) = XU (D) C XV (M); i.e., we
have

740 CU (M) — CI(M) C CT (M) (7.5)

for all ¢ = 0,1,...,k. The homology groups of X?(:Mtp) and X?(N) are
isomorphic under the isomorphism induced by 7" o ... 000, Since both
are isomorphic to the corresponding group of a finite complex, trace (74)

2Every point of X may be considered a 0-dimensional fp-simplex. Note also that in
Theorem 6.2.2, 0-dimensional cycles should be taken in the reduced sense.
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is well-defined for all ¢ and > :° (—1)"trace(r;) is finite. Although the
definition of 7 depends on 9T, N, and especially sets A of all a;’s and B of
all b;’s, we may define as before the minimum of such values

A(p) = min (—1)* trace (1) (7.6)

om,»n,A,B Pt
as an extended Lefschetz number for mapping ¢ of class 2. By considering
the definition of #5t1’s, we obtain the following extension of Lefschetz’s

fixed-point theorem.

THEOREM 7.1.1: (Extension of Lefschetz’s Fixed-Point Theorem)
Let X be a compact Hausdorff lc space. Mapping ¢ of class 2 has a fixed

point if A(p) # 0.

7.2 Cohomology Theory for General Spaces

In this section, we see a cohomology theory that may be considered the
dual of Vietoris homology theory for compact Hausdorff space X. The
concepts of homology and cohomology groups for a pair of sets will also
be introduced here.

As before, we consider the set of covering Cover(X) of X, and denote
for each M € Cover(X), the set of all Vietoris Mi-simplexes by XV ().
Let A be a subset of X and consider subcomplex AY(901) of X V(). It is
clear that all the values of boundary operators 0,,’s and inclusion mappings
h2™s, restricted on AY(90N), are closed in subcomplex AY (D) of X7(M).
Hence, for pair (X, A), we can define the g-th homology group of X"(9)
modulo A®(IM), HJ (X, A; M), as the ¢g-th homology group based on chain
group C¢ (X, A; M) such that

(X A.m)_w (7.7)
e B Cy(Ma)’ '
where Cy(t4) denotes the chain group defined on A”(9). If A = 0,
C;(M4) = 0, so we may identify H; (X, A;9T) with HJ(M). The inverse
limit

HY(X, A) = lim HY (X, A;900) (78)
n

is the g-th Vietoris homology group for a pair of sets (X, A). We may
alternatively define H; (X, A) as HJ(X,A) = ZJ(X,A)/B; (X, A), where
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ZJ(X,A) is the inverse limit, lim Z”(X A;90N), the group of Vietoris
cycles, and Bj (X, A) is the inverse limit lim B”(X A;901), the group
of Vietoris boundaries. They can also all be “defined from Cl(X,A) =
lim CJ (X, A;901). All of these definitions are equivalent.

The g-th cochain group of XV(M) modulo A¥(IM), CI(X, A, M), is
the set of all functions on all g-simplexes of X (901) into coefficient field
R extended linearly on C7(X, A;M1). (By definition of C7(X, A; M), the
differences for values on simplexes in A¥(91) are ignored.) C4(X, A; 9N) is
nothing but the dual of vector space Cy (X, A; M), so we may also consider
coboundary operators {8, : C4(X, A;9%) — CIT(X, 4;91)} as the dual
of boundary operators {9g+1 : CqH(X, A9 — O (X, A;9) ). That s,
for each f € CI(X, A;9), we assign (equivalence class modulo Cy (M4)
of) element

6q(f) Lo?th s f(aq+10q+1) (7.9)

of CITH(X,A;9). By definition it is clear that d,4q1 o d; = 0, so
the set of images of §971, B%(X,A;9), is a subset of the kernel of
dq, ZU(X, A; D). Elements of BI(X, A;9M) and Z9(X, A;9) are called
the ¢-th 9Mt-coboundaries and ¢-th 9M-cocycles, respectively. Quotient
HI(X,A;9) = Z9(X,A;9)/BI(X, A;9) is the ¢g-th PM-cohomology
group for pair (X, A). Direct limit (as the dual of inverse limit in
Equation (7.8))

HY(X, A) = lim HI(X, A; ) (7.10)
ple

is the g-th Vietoris cohomology group for a pair of sets (X, A). When A = (),
we write HZ(X) instead of HI(X, A).

Element f of CI(X,A;9), gq-dimensional 9t-cochain of X?(MN)
modulo AY(D), may also be identified with mapping f on a subset of
(q + 1)-product X9t! to R. For simplicity, let 9t = {X}, and then f is
defined on the entire X9*+! as follows:

f: X7 5 (ag, a1, ... a,) — f({ao,a1,...,a,)) € R. (7.11)

With each ¢-simplex 09 = (agay - - - aq) in XV(9M), f assigns a value f(c?) €
R that may be considered the value for (ag,a1,...,a,) € X9 under f.
Since f is linearly extended on Cj (X, A;9), the value under f is unique
up to even permutations (changing signs for an odd permutation) among
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coordinates:

f(...,ai,...,aj,...):—f(...,aj,...,ai,...). (712)

If X is identified with a vector space over R, we may also consider f to
be multi-linear on X*!. In such cases, f is called an alternating tensor of
order ¢+ 1 on X.

7.3 Dual-System Structure and Differentiability

Suppose that as in the previous section, we have cohomology groups HZ(X),
q=0,1,..., for topological space X. For each k =0,1,2,..., let us define
a directional form of order k41 on X as a mapping w that assigns for each
z € X a k-cochain w(z) € CF(X).

For k = 0, directional form w of order 1 means that at each point z
of X, we have function w(z) that gives a value in R for each 0-simplex of
X. By identifying 0-simplex with a point of X, we may recognize w(x) as
a function on X to R. A typical example for order 1 directional form may
be obtained when X has directional structure (X, W,V : W — X). We
can specify w as a function on X to W since w € W may be considered a
function on X to R through the characteristic function xv (4w of V (2, w).
The directional form w of order 1 may be characterized as a tool (based
on the directional structure, etc.) to give a first-order approximation for a
given function on X to R. (If X has a vector structure, to give first-order
derivatives at each point x € X of a function f : X — R is nothing but to
offer one first-order approximation for f. Such an w, without referring to
the existence of original f, is called a differential form of order 1.)

Directional form w of order £ + 1 for £k > 1 gives at each z € X
function w(z) that assigns a value in R for each k-simplex (zgx; - - - xy) of
X satisfying that w(z)((---a;---zj--)) = —w(@)({---xj---z;---)). Asin
Equation (7.11), w(x) may be identified with a function on a subset of X**!
to R. The order k + 1 directional form w may be considered a tool, say, for
k + 1-th order approximation of function f : X — R. (Of course, a typical
example is the differential form of order k + 1.)

7.4 Linear Approximation for Isolated Fixed
Points

In this section we restrict our attention merely to simplexes in Euclidean
space R™. A finite simplicial complex in this section is, therefore, a finite
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collection of simplexes in some Euclidean space such that: (i) if 0 € K,
then every face of o also belongs to K, and (ii) if 0,0’ € K, then o N o’ is
a face of o and o’ as long as ¢ N ¢’ # (. For a simplicial complex K, we
denote by Vert(K) the set of all vertices of K as before.

Let X be a polyhedron, i.e., there is a finite simplicial complex, K,
such that X is homeomorphic to the underlying space |K| = J,cx 0
of K. Simplicial complex K is called a simplicial decomposition of X.
Complex K with the homeomorphism is said a triangulation of X.
Clearly, the same underlying space may be taken with different simplicial
decompositions (e.g., K and the barycentric subdivision of K have the
same underlying space), so that topological space X may have different
triangulations.?

Given two simplicial complexes, K and L, a simplicial map is a
map ¢ on Vert(K) to Vert(L) such that if vovi-- vy € K, then
w(vo)p(v1) -+~ p(vg) € L. A simplicial map ¢ : Vert(K) — Vert(L) may
naturally be extended to their underlying spaces as @ : |K| 3 Zf:o ;V;
Zf:o p(v;) € |L|, an affine extension. A map on X to X is said to be
piecewise linear if it is an affine extension of a simplicial map. Denote by
¥(X) the set of all single valued mappings g : X — X satisfying the
following conditions:

(1) There is a simplicial decomposition K of X such that each z € Fix(g)
is a unique fixed point belonging to the interior of a certain highest
dimensional simplex, o, in K.

(2) For each x € Fix(g), g restricted on 0% is a piecewise linear
isomorphism onto itself.

(3) g is continuous.

Let f : X — X be a continuous function whose fixed points are all
isolated points in the relative interior of X. (Since |K| is compact, Fix(f)
is necessarily finite.) Moreover, assume that f is differentiable at each fixed
point and the determinant of the derivative at each fixed point, det(D f(z)),
does not equal 0. Denote by € (X) the set of all such functions f. Clearly,

3The highest dimension of simplex o € K is said to be the dimension of K. One can
prove that the dimension of K depends merely on the underlying space |K|. (To see this,
an important theorem of Brouwer known as the invariance of domain is necessary. See,
e.g., Hurewicz and Wallman (1948), Rotman (1988), etc.)
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%' (X) includes class 4(X). The Fized-point index for mapping f € €(X)
is the number

Z signdet(Df(x)), (7.13)

zeFir(f)

where the sign is 1 if det(Df(z)) > 0 and —1 if det(Df(z)) < 0.*

Let us extend the above definition for a fixed-point index for mappings
that may not necessarily be continuous. Consider the ordinary (linear)
dual-system structure on R™ (precisely, on R" x R™), i.e., (R™, R",(-,") :
R"™ x R"* — R), where (-,-) denotes the inner product. The dual-system
(or directional) structure is restricted on X C R™ (precisely, on X x R" C
R" x R"™) if we define V through (-, -) as V(z,w) = {y € X|(y — =, w) > 0}.
Of course, “dual-system (directional) structure restricted on X” may be
an abuse of language since the convexity of V(z,w) is not assured. In the
same way, let us consider the ordinary (linear) convex structure on R™ and
restrict it on X C R™. Note in this case, X itself may not be convex so that
the usage of “convex structure restricted on X’ may also be an abuse of
language.

Suppose that h : X — X is a function of type -# whose fixed points are
all isolated in the relative interior of X . Moreover, assume that function f in
¢ (X) exists such that for all z € X \Fix(h), there exists open neighborhood
U?® of x such that for all z € U*, we have h(z) € K, and f(z) € K,,
where K, denotes the convex set depending on x in the definition of class
2 mappings. Such f for h may not be unique. If A has no fixed point,
however, each f and f’ satisfying the above condition for h are homotopic.
Indeed, F: X x[0,1] 3 (z,t) — (1 —t) f(x)+tf'(x)) € Ky C X defines the
homotopy bridge between f and f’. Therefore, for such an h (Fix(h) = 0),
the index for A is uniquely determined by the index of f as 0.5

Remark: We may also extend the above arguments for compact Hausdorff
lc space X as in the case with the Lefschetz number. In such cases, we

40f course, this is not different from defining the fixed-point index through the linear
operator associated with each g € ¢ under Condition (2). Granas and Dugundji (2003)
treat details on this type of fixed-point indices.

5We may consider this type of extension for the index of the mapping for mappings
of type 2, mappings having locally fixed directions, and so on. Especially if we repeat
the construction under the method of acyclic models as in the case with the Lefschetz
number, we may extend the definition to all 2 or # mappings. In such cases, a certain
kind of approximation under linear functions near fixed points will be sufficient to
characterize all types mappings through index arguments.
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may utilize the finite subcomplex of X?(9%y) whose homology group is
isomorphic to the Vietoris homology group of X used in the previous
chapter. We have to assume, however, for isolated (finite) fixed point
of h, we may appropriately choose the finite subcomplex so that fixed
points belong to its relative interior for the piecewise linear or differential
approximations. In the next section, I introduce another approach for index
arguments in general lc spaces.

7.5 Indices for Compact Set of Fixed Points

In this section, we see another method for index arguments that do not
depend on linear approximation or differentiability for mappings. (Instead,
we need stronger requirements for the entire space.)

Let X be a compact Hausdorff lc space. By assumption, Vietoris
homology groups of X are isomorphic to those of finite complex K. Suppose
that the highest dimension of simplexes in K is n. Assume, moreover, that
for function f : X — X, there is an open neighborhood Oy of Fix(f) such
that the following isomorphism i, exists:

i Ho(X, X\Op) — Hp (A", A™\[b}), (7.14)

where A" represents the n-dimensional unit simplex in R"*!, b denotes
the barycenter of A”, and A™ —b = A™\{b}. The supposition correspond
to the interior fixed point assumption in the previous section, though this
condition requests more.

We can verify that H,(A"™, A" — b) is isomorphic to R.% Let o €
H,(A",A™ — 0) be the corresponding point of 1 € R and ox €
H,(X,X\Oy) be the image under i;* of 0. When f: X — X is a function
of class 2, by considering function f : X 3 z — (f(z),z) € X x X for f,
we may obtain the following function between pairs of sets:

7o (X, X\Fiz(f) — (X x X, X x X\dX), (7.15)

where dX denotes the diagonal set of X x X. Since X is lc and f is of
class &, we may construct chain map { fq} on a certain finite subcomplex

6A™ and A™ — b may be identified (have the same homotopy type) with one point
and n — 1 sphere, respectively. Technically, use the homology exact sequence of pairs of
topological spaces (see, e.g., Rotman 1988, p.96), with such identifications (homotopy
equivalences). For this kind of isomorphisms used in this section (under the singular
homology), see also Nakaoka (1977, pp.60 & 77).
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of XV (M) to itself for sufficiently fine N, in the same way with the method
of acyclic model (as (7.5) in Section 7.1) for the argument of the Lefschetz
number. By using it, we have the following,

Fo o Ho(X, X\Fiz(f)) — H, (X x X, X x X\dX). (7.16)

Furthermore, consider the composite mapping of the next homomorphism
(based on the supposition (7.14) with limit arguments),

Hyp(X x X, X x X\dX) — Hp(A" x A" A" x A™\dA"), (7.17)
with the following two isomorphisms:

H,(R" x R",R" x R"\dR") ~ H,,(R" x R",(R" —0) x R") (7.18)

H,(R" x R",(R"—0) x R") ~ H,(R",R" —0). (7.19)

The relation (7.18) comes from the homeomorphism (z,y) — ((y +)/2,v)
and (7.19) may be derived from the identification of A™ with one point.
Let Or € H, (X, X\Fix(f)) be the image of ox € H,(X,X\Oy) under
the mapping induced from X\O; C X\Fix(f). Then the image of
Of € H,(X,X\Fiz(f)) under the above composite mapping, I(f)o €
H, (A™ A™\0), defines index I(f) € R of f.

In economic analysis, the meanings of index or the degree of mappings
crucially depends on the homotopy invariance property. Hence, the follow-
ing theorem is important. (The proof is essentially included in the argument
for the construction of f. under the method of acyclic models.)

THEOREM 7.5.1: Let X be a compact Hausdorff lc space and let f be a
mapping (function) of class 9. If there is a continuous function g such that
for each x € X\Fix(f), there is an open set O, such that for all z € O,
g(2) € K, then f. = g, so the index of f is uniquely determined.

By the above assertion it is easy to obtain that if fo, = Gox, fix = Jix,
go and g1 are continuous and homotopic, and Ui:o Fix(ft) is compact,
then I(fo) = I(fl)

Bibliographic Notes

The fixed-point indices treated in the previous two sections may easily
be generalized to case with correspondences (of class . or &) as for
the Lefschetz number. The extension we have seen is different from the
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Montgomery (1946), Jaworowski (1958), etc. Arguments for class #or 2 are
sufficiently novel even for single-valued mappings. Of course, the discussions
are not covered by the concept of admissible maps, as in Gérniewicz (1976).
For cohomological arguments for general spaces in Section 7.2, see Spanier
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The generalization of the index or the degree of mappings for cor-
respondences are also treated by mathematical economists such as Mas-
Colell (1974) and McLennan (1991). Their arguments are special treatments
for upper semicontinuous contractible valued cases. For recent research see
Giraud (2001), where some basic algebraic methods are also introduced.



Chapter 8

Applications to Related
Topics

8.1 KKM, KKMS, and Core Existence

In Chapter 2, the basic assumptions for fixed-point existence, (K*), (Kf),
and (K1), are conditions guaranteeing that we can find a certain locally
common “direction” of p(z) at each non-fixed point x of . The concept and
the method of the proof may also be utilized to obtain an extension of the
Knaster-Kuratowski-Mazurkiewicz (KKM) theorem. In the next extension
of the KKM theorem, to show the existence of point 2* € (), ; C, condition
(KKM1) requests that we find a locally common direction (C;) at each x
such that = ¢ (,.; C;. Condition (KKM1) is automatically satisfied when
every C; is closed, though it is not necessarily the case (note also that in
the condition, j may not equal 7). Furthermore, we do not restrict I to be
a finite set.!

THEOREM 8.1.1: (Extension of KKM Theorem) Let X be a non-
empty compact conver subset of Hausdorff topological vector space E. Let
{Ci}ier be a family of subsets of X, and let {x;}icr be a family of points
of X such that for each finite subfamily {xi,,...,z;, } of {x;}icr and for
each x € X, x € cof{z;,,...,z;,} = x € Ui, Ci,. Assume the following
condition:

(KKM1) For each x € X, if 3i € I,x ¢ C;, then open neighborhood
U(z) of x in X and index j € I exist such that U(x) N C; = 0.

Then 3z* € X, 2* € (;¢; Ci.

PROOF: Note that by the assumption, each x; € co{x;} is an element of
Ci, so every C; is non-empty. Assume that for each 2 € X, x ¢ ,.; C;.

LOf course, one may obtain the same results under abstract convexity settings without
using vector space structures.

183
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Then by (KKM1), for each z € X, mdex j(x) € I and open neighborhood
U(z) of x exist such that U(z) N = (). Since X is compact, finite
points x!,... 2™ such that famlly {U( B,...,U(@@™)} covers X. Let
g X — [0,1,i = 1,...,m be a partltlon of unity subordinate to
{U(x!),...,U@@™)} and let f(x) = 1", f'(x)xj,i) for each z € A =
co{x;(ziy|i=1,...,m}. Then, f : A — A has a fixed point by Brouwer’s
fixed-point theorem. On the other hand, since for every z € A, x cannot
be spanned by those x;’s such that z does not belong to the union among
C;’s (ie., for each {z1,,..., 2.}, v ¢ Up_, Cip, = = ¢ co{zi,,..., 2, }),
and since B'(z) > 0 iff z € U(z?) (so z ¢ C (IL)) f has no fixed point: a
contradiction. |

In the same way, we obtain an extension of Knaster-Kuratowski—
Mazurkiewicz—Shapley’s (KKMS) theorem. Let I be a finite set. Family %
of non-empty subsets of I is said to be balanced if and only if there are non-
negative coefficients A(B), B € %, such that for eachi € I, ) ,- 5 A(B) = 1.
(If we can take a set of affinely independent points, {z; |7 € I}, in a certain
Euclidean space, and if for each non-empty J C I, we denote by z; the
barycenter of the simplex spanned by {z;|i € J}, then the condition may
be restated as “Z4 is balanced if and only if the barycenter x; can be
represented as a convex combination among barycenters, zp, B € 4.”)

Given n points and n closed sets indexed by I = {1,...,n}, the KKM
theorem assures the existence of the intersection among n closed sets. It
also assures that given n points and 2" — 1 sets indexed by &= {J|J C
{1,...,n},J # (0}, the existence of the “balanced” family Z C .# such that
the intersection among the closed sets indexed by 4 is non-empty.

We extend the KKMS theorem by simply using a condition like (K1)
(actually we use a coincidence theorem proved in Section 8.3 through a
fixed-point theorem based on condition (K1)). The condition (KKMS1) in
the next theorem says that (if we are allowed to specify § as the barycenter
of the simplex spanned by {z; |7 € I}) as long as the family of C;’s to which
point x belongs is not balanced, we can find a locally common direction (p®)
of the family of C;’s to which point z belongs for every z near x. One can
easily verify that correspondence G in the following lemma is closed convex
valued and upper semi-continuous when [ is finite and all C';’s are closed, so
(KKMS1) is automatically satisfied when I is finite and all C;’s are closed
(an ordinary case: c.f. proof of Theorem 5.3.1 of Ichiishi (1983) or Ichiishi
(1981Db)). Note also (as the previous theorem) that we do not restrict I to
be a finite set. Since g in the theorem is arbitrary, when I is finite and ¢
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may be identified with the barycenter of {z; |i € I}, the theorem asserts
that z* exists such that = {J|z* € C;} is balanced.

THEOREM 8.1.2: (Extension of KKMS Theorem) Let X be a non-
empty compact conver subset of Hausdorff topological vector space E. Let
{zi|i € I} be a family of points of X such that co{z;|i €I} = X,
and let {Cy|J C I,4J < oo} be a family of subsets of X such that for
each finite subset {x;,,...,z;, } of {x;|t1 € I}, we have co{x;,,...,x;,} C
UJC{Z‘I)WJ‘"} Cj. Moreover, let § be an arbitrary element of X and denote by
x g point (1/8J) >, ; xi for each finite subset J of I. Assume the following
condition:

(KKMS1) For each x € X, if § ¢ G(x) = co{zs|x € Cs}, vector
p* € E' and open neighborhood U(x) of x in X exist such that for all
z € U(z) and for all w € § — G(z), p*(w) > 0.

Then 3x* € X, § € G(z*).

PROOF: Let p(z) = § and ¢(z) = G(z) for all x € X. By (KKMS1),
v and ¢ satisfy condition (i) of Theorem 8.3.1. Hence, it remains to be
shown that ¢ and ¢ satisfy condition (ii) of Theorem 8.3.1. For each
z € X such that 0 ¢ ¢(x) — ¢¥(x) = § — G(z), by considering that
X =co{z;|i € I},let T be a finite subset of I such that = € co{z;|i € T},
and let x = ), a;w;, where a; > 0 for all i € [ and ), . a; = 1. Since
co{w;|i €T} C U;cpCr, there is a subset J of T such that z € Cj. Let
w=g—z5 €§—G(z) =¢(x)—¢(z) and let \(z) = ay = min{a;|i € J}.
Then z + Xz)w = >, cp aixi +ag(§—(1/4T) 3, ; i) is clearly an element
of co({g} U{z;|i € T}) C X. Hence, ¢ and ¢ also satisfy condition (ii) of
Theorem 8.3.1, and point z* exists such that p(z*) N (z*) # 0. [ ]

Ichiishi (1988) pointed out (and developed further in Ichiishi and Idzik
(1990) and Ichiishi and Idzik (1991)) that the KKMS theorem can be
reformulated as an extension of the following theorem of Sperner:

(Sperner Theorem) Let X be the convex hull of an affinely
independent subset {1, ..., z,} in Hausdorfl topological vector space
E. Let {Ci}ici={1,..n} be a closed covering of X. Assume that
z€cof{x;|i€l,i#j} means x € C;. Then, (., Ci # 0.

As an extension of Sperner’s theorem, we have the subsequent alternative
form of KKMS theorem:
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(Alt KKMS: Ichiishi 1988) Let X be the convex hull of an affinely
independent subset {x1, ..., x,} in Hausdorff topological vector space
E. Let {Cs}yci={1,...,n},720 be a closed covering of X. Assume that
for each T' C I, z € co{x;|i € T} means z € J;5p7) Cs. Then
ez Cr # 0 for a certain balanced family 4.

In the above formulation, condition “covering” may be reduced since under
condition “z € co{z;|i € T} = x € U;5\p) Cs,” by taking T' = I, we
have “z € co{z;|i € I} =z € J;54Cs.”

We can extend the theorem (Alt KKMS) in the same way with
Theorem 8.1.2. For this theorem, however, we must assume I to be finite
and fix § as the barycenter of {x; |7 € I'}. As before, condition (KKMS2) in
the next theorem is automatically satisfied when each C'; is closed. Theorem
asserts the existence of x* such that {J|z* € C} is balanced.

THEOREM 8.1.3: (Extension of Alt KKMS Theorem) Let X be a
non-empty compact convex subset of Hausdorff topological vector space E.
Let {z;|i € I} be a finite affinely independent family of points of X such
that co{x; |i € I} = X, and let {Cy|J C I} be a family of subsets of X such
that for each subset {x;,, ..., x;, } of {x;|i € I}, we have co{x;,,...,x;, } C
UJD(I\{Z.UH’%}) Cj. Moreover, let § be the barycenter of X and denote by x5
point (1/8.J) >, s xi for each subset J of I. Assume the following condition:

(KKMS2) For each x € X, if § ¢ G(xz) = co{zy |z € Cy}, vector
p* € E' and open neighborhood U(x) of x in X exist such that for all
z € U(z) and for all w € G(z) — §,p"(w) > 0.

Then Jz* € X,§ =z € G(z*).

PROOF: As before, let ¢(z) = § and ¢(x) = G(x) for all x € X. By
(KKMS2), ¢ and v satisfy condition (i) of Theorem 8.3.1, so it remains
to be shown that ¢ and v satisfies condition (ii) of Theorem 8.3.1. For
each © € X such that 0 ¢ ¢(z) — ¢(x) = G(z) — §, by considering that
X =co{z;|i € I}, let T be a subset of I such that x € co{x;|i € T}, and
let x = ZieT a;x;, where o; > 0 for all i € T and ZiET a; = 1. Note that
T # I since § = z; ¢ G(z). Since co{z;[i € T} C U5 1) Cu, there is
set J C I including I\T such that x € Cj. Let w =25 —§ € G(z) — § =
o(z) — ¥(x). If we represent w by linear combinations among points in
{zilieltasw =), ; Bizs, Bi = (1/8J)—(1/41) > 0foralli € J D (I\T)
and 3; = —(1/4I) < 0 for all ¢ € (I\J) C T. Hence, by taking A(z) >0
sufficiently small, we are assured that z4+Az)w = >, (o + i)z
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(y = 0 for all ¢ ¢ T) is a convex combination, so it is an element of
X. Hence, ¢ and 9 also satisfy condition (ii) of Theorem 8.3.1, and there
is point z* such that p(z*) N (z*) # 0. [ |

The KKMS theorem is used in game theory to characterize the core
existence problem (Shapley 1973). For set I of players, denote by % =
{J|J C I,J # 0} the family of coalitions. A non-side-payment game is
a correspondence V : . — R! such that for all J € .#, V(J) satisfies
pry(z) = pry(y) < ((z € V(J)) A (y € V(J))), where each € V(J)
is interpreted as a possible (utility) allocation among coalition J. The
core of non-side-payment game V is a set Core(V) C R! such that for
all z € Core(V), (1) x € V(I) (socially feasible), and (2) there is no
coalition J such that for some y € V(J), pr;(y) > pr;(x) for all j € J
(cannot be improved). Game V is said to be balanced if for utility allocation
x € R!, feasibility under a certain balanced family, = € ;.4 V (J) for a
certain balanced family £ C .#, guarantees social feasibility, x € V(I). For
balanced games, we can guarantee the non-emptiness of the core through
the KKMS theorem by defining each C; to represent the non-improvable
utility frontier feasible under J. This type of core non-emptiness theorem
is called a Scarf Theorem (Scarf 1967). It is also possible to generalize
core non-emptiness arguments for cases including non-ordered preferences
(see, e.g., Border 1984, and Yannelis 1991). Ichiishi and Idzik also utilized
their (Alt KKMS)-type covering arguments to market allocation problems
and equilibrium existence with indivisible goods (Ichiishi and Idzik 1999a,
Ichiishi and Idzik 1999b).

8.2 Eaves’ Theorem

The following theorem is known as Eaves’ theorem.

THEOREM 8.2.1: (Eaves 1974) Let S be a simplex of full dimension
in R* and v be a function on S to R such that x + v(z) € int S for all
x € S\intS. Then, there is point 2° € S such that for each neighborhood
U of 2° in S, 0 € cov[U].

In the theorem, int denotes the interior in R? and co denotes the convex
hull. As we can see in Nishimura and Friedman (1981), Eaves’ theorem
enables us to construct economic equilibrium arguments without referring
to the convexity and/or the continuity of individual preferences or best



188 Fized Points and Economic Equilibria

reply correspondences. Here, it is shown that Eaves’ theorem may easily be
generalized through our fixed-point theorems in Chapter 2.

At first, we see the following lemma, which is an immediate consequence
of case (K1) of Theorem 2.3.4.

LEMMA 8.2.2: Let X be a non-empty compact convex subset of R’, and
f be a function on X to X. Then, there is point x° € X such that for all
neighborhood U of 2° in X, o(z) = f(z) — = satisfies 0 € co p[U].

PROOF: Suppose that for all z in X, there is neighborhood U” of x such
that 0 ¢ cop[U®]. Then, there is vector p® in the topological dual of R’
such that p®(p(2)) = p*(f(2) — 2z) > 0 for all z € U”. Hence, f satisfies
the condition (K1) of Theorem 2.3.4, so that f has fixed point 2", which is
contradictory since 0 # p(z) = f(z) — « for all x € X. [ |

In the above proof, the separation argument crucially depends on the
fact that the dimension of the total space is finite. Now, we prove the main
theorem.

THEOREM 8.2.3: (Generalization of Eaves’ Theorem) Let X be a
non-empty compact conver subset of R', and v be a function on X to R’
such that x +v(x) € X for all x € X\ int X. Then, there is point z° € X
such that for all neighborhood U of 2° in X, 0 € cov[U].

PROOF: For each x € int X, let A\, be a positive real number such that
x4+ Mu(x) € X and for each z € X\int X, let A\, = 1. Let us define a
function f: X — X as

f(@) =2+ Mv(x).

By Lemma 8.2.2, there is z° € X such that for each neighborhood U
of 2%, 0 € co{f(z) — x|z € U}. That is, for certain natural number n,
there are z!,...,2" € X and o',...,a" € Ry, Z;’:l a' = 1, such that
0 =", a'dv(z"). Hence, if we define Ao as min {\,1,..., 2"} and \;
as /\/\LO for each i = 1,...,n, we have

0 € co{Au(zh),..., \o(z™)},

Ai >1foralli=1,...,n. Ontheotherhand,ingéco{v( B )} p
in the topological dual of R’ exists such that p(v(z?)) > 0 for all 1=1,.

Hence, we have 0 ¢ {z € R’|p(z) > 0} D co{\v(z!),..., A ( )} a
contradiction. Therefore, we have 0 € co {v(z!),...,v(z")}, and 20 satisfies
the condition stated in the theorem. ]
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Note that Theorem 8.2.3 generalizes Theorem 8.2.1 in three ways, i.e.,
in Theorem 8.2.3, (i) X may not be a simplex, (ii) X may not be full
dimensional, and (iii) « 4+ v(z) may not be an element of int X.

8.3 Fan-—Browder’s Coincidence Theorem

Let E be a Hausdorff topological vector space over R and let X be a compact
convex subset of . Fixed-point arguments in Chapter 2 may also be applied
to correspondences on X to £ D X and the generalization directly gives the
following extension of the well-known coincidence theorem in Fan (1969).
Instead of the upper demi-continuity in a locally convex space, we use a
weaker condition (i) in a Hausdorff topological vector space that intuitively
asserts that not the values ¢(z) and ¢(x) but the direction p(z) — ¥ (x)
satisfies the condition like (K1).

THEOREM 8.3.1: (Extension of Fan (1969, Theorem 6)) Let X
be a non-empty compact convex set in Hausdorff topological vector space E
over R. Let p, ¥ be two correspondences on X to E satisfying the following
conditions:

(i) For each x € X such that 0 ¢ ¢(x) — (), there exist vector p* € E’
and open neighborhood U(x) of x in X satisfying Vz € U(z), Yw €
¢(2) = ¥(2), p*(w) > 0.

(ii) For every x € X such that 0 ¢ o(x) — (x), there exist point y € X,
element w € p(x) —Y(x), and real number A\(z) > 0 satisfying y — x =
AMz)w.

Then x* exists such that o(z*) N (x*) #£ 0.

PROOF: Assume that for allz € X, ()N (z) = 0, i.e.,0 ¢ o(z)—1(x).
Let f be a function on X to itself such that f(z) = « + A(z)w®, where w®
is an element of p(x) — 1 (z) stated in the condition (ii). Then, by condition
(i), f satisfies condition (K1) in Theorem 2.3.4, so f has a fixed point: a
contradiction. ]

The coincidence theorem of Fan (1969, Theorem 6) (sometimes called
Fan-Browder’s theorem) is frequently used in mathematical economics,
especially in the proof of core existence theorems (see, e.g., Ichiishi 1983,
Border 1984). We shall see below that Theorem 8.3.1 enables us to
generalize the KKMS theorem (see Lemma 8.1.2).
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In Fan (1969), the coincidence theorem is derived from a more general
result (Theorem 5 in Fan (1969)). Though the above theorem is not a
direct extension of Theorem 5 in Fan (1969), it is also easy to generalize our
theorem using the same condition for the direction of difference p(z) —(x).

8.4 L-majorized Mappings

Let I be a non-empty index set, and let X = [],.; X* be the product of
subsets of a topological vector space E. Moreover, let ¢ : X — X" be a
correspondence on X to a certain X®. At first, we shall give the following
definitions:?

(1) ¢ is of class L if Vo = (z;)jer € X, x; ¢ cop(x) and Vy € X%, ¢~ (y)
is open in X.

(2) Correspondence ®, : X — X' is an “majorant of ¢ at z if ®, is
of class .Z and there is open neighborhood U, of z in X such that
¢(z) C Dy(2) for all z € Uy.

(3) ¢ is Zmajorized if for all x € X such that ¢(x) # 0, there is an
Zmajorant of ¢ at x.

For the special case I = {i}, the following result is known.

THEOREM 8.4.1: (Yannelis—Prabhakar (1983, Corollary 5.1))
Let X be a non-empty, compact, convex subset of a Hausdorff topological
vector space and P : X — X be an Z-majorized correspondence. Then x*
exists such that P(z*) = ().

As stated before, our Theorems 3.1.2 and 3.1.5 are intended to
generalize or to give an alternatively general condition for a maximal
element existence theorem. If X is a subset of pseudo-metrizable space,
it is really the case for we can see that Zmajorized mappings satisfy
condition (K*).

LEMMA 8.4.2: Let X be a mnon-empty, compact, conver subset of a
pseudo-metrizable topological vector space and P : X — X' be an
ZL-majorized correspondence. Then, there is convex mon-empty valued
correspondence ® : X — X such that Vo € K = {z € X|P(z) # 0},
P(x) # 0, P(x) C ®(z), x ¢ ®(x), and for all x € K, there exist

2More generally, see, e.g., Tan and Yuan (1994).
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neighborhood U(x) of x in X and point y* € X' such that for each
zeU(x)NK, y* € ®(z). (That is, for ®, condition (K*) in Theorem 2.1.6
is satisfied.)

PROOF: Since P is “majorized, for each z € K, there are £ majorant
®, of P at z and open neighborhood U, of x in X such that Vz € U,,
¢(z) C ®,4(z). Since X is a subset of pseudo-metrizable space, K is also
pseudo-metrizable. Hence, K is paracompact and we may suppose that
the open cover {U,}recx has a locally finite refinement {ﬁm}zej, JCK,
U, C U, for each = € J. For each z € K, let ®(z) = Necszco, Pa(2)-
Moreover, for each z ¢ K, let ®(z) = X. Then for each z € K, by letting
U(z) be intersection (), ;_cq.,
correspondence ¢ : X — X satisfies all the conditions stated above. |

U, and y* be an arbitrary element of P(z),

The notion of “#majorized” is quite useful for equilibrium existence
arguments, and it is worth generalizing the concept into general spaces
without the vector-space structure. Let I be a set. For each ¢ € I, let
E' be a Hausdorff space having convex structure ({f4|A € F(E")},CY)
and X* be a non-empty compact subset of E?. Moreover, let ¢ : X =
Hjel X7 — X' be a correspondence on X to a certain X?. ¢ is of class
L if Vo = (zj)jer € X, z; ¢ C(é(z)) and Vy € X, ¢ 1(y) is open
in X. Correspondence ®, : X — X' is an Zmajorant of ¢ at x if &,
is of class £ and there is open neighborhood U, of z in X such that
d(z) C Py(2) for all z € U,. ¢ is ZLmajorized if for all z € X such that
¢(z) # 0, there is Zmajorant of ¢ at x. One may prove the existence
of maximal elements, Nash equilibrium, and equilibrium for abstract
economies based on this condition. (For maximal element existence, use
Theorem 2.3.2.)

8.5 Variational Inequality Problem

The existence of market equilibrium (Gale-Nikaido-Debreu’s theorem) may
mathematically be classified into a solution to the system of inequalities
known as the wariational inequality problem. For locally convex space E
over R, compact convex subset K of its topological dual (E',o(E’, E)),
and function f : K — FE, Element p* of K satisfying the next inequality is
known as a solution to the variational inequality problem.

(f(p*),p*) = (f(p*),q) forallqe K. (8.1)
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One can easily see that the situation is nothing but asserting that “price
p* gives the highest evaluation on the excess demand under itself among
all prices.” (Hence, with the Walras’ law, p* is an equilibrium price.)

As we generalize the market equilibrium theorem, it is also possible to
extend conditions for the existence of solutions to the variational inequality
problems in our fashion. Condition (LDV*) in the following theorem asserts
that “if p is not a solution to the variational inequality problem, then point
¢’ exists that blocks all points near p to be a solution to the problem.”
Of course the condition may automatically be satisfied as long as a certain
kind of continuity for f is assured.

THEOREM 8.5.1: Let E be a locally convex space over R and let K
be a compact convexr subset of topological dual (E',o(E',E)). Moreover,
let f : K — FE be an arbitrary function satisfying the following
condition:

(LDV*) If p € K is such that for certain q € K, (f(p),p) < {(f(p), q),
then there are neighborhood U of p in K and element ¢ € K such that

for all p" € U*, (f(p),p") < (f(p'),d).

Then, there exists solution x* € K of the variational inequality problem,
e, f(z*)(z* —y) >0 forally € K.

PROOF: If there is no solution to the variational inequality problem, we
may define mapping ¢ : K — K as

o(p) = {¢' € K| ¢ satisfies condition (LDV*) for p}, (8.2)

which is convex valued and has the local intersection property. Hence,
by Theorem 2.1.6, ¢ has a fixed point, which contradicts the property
(F(@), ")y <{f(P),q) for ¢’ asserted in condition (LDV*). [ ]

8.6 Equilibrium with Cooperative Concepts

It is an important direction to incorporate cooperative features in human
society with the non-cooperative equilibrium concepts discussed in Chap-
ter 3. In this section, we see two such attempts that are closely related
to our arguments and that are expected to be greatly developed by the
concepts and methods in this book.
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8.6.1 Social systems with coordination

As a direct extension of the social equilibrium concept, equilibrium in
social systems with coordination (SSC) (see Vind 1983 and Keiding 1985)
is known. Consider a generalized non-cooperative strategic game form
(abstract economy), (X, P;, K;)icr. Denote by X product [[,.; X; as usual.
For this argument, assume each P; and K; correspondence not on X to X;
but on X to X (to incorporate externalities), and define social feasibility
correspondence K : X — X as K(x) = (,c; Ki(x). Furthermore, for each
1 € I, consider function

e : X x X3 (z,y)—z=¢i(z,y) €X

a state expectation function of i, representing player i’s belief that given
state x € X, if society considers situation y to be an alternative to z and
if player 7 changes his strategy from x; = pr,(z) to y; = pr;(y), then the
consequence will be z = e;(x,y). We can now define a social system with
coordination (SSC) as list (X;, P;, K;, €;).

An equilibrium for SSC is state * € X such that (1) 2* € K(z*)
(socially feasible), and (2) there is no state y € X such that I* = {i €
Ilei(x*,y) # 2*} # 0 and Vi € T*, e;(a*,y) € P;(z*) N K;(z*). (See Vind
1983, Keiding 1985, Kim and Yuan 2001.)

I am not convinced that “¥i € I*” in condition (2) is appropriate
for an equilibrium concept. Indeed, the possible actions for each agent
are restricted only by K;, and under (subjective) expectation function
e;, each agent will deviate from an “equilibrium” basically as a private
decision. Hence, in condition (2), if “there is at least one 77 such that
i € I* and e;(z*,y) € Pi(z*) N K;(x*), state * is not appropriate
to be called an equilibrium. For this equilibrium condition (2), I have
an additional question. If agent i expects consequent state e;(z*,y)
and if agent i asks whether e;(2*,y) € K;(z*), why does he not
ask whether e;(z*,y) itself is really feasible for him, i.e., e;(z*,y) €
Ki(ei(m*’y))?

Admittedly, however, for this type of problem, i.e., a description of
our mind, our rationality, it is extremely hard (actually, impossible as
we will discuss in Chapters 9 and 10) to obtain a final answer. The SSC
concept provides an important suggestion: even though inerhaustible ways
may exist to describe our “minds’ and “thoughts,” by setting an appropriate
framework (like expectation function e; for SSC), we may restrict our
equilibrium problems to a compact domain of our “behaviors.” In Chapter 10
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(Section 10.2), I shall give one concluding theorem (Theorem 10.2.1) from
this viewpoint.

8.6.2 Social coalitional equilibrium

The second attempt I introduce here is the social coalitional equilibrium
approach like Ichiishi (1981b). Again let us begin with an abstract economic
setting, (X, P;, K;)ier. Denote by .# the set of non-empty subsets of I
and by X product [],.; X; for each J € #. Now extend the setting by
recognizing each K; : X — X; as K1 and assume that for each J € .7,
there is a corresponding K7 : X — X: a feasible strateqy correspondence
of coalition J. Moreover, we can also extend settings for P; in the same way,
i.e., suppose that for each J € .#, preference correspondence P/ : X — X;
is defined.

For this approach, we also consider the coalition structure. Given the
family of all coalitions ., partition Jof I (i.e., 7C &, VJ1,Jo € T((J1 #
J2) = (JiNJdy = 0)), and |J T = I) is called a coalition structure for society.
Denote by ¥ the class of admissible coalition structures exogenously given
as an intrinsic feature of a certain society.

Now, a society is described as the following list:

(Xi7 ‘PiJa KJ7 ‘Z)iEI,JEJ~

A social coalitional equilibrium is a pair ((z}):er, 7 ") of strategic profile

x* = (27)ier and admissible coalition structure J* € ¥ satisfying the
following conditions:

(SCE1) For all T € 7, (z})ier € KT (2*) (feasibility condition).
(SCE2) There are no J € A and (y;)ics € K”7(2*) such that for all i € J,
y; € P/ (2*) (stability condition).

To show the existence of equilibrium, as in cases with the core of non-side-
payment games, we may settle the problem into the existence of a balanced
class that assures the existence of equilibrium.

In the above, we used a non-ordered framework for preferences (SCE2)
instead of the utility-function setting like Ichiishi (1983, p.96). The
existence of equilibrium, however, may also be generalized in this case using
essentially the same argument with core existence theorems for non-ordered
preferences. (Indeed, the arguments in Ichiishi (1983, pp.96-98) already
include some non-ordered preferences since he defines utility functions on
a graph of constraint correspondences.)
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The important feature of such equilibrium approaches is that we
can incorporate a certain kind of mechanism that explains how a coali-
tion structure is formulated among the admissible coalitional structures
in society. (It will especially provide a clear perspective on the clas-
sical problem of the formation of firms. See, e.g., Ichiishi 1977 and
Ichiishi 1993.)

8.7 System of Inequalities and Affine
Transformations

I treat here theorems on systems of real valued mappings that may be
utilized for the fixed-point theory for groups of linear transformations or
ergodic arguments. First, we see the modification and extension of Fan’s
theorem on systems of inequality. Let us begin with the next theorem,
which is a modification of a theorem in Takahashi (1988, Theorem 5.1.9)
in topological vector space to our general spaces.

THEOREM 8.7.1: Let X be a compact Hausdorff space having conver
structure, and Fy(z) : X — R be a real valued function for each y € X. For
¢ € R, denote by Solution(c) set {x € X |Fy(z)2c for ally € X}. Assume
the following:

(1-1) For all y € X, if Fy(z) < ¢, then open neighborhood U* of = and
point y(x) € X exist such that for all z € U*, z ¢ Solution(c) implies
Fy(m)(z) <c.

(1-2) Forallz € X, set {y € X |Fy(x) < c} is convex.

(1-3) There is ¢* such that F,(x) Zc¢* for all x € X.

Then Solution(c*) # 0.

PROOF: Assume that Solution(c*) = (. Then for each x € X, there is at
least one y such that Fy(z) < ¢*, so by condition (1-1), there are open
neighborhood U?® of = and point y(z) € X such that for all z € U=,
Fy(m)(z) < ¢. Since X is compact, there are finite points, z',..., 2",
open covering of their neighborhoods, U(z!),...,U(z"), and functions
Fya1ys - - Fy(gny, such that Vz € U(x"), Fyue(z) <c* forallt=1,...,n.
Let 8t,t = 1,...,n, be a partition of unity subordinate to U (z1), ..., U(z").
By condition (1-2), Fg(sn  gt(a)y(at))(z) < c* for all z € X, where for

the convenience of readers unfamiliar with abstract-convexity settings, I
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used notation G(3_7_, B*(z)y(x")) instead of the precise representation
92>, B(z)et) with A = {y(z'),...,y(z™)} and points e',...,e" € A4
corresponding to y(z'),...,y(z") € X. Note that e — Y7 | ' (gi(e))e’
on A4 to itself has fixed point e* by Brouwer’s fixed-point theorem (or, in
ordinary vector spaces, x — y -, 3(x)y(a") restricted on co A has a fixed
point z*). Define z* by z* = gz(e*), and then G(>_;_, B (z*)y(a")) =
9A(SI, B )t = ga(Siy B (ga(e)e) = ga(e") = o Henco, we
have Fy«(z*) < ¢*, which contradicts condition (1-3). [ |

By using the above theorem, we can obtain the subsequent extension
of Fan’s theorem on system of inequalities. The next theorem is based on
Theorem 5.4.2 of Takahashi (1988).

THEOREM 8.7.2: (Fan’s System of Inequality) Let X be a compact
Hausdorff space having conver structure, and f;(x) : X — R be a real valued
function for each i € I. Assume the following:

(2-1) For alli € I and c € R, if fi(x) > ¢, then open neighborhood U* of x
exists such that for all z € U®, f;(z) > ¢.3

(2-2) For arbitrary natural number n > 0, finite non-negative real numbers
al,...,a", Yo, a™ =1, and finite it,...,i" € I, the set of y such
that ", a' fi(y) < c is conver.*

(2-3) For arbitrary natural number n > 0, finite non-negative real numbers
al,... a", Z?’Zl a™ =1, and finite i*,...,i" € I, y € X exists such
that >, a' fix(y) 0.

Then set SOLV = {xz € X | fi(x) =0 for all i € I} is not empty.

PROOF: Assume that SOLV = (. Then for each z € X, there is at least
one i € I such that f;(z) > 0, so by condition (2-1), open neighborhood
U® of x and i(x) € I exist such that for all 2 € U®, fi(2) > 0.
As in the previous theorem, by the compactness of X, we have finite
points, x!, ..., 2™, open covering of their neighborhoods, U(z'),...,U(z"),

3A real valued function satisfying this property is called a lower semi-continuous
function. If “>” is replaced by “<” in the condition, then the function is called upper
semi-continuous.

4In ordinary vector spaces, this condition is automatically satisfied if all f;’s are conver
functions, i.e., fi(azx + by) Safi(z) + bfi(y) forall z,y € X, and a,b € Ry, a+b=1.
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functions fiz1y, ..., fieny, such that Vz € U(z"), fiuey(z) > 0 for all
t = 1,...,n, and partition of unity of, ¢t = 1,...,n, subordinate to
U(xl),...,U(x™). Let us define function F(z) : X — R for each y € X as

Za fz(a:t) )

Then system {F,(z) | y € X} satisfies conditions (1-1) and (1-2) of Theorem
8.7.1 since each o' is continuous and condition (2-2) holds. By definition
Fy(x) > 0 for all z,y € X. Since each f;+ is lower semi-continuous, and
since X is compact, ¢* > 0 exists such that F,(z) > ¢* for all 2,y € X,
0 (1-3) of Theorem 8.7.1 is also satisfied. Hence, by the previous theorem,
we have z* € X such that F,(z*) = >7;" | o' (z*) fier)(y) 2 ¢ > 0 for all
y € X, which contradicts condition (2-3). [

Even though conditions (1-2) and (2-2) of the above theorems are
weaker than assuming f;’s to be the usual convex functions, it is also true
that we do not have an appropriate concept for convex functions in our
general settings since we cannot specify coefficients among points under the
abstract convex-combination concept. As the third theorem in this section,
I treat the Markov—Kakutani fixed-point theorem (see, e.g., Dunford and
Schwartz (1966, p.456)). For this purpose, we must extend the notion of
affine transformations and operations on a class of linear mappings, so
we have to develop alternative tools for particular coefficients in convex-
combination arguments.

Let X be a compact Hausdorff space and denote by ({fa,A €
F(X)},C) the convex structure on it (see Chapter 2, Section 2.2). Let
us consider class € of continuous mappings 7' : X — X such that for all

A=c F(X),
T(C(A)) = C(T(A)). (83)

(Note that if X is a convex subset of vector space, then every affine function,
i.e., afunction T : X — X satisfying T'(ax+by) = oT(x)+bT (y) for all a, b,
a+b=1,is a member of class €.) We call mapping T € € a €-morphism
(convex morphism) (see Section 6.1).

Consider Cover(X), and for each z,y € X and M € CoverX, write
diam |z, y| < DN if there exists N € 91 such that z,y € N. Moreover,
denote by X, the set of all finite sequences in X, and assume that for
each finite sequence v = (zg,21,...,2n) € Xoo, of points in X, there
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exists point b(v) € X, say the barycenter of v, that satisfies the following

conditions:
(BCO) For two sequences v and v’ such that v = (xg, 1, .., Ts, Tig1,- -,
Zp) and v = (T, X1, .o, Tig1, Tiy -+, ), D(V) = b(V').

(BC1) For all v = (zg,21,...,2n), A ={x0,21,..., 25}, b(v) € C(A).

(BC2) For closed convex subset K of X, set {b(v)|v = (xo,%1,...,%Zn) €
XKooy {xo, 21, ..., 2z} C K} is closed.

(BC3) For all 91 € CoverX, a natural number n exists such that for
every sequence v = (zg,Z1,...,Tm) whose length m is greater
than n, and two points, z,y € X, diam |b(xg,z1,...,Tm,T),
b(xo, X1, ..y Tm, y)| < .

(BC4) For eachv = (9,21, ...,2n), operation b and each morphism 7' € €
commutes, i.e., T'(b(v)) = b(Txo, Tx1,...,Txy).

We call b: Xoo v — b(v) € X a barycentric operator on X. (In ordinary
topological vector spaces, define b as b(xo,z1,...,2n) = 1/(n + 1)(xo +
x1 + -+ + 2, ). In this case, (BC3) is automatically satisfied since for each
compact subset X and open 0-neighborhood U, we have %X C U for all
sufficiently large k.)

If T and S are of class €, then for each A € Z(X), T o S(C(A)) =
T(C(S(A))) =C(T o S(A)), so T oS is also a member of €. Since identity
mapping I : X — X is clearly an element of €, by identifying the composi-
tion of mappings as the law of composition, € may be considered a set hav-
ing an associative law of composition with an identity element (a monoid).
Let us consider a subclass ¥ C € on which the law of composition is closed
and commutative, i.e., for each T, S € ¥, T oS = S o T (a semigroup).®

Note that if 7€ T, then T2 =T o T, T3 = T o T?, ..., are necessarily
members of ¥. (Note also that identity mapping idx : X — X is not
necessarily an element of ¥.) For each T € T, let us define a subset T;,(X)
of X as

To(X) = {0(Qn) | Qn = (¢, Tq, ..., T" 'q),q € X}. (8.4)

In ordinary vector spaces, we may identify 7T, with linear transformation
nYI+T+T?+---+T"1). Now we can prove the next extension of the
Markov—Kakutani fixed-point theorem.

5A set with an associative law of composition is called a semigroup. A semigroup with
an identity element is called a monoid.



8: Applications to Related Topics 199

THEOREM 8.7.3: (Extension of Markov—Kakutani Fixed-Point
Theorem) Let X be a compact Hausdorff space having a convex struc-
ture and a barycentric operator. Let T be a commutative semigroup of
C-morphisms in X. Then point p € X exists such that Tp = p for all
TecxX.

PROOF: Denote by #the class of all sets of form T;,(X) for T' € ¥ and
natural number n. By (BC1) and (BC2), each T,,(X) is a non-empty closed
subset of X. Moreover, since ¥ is commutative, for each S,T € ¥ and
natural numbers m, n, S, (X) N T,(X) = T, 0 Sy (X) # 0, so £ has the
finite intersection property. Hence, by the compactness of X, (| ## (. Let
p be an element of ()%, Assume that p # Tp for a certain T' € ¥. Since
T is continuous, there is open set U such that p € U and Tp ¢ U. Take
I € CoverX sufficiently fine so that VN € M, (x € N) = (N C U). Let us
consider sequence B = (p, Tp, T?p, T3p,...). Then by (BC3) with (BC0),
natural number m exists such that

diam |b(q7 Tg’ ctc Tm72Q7 Tmilq)7 b(Tq7 T2q7 R 7Tm71q7 qu)| S m?

for any ¢ € X. Note that since p is an element of (). p is an element
of T}, (X). Hence, element ¢ € X exists such that p = b(q,Tq,...,T™ 2q,
T 1q). By (BC4), however, we have also

Tp=T(b(q,Tq,...,T" *q,T" q)) = b(Tq,T?q, ..., T" ¢, T™q),

so we have diam |p, Tp| < . Since Tp ¢ U, there is no N € 9 such that
p € N and Tp € N; hence we have a contradiction. [ |
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Chapter 9

Mathematics and
Social Science

9.1 Basic Concepts in Axiomatic Set Theory

In Chapters 9 and 10, we treat problems about the mathematical modeling
of human society itself. One of the most idiosyncratic features of social
science is that the society we intend to describe is nothing but the world
including ourselves who are describing it. An equilibrium concept in social
science, therefore, is associated with certain kinds of views on ourselves,
our worldview ( Weltanschauung), implicitly or explicitly. We can find here
one of the most profound sorts of fixed-point arguments (our views on
ourselves), so the topics in these two chapters will be appropriate as
concluding discussions.

This chapter is devoted to the study of set-theoretical limitations on a
description of society to incorporate the human ability of recognition (the
ability to recognize the society to which one belongs) with rational behav-
iors based on a consistent view of the world (our consistent worldview).
This section (9.1) provides some basics of axiomatic set theory and formal
logic. Sections 9.2 and 9.3 treat the set-theoretic problems on individual
rationality, social validity, and consistent worldviews.

Section 9.2, “Individuals and Rationality,” is a formal treatment that
describes society as consisting of rational individuals. The concept of ratio-
nality, at least in the sense of the rational acceptability of sentences based on
our certain worldview, cannot set-theoretically (especially finitistically) be
described introspectively as long as we require it to be logically consistent.
The result may be compared with Tarski’s truth definition theorem, a
closely related result to Godel’s Second Incompleteness Theorem. The
arguments could serve as a launching pad for rigorous treatments of the
problematic cognitive features of all mathematical models in social sciences
based on methodological individualism.
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Section 9.3, “Society and Values,” deals with the same problems of
describing human society from a macroscopic viewpoint. (We treat society
as a whole and do not base our arguments on rational individuals.) A
description of society, in the sense of a collection of sentences valid for
descriptions of society in a certain formal language, cannot be introspec-
tively consistent as long as we require it to be logically consistent. It follows
that for logical consistency, we cannot define society in an introspectively
complete manner. In other words, we cannot assure the rightness of the
validity of the descriptions of society (not to speak of optimality, efficiency,
etc.), except for dogmatically believing it.> The results may be considered a
mathematical critique of empiricism (logical positivism) as a methodology
of social sciences. In 1951 in his famous essay, “Two dogmas of empiricism”
(reprinted in Quine 1953), W.V.O. Quine pointed out the same problem
as a difficulty of defining analyticity together with dogmatic sense-data
reductionism.?

We may relate the concepts in Sections 9.2 and 9.3 to our ordinary way
of “justification” (an internal (extensional) condition for true rationality —
consistency in the view of the world) and “refutability” (an exzternal
(intentional) condition for true rationality — inconsistency in the view
of the world), respectively. Chapter 10 incorporates these two features
into a social equilibrium argument, so that ‘rationality,” as a non-refutable
justification, is assured to exist as a fixed point (equilibrium) of the
recognition of the world for each member of society.

9.1.1 Formal theories, models, and theory
of sets

As stated in Chapters 1 and 6 (Sections 1.3 and 6.1), a mathematical
theory is constructed by a formal language that describes (mathematical)
objects as its terms and (mathematical) relations as its formulas. We are
now in the position to describe the formal language, terms, and formulas.

1The problem is based on the difficulty of defining “judgments for facts” since it
should also determine our value judgments concerning what our “facts” are. According
to H. Putnam, the targets of such value judgments are called epistemic wvalues
(Putnam 2002, p. 30) whose existence expounds the collapse of the classical fact/value
dichotomy. Note that mathematical models in social science always implicitly or explicitly
presuppose one such value.

2In our case, we cannot obtain validity for descriptions of society and have to presuppose
one of the epistemic values (see the previous footnote).
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All of our mathematical arguments in this book are founded on Zermelo—
Fraenkel (ZF) axiomatic set theory. We need a formal language (first-order
predicate logic) (1) to describe the axioms in ZF and the total system in
a rigorous way, and (2) to describe the total system in a simple manner
so that we can treat themselves as set theoretical (or finitistic, if possible)
objects. Here, the total system means the totality of terms (objects in the
theory), formulas (predicates describing relations or rigorous properties in
the theory), and the rules of inference (rules describing how we construct
relations called theorems based on relations called azioms in the theory).
We characterize a theory in formal language & = (L,R,T) by
specifying list of symbols L, list of syntactical rules R, and list of axioms T

List of symbols

The list of symbols is prepared as a class of names in a formal language for
five types of tools: logical signs, predicates, functions, (individual) variables,
and (individual) constants. For example (perhaps, as the smallest one), we
can specify list of symbols L as

L= {_'a\/azla €,=,20,%1,%2,3,.. '}7

? and

where —, V, and 3 are logical signs intuitively meaning “not,” “or,
“exist,” respectively. For a language used to describe mathematical theory,
it is standard to use symbols = (equality) and € (elementhood) as two
of the most basic predicates.® Infinitely (here, countably) many symbols,

Zg, X1, ..., are prepared for different individual variables.

List of syntactical rules

The list of syntactical rules, R, can be divided into the following three
categories:

(R1) Rules for Construction of Terms
(R2) Rules for Construction of Formulas
(R3) Inference Rules.

3Their meanings (including the meanings of logical signs) in a rigorous sense are given
only after we define a certain “believable” (credible, plausible, reliable, or trustworthy)
domain of discourse and what holds — (true or false) — for each statement using these
symbols on such a domain (a model). The semantics of £, in this sense, always depend
on a certain belief in ourselves. We may classify such a belief as a sort of epistemic value
discussed in the next chapter.
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These rules can be written as procedures to generate terms from the
primitive terms, formulas from the atomic ones, and theorems from the
axioms.

If the theorem has no individual constants or functions, the terms
are nothing but the individual variables.* Generally, (R1-1) the individual
constants and variables are terms, (R1-2) if f is a function with n variables
and ty1,...,t, are terms, then f(¢1,...,t,) is also a term, and (R1-3)
only those that we can obtain through the previous two rules are the
terms.

To define the formulas in a formal language, we can use the same
processes that are used for the terms. That is, (R2-1) for predicate P with
n variables and terms t1,...,t,, we call P(ty,...,t,) an atomic formula;
(R2-2) if P and @ are formulas and x is a variable, then =P, PV @, and
JxP are formulas; and (R2-3) only those that we can obtain through the
above two rules are the formulas. In our special (minimal) example, there
are only two types of atomic formulas, € (z,y) and = (x,y), where 2 and
y are individual variables.® As well as constants and functions, we can also
introduce new logical signs and predicate symbols (merely as abbreviations
for longer expressions) and use them to construct formulas. Especially,
we use

P A Q instead of =((—=P) V (-Q)),

P — @ instead of (=P) V @,

P « @ instead of (P — Q) A (Q — P),
Vz P instead of =(3z(=P)),

where P and @) are formulas and x is a variable.

Since each formula is constructed through the finite process described
above (R2-1,2,3), we can always check whether variable z, which appears in
a certain place of formula ¢, might be seen in a certain formula with form
Jx P constructing a part of ¢. In such a case, the occurrence of z in formula
@ is called bounded. If the occurrence of x in the formula is not bounded, the

4Even in such a theory, however, ordinarily we actually define constants and functions
like natural numbers 0,1, ..., empty set (), addition, +, and use them as if they were
individual constants and functions prepared from the beginning in the language. We shall
identify such a new theory with the original one as long as those additional constants
and functions are used merely to abbreviate long expressions.

5We usually write = € y instead of € (z,y) and = = y instead of = (z,y).
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occurrence of = in the formula is said to be free. z is a bounded variable of
@ if z has a bounded occurrence in @, and x is a free variable of ¢ if x has a
free occurrence in . A formula that has no free variable is a closed formula.
In the same way, a term which includes no variable is called a closed term.
A closed formula is also called a sentence.

For the rules of inference, we use the following two rules:

(R3-1: Modus Ponens) From two formulas, ¢ and ¢ — 1, we infer 1.

(R3-2: Instantiation) From formula ¢ — 1, we infer (Jxp) — 1, where
x is not a free variable of ).

There seems no need to refer to the first rule, modus ponens. For the second
rule, note that the condition, “z is not a free variable of ¥,” is essential.
From ¢ — 1), it is natural to infer the contraposition, (—)) — (—y). Since
x is not a free variable of 4, it is also natural to infer (—¢)) — (Va(—y)).
Then by taking the contraposition again, we obtain formula (Jzp) — .
Instantiation (R3-2) can also be explained as follows: We can infer from
© — Y((—¢p) V1) that assertion ¢ (having no relation to variable z) must
hold when assertion ¢ (—(—¢)) holds for an arbitrarily fixed value of z in
. The instantiation rule says that in such a case, we can also infer from
¢ — 1 that ¢ (saying nothing about variable ) holds even when we can
assert ¢ for a special value of z.

List of axioms

Axioms may be classified into the following five categories: (T1) axioms for
propositional logic,® (T2) axioms for quantifiers, (T3) axioms for equality,
(T4) axioms for set theory, and (T5) others.” At least for (T1)-(T3), we
merely fix our arguments on those axioms presented below because they
form the standard first-order predicate calculus (with equality) with symbols
in L and syntactical rules in R. For propositional logic, we use the following
three types of formulas (T1-1,T1-2,T1-3) as axioms. (In (T1-1),(T1-2), and
(T1-3), one may obtain explicit axioms by replacing ¢, ¢, and 6 with

SPrecisely, as stated below, we do not directly use the system of propositional logic.
Therefore, it is an abuse of language to call (T1) axioms of propositional logic. They are
indeed axioms for a part of the predicate logic that may be identified with a system of
propositional logic.

"For (T4)-type axioms, I will specifically use notation (S), so I write (S1), (S2),...,
instead of (T4-1), (T4-2),..., (T5) axioms may not be specified at least for the arguments
in this book.
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arbitrary formulas. Each (T1-1),(T1-2), and (T1-3), therefore, is not an
axiom in a precise sense but a representation of a form of axioms: an azxiom
schema.)

(T1-1) ¢ — (¥ — )
(T1-2) (¢ = (¥ —0)) = ((p = ¥) — (p = 0))
(T1-3) (=) — (=) = (((=p) = ¥)) — »)

The first axiom (schema) may be rewritten as (—¢) V ((—%) V ¢), which
clearly seems correct. The second and the third schemas will be easier
than the first one to understand if “—” is interpreted as “imply” as
usual.

Under (T1)-type axiom schemas with unique inference rule, modus
ponens, if we regard ¢, ¥, 6 in (T1) as variables for propositions, we
obtain the syntactical part of the system of propositional logic. Moreover,
by considering that we merely treat the relation among propositions
with respect to values “true” or “false” that are given from outside
simultaneously with the meanings (truth tables) of “—” “V.” “—72 etc.,
we may also identify the semantical part of the propositional logic with the
discussion on values (“true” or “false”) of formulas that do not depend on
a particular domain of discourse.® Indeed, under such rules (truth tables
defining the meaning of each logical sign), one can check that propositions
having forms in (T1-1), (T1-2), and (T1-3) are all “true” regardless what
propositions ¢, ¥, and € are. In other words, all propositions of the
(T1)-type are tautologies. One may also confirm that all consequences
deduced from modus ponens on tautological formulas are also tautologies.
This means that under (T1)-type axioms with modus ponens, there is no
possibility to obtain two propositions P and —P as consequences. (Indeed,
if P is “true,” then =P must be “false,” and vice versa.) Thus, we have the
consistency of propositional logic. Moreover, it is also possible to show that
every tautological formula (constructed merely by those processes related
to = and V in (R2) for atomic propositional formulas) can be obtained

8In this book, we use only predicate logic, and do not directly use the system
of propositional logic. Part of predicate logic, however, may be identified with the
propositional logic, so we may utilize some results from the theory of propositional logic
to develop theorems in predicate logic.



9: Mathematics and Social Science 207

through (T1)-type propositions and modus ponens (completeness of the
propositional logic).?
The axiom (schema) for the quantifier can be written as follows:

(T2-1) @xt] = (),

where ¢, [t] denotes the formula obtained by replacing every free occurence
of x in ¢ with term ¢ under the assumption that no variable in ¢ is a bounded
variable of (. Usually, the system of axiom schemas (T1-1),(T1-2),(T1-3),
and (T2-1) is called axioms for predicate logic. In this book, we also use the
following axiom schemas for equality as basic axioms for predicate logic:

(T3-1) Va(z = x).

(T3-2) For function f with n-variables, Yy - - - Vy,Vz1 - - - Vzp (((y1 =
)N A yn = zn) = (Flyn - oym) = (21,05 20)))-

(T3-3) For predicate P with n-variables, Vy; - - - Vy,Vz1 - - Vz, (((y1 =
ZI)N A (Yn = 2n)) = (P(Y1,---,Yn) < P(21,...,20)))-

In our minimal example, (T3-2) is not necessary (since we have no function)
and there is only one predicate, €, that should satisfy (T3-3).

The totality of the axioms of (T1), (T2), and (T3) types, with formation
rules (R1) and (R2), and the two formal deduction rules, modus ponens and
instantiation, in (R3), is called the system of predicate logic with equality.
We need more axioms to develop an ordinary mathematical theory. Axioms
for theory of sets (T4) and other axioms (T5) will be discussed below.
Before that, we discuss the concept of a model, which is an interpretation
of a formalized theory.

Model

Let L be a list of symbols including {—,V, 3, €, =, g, 21, 22, 23,...} and R
be a corresponding formation rules of terms (R1) and formulas (R2) with

9To see this, for proposition P with atomic propositional formulas ¢1, ..., @, show that
(1) if v1,...,vn is a sequence of “true” or “false” values on ¢1,...,p, under which P
is “true,” then by (T1), ¢1,...,¢n, and modus ponens, we can deduce P, where ¢ is
¢ if vy is “true” and @y is -y if vy is “false” for each t = 1,...,n; and (2) for a list of
axioms T including all of the (T1)-type, if we can deduce P from T and ¢ with modus
ponens, and if we can deduce P from T and —¢ with modus ponens, then we can deduce
P from T and modus ponens. For (1), use mathematical induction on the formulas in
propositional logic constructed merely by those processes related to — and V in (R2).
If P is a tautology, an arbitrary “true” and “false” evaluation on ¢1,...,p, makes P
“true,” so by using (1) and (2) repeatedly, we can deduce P from T and modus ponens.
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the two inference rules in (R3). Given list of formulas T  including all axioms
in (T1), (T2), and (T3), if we can deduce formula ¢ merely by applying the
two formal deduction processes in (R3), modus ponens and instantiation,
on formulas in T', we can write T' - ¢ and say that T proves . When we
call the totality of T in the formal language a formal theory, we can also
say that ¢ is a theorem in the formal theory, (L,R,T). Since the formal
deduction process is a finite process, it is obvious that if T' F ¢, there is a
list of finite formulas T” such that T” F .10

A list of axioms T', in a formal language is said to be consistent if
no ¢ exists such that 7' - ¢ and T + —¢. For the consistency of a
formal theory, (L,R,T), there is a well-known result called the Gédel
Completeness Theorem. To explain it, the concept of a model is necessary.
Formal theory (L, R, T) is said to have a model (or an interpretation of the
theory) if (1) we can consider a domain of discourse in which our variables
and constants may take values, on which our functions are defined, and
whose predicates describe a certain relation among elements; (2) based
on such an interpretation of variables, functions, and predicates, we can
define a value as “True” or “False” of all formulas (based on the finite
procedure to construct formulas); and (3) under such valuations of formulas,
all axioms in T are True. The Gdédel Completeness Theorem argues that
formal theory (L, R,T) is consistent if and only if it has a model.!! A
formula in (L, R,T) which is evaluated as True in all models is called a
universally valid formula. The Godel Completeness Theorem guarantees

10This fact with the following Gdel Completeness Theorem guarantees that for a list of
axioms T, (L, R, T) has a model if and only if for every finite subset 77 of T, (L, R,T")
has a model (Compactness Theorem).

11 The sufficiency (for consistency) part is easy to check since a model is so constructed
that if ¢ is proved then the evaluation of ¢ is True, and if the evaluation of ¢ is
True, then the evaluation of —¢ is False. The necessity part is shown by directly
constructing a (countable) model for a list of consistent axioms. Let us consider
countably many new symbols, ag,a1,... to L and treat them as constants in new
language £’ = (L', R,T). Since the number of formulas in £ is countable, we have
a denumerable list of the closed formulas with shape Jz¢ as Elxi(l)gol,ﬂxi(g)ch,...,
and we can define a sequence of increasing list of formulas, Ty,71,..., as Tp = T,
Trn = Tn—1 U{3zi(n) @™ — ©"Zi(n)[bn]}, where by is the first symbol in ag, a1, ..., that
does not appear in both T,,—1 and ¢™. Let T be the union of such lists. By using
countable list 11,12, ... of all closed formulas in .2/, we can further extend Tso as
Ao =Too, Ap = A1 U{Y"} if A1 F 9™ and Ay = Ayp—1 U {—9p"} if otherwise.
We can verify that all A, and the union A of such lists are consistent. Regarding the
domain of discourse as the totality of closed terms in .’ and deciding True and False
for each formula through A by considering all statements in A to be True, we obtain a
model of .Z. (See, e.g., Shoenfield (1967, Section 4.2).)
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that if ¢ is a universally valid formula in a theory (L, R,T), then T F ¢
(Completeness). Indeed, if T' does not prove ¢, then list “T, —¢” (adding
—p° to T, where ¢°¢ denotes the logical closure of ¢, i.e., if xg,...,x, are
the free variables appearing in ¢, then ¢ is Vag - - - Va, ) is consistent.!?
Therefore, (L, R, (T, ~¢°)) has a model, 9. This means, however, —¢° and
- are True in 9. At the same time, ¢ is also True by the assumption
that ¢ is a universally valid formula. Hence, in 9, both ¢ and —p are
evaluated as True, a contradiction.

Thus, as in the case with propositional logic, the system of predicate
logic (with equality), ((T1), (T2), (T3), and the two inference rules, modus
ponens and instantiation, in (R3)), is consistent and complete as long
as we believe in the argument like the model-construction process used
in Footnote 11. Note that to construct a model to show the necessity
part of the Godel Completeness Theorem, we used somewhat complicated
(non-finitistic) mathematical methods and set theoretical concepts. Since
we use such an argument (metatheory) to discuss things that are really
true, i.e., to confirm the soundness and to assure the rightness of the
formal theory, etc., it is desirable and important to know how we can
restrict such methods (for metatheory) within the finite, finitistic (including
recursive), ZF, or ZFC reasoning. Fortunately, in the rest of this book,
the necessity (for consistency) part of the Gédel Completeness Theorem
is not necessary, and we may restrict our metatheory within finitistic
reasoning.!?

Axioms for set theory

As axioms for set theory, we use here the axiomatic system of the Zermelo—
Fraenkel type with the axiom of choice (ZFC). At the same time, the
treatment of axioms for further developments in the theory of mathematics
is also discussed. Since we treat (at least in this book) the axioms and
inference rules in predicate logic with equality (axioms in (T1), (T2), and

121f not, we have T,—=p° F ¢ A =p. This means T F —¢° — (¢ A =) (Deduction
Theorem). On the other hand, (—¢°® — (@ A—p)) — ¢ is obtained through substitution
for tautology (A — (B A —B)) — —A. (Every tautology is known to be only obtained
through axioms of the (T1)-type and modus ponens.) Hence, by modus ponens, T - ¢,
so we have T' I ¢, a contradiction.

13Note also that by the model-construction process used in Footnote 11, if (L,R,T) is
consistent, we have a model whose domain of discourse is countable. This fact (based on
non-finitistic arguments or methods) is known as the Léwenheim—Skolem Theorem.
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(T3) with modus ponens and instantiation) as the most basic ones, it is
sometimes useful to omit referring to them if there is no fear of confusion.
For example, if theorem ¢ is deduced from the list of predicate-logic axioms
T with v, in the following, we may write ¥ - ¢ instead of T,y - ¢. With
respect to axioms for set theory and further developments, however, we do
not fail to describe the axioms on which our arguments depend.

In Zermelo-Fraenkel set theory (ZF), all the mathematical objects
we treat in our formal theory are sets. Even though we sometimes use
concepts like “class” that may not be treated as sets, such arguments can
be recaptured by translating them into arguments on rigorously described
“properties” (through formulas in formal language) that cannot be treated
as conditions that characterize sets, as explained in Chapter 6, Section 6.1.
The following fact, therefore, means the existence of at least one set in our
theory of sets:

F3z(z = z). (9.1)

This is a theorem in predicate logic with equality.'*
The first axiom listed here is the aziom of extensionality, which says
that for two sets to be equal, it is sufficient that they have identical elements:

(S1) Extensionality
Yoy ((F2(z € 7 o 2 €3)) — (z = y).

Note that by (T3-3), the necessity part automatically holds; i.e., if two sets
are equal, they must have identical elements. We write  C y (to read x is
a subset of y) instead of Vz((z € ) — (z € y)). Then (x C y) A (y C x)
implies = y by (S1).

The second axiom is the aziom of pairing. This axiom asserts that for
sets x and y, set z exists whose elements are exactly x and y:

(S2) Pairing
VaVydzVw(w € z) « (w =2z) V (w = y))).

When we admit extensionality (S1), such a set must be unique, so we may
denote it by {x,y}. Since case x = y is not excluded, it is possible that

4Indeed, by (T3-1), we have  Vz(z = z). By (T2-1) and tautology (¢ — 6) — (=0 —
—p), we have - =3z—p — == [t], i.e., - Yoy — ——¢;[t]. Hence, we have ~—(z = x)z[t],
which means F (z = z)g[t] since =—¢ — ¢ is a tautology. By taking = as ¢, we have
F & = z, which with (T2-1) gives the result.
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{z,y} = {z,z}. Then we may write {«} instead of {x,x}. For two sets x
and y, their ordered pair (x,y) is defined as (z,y) = {{z}, {z,y}}. We can
immediately verify that (z,y) and (z,w) are equal if and only if © = z and
Y= w.

In the ordinary description of sets, the next aziom (schema) of
separation is quite important and useful. Given set y and formula ¢
describing a certain property of its unique free variable, the collection of all
elements of y that satisfy property ¢ is a set:

(S3) Separation Schema
Let ¢ be a formula with one free variable z. Then
VaVy3dz((z € z) < ((z € y) A p)).

Since there are countably many formulas, this schema is indeed a countable
list of axioms. Based on the fact (Equation (9.1)) that at least one set
(Jy(y = y)) exists, the separation axiom schema guarantees the existence of
a set that has no elements (e.g., let p be =(x = x)). Under the extensionality
axiom, we may suppose such a set is unique and denote it by .'®> This axiom
also maintains the existence of the intersection for non-empty family of sets
v as (v = {u|Vw((w € v) — (u € w))} and the set theoretic difference
between two sets as y\x = {u| (v € y) A (u ¢ x)}.

The next two axioms provide two important concepts in set theory:
union and power sets, respectively:

(S4) Union
VeIyVz((z € y) < Jw((z € w) A (w € x))).

(S5) Power Set
VeIy(Vz((z € y) « (2 C 2))).

Axiom (S4) asserts the existence of set y, whose elements are all the
elements of the elements of x, and (S5) says that there is set y whose
elements are the subsets of x. As before, such a set can be verified as unique
by the extensionality axiom (S1). Let us denote unique y in (S4) by Uz

15The axiom of extensionality (S1) with separation schema (S3) gives a proof of the
existence of the empty set. Is there any possibility for other sets to be proved to exist
under these two axioms? The answer is negative. Let us consider the model whose domain
consists merely of the empty set. In this model, (S1), (S3), and “Vz(z = 0)” are all true.
That is, the list (S1), (S3), and “Vz(z = 0)” is consistent because it has a model. It
follows that we cannot prove “Jz(z # 0)” only by (S1) and (S3).
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and call it the union of family . Unique set y in (S5) is called the power
set of z and denoted by & (x). (We have already defined these notations
in Chapter 1, Section 1.3.1.)

The 6th axiom is the aziom of infinity, which asserts that there is at
least one infinite set:

(S6) Infinity
(0 ey)n((@ey) = (Ul {z}} € y))).

In the above, notations are used that are only defined after we admit
axioms (S1), (S2), (S3), and (S4). They are not essential, since we can
replace (0 € y) with (3zo(Vwo(wo € 20)) A (20 € y)) and (U{z,{z}} € v)
with (321 (Vw1 (w1 € z1) < (w1 € z) V (w1 = x)))) A (71 € y)), where
20, 21, Wo, w1 are variables that do not appear in (S6). If we denote () by
0, U{0,{0}} = {0} by 1, U{1,{1}} = {0,1} by 2, U{2,{2}} = {0,1,2}
by 3, U{3,{3}} = {0,1,2,3} by 4,..., 16 then axiom (S6) maintains the
existence of a set that has all natural numbers 0,1, 2, 3,4, ... as its elements.
Given set y in (S6), by considering the intersection among sets in family
{zlzCy,(De2)AN((z € z2) = (U{x,{z}} € 2))} C P(y) (under S3 and
S5), we obtain set of natural numbers, N = {0,1,2,3,...}, which is unique
under extensionality (S1).

Although the axiom of infinity (S6) is indispensable for developing
almost all mathematical arguments today, note that ZF without the axiom
of infinity, ZF — INF, has the following model:

(I) Let R(0) be the empty set.
(IT) Let R(n+ 1) be the power set of R(n) for each n =0,1,2,....
(III) Define R(w) as R(w) = Uy R(n).

Here we use set-theoretic concepts from an informal (realistic) standpoint.
They are constructed only based on finitistic objects and methods except for
the last one, R(w).!” When we allow R(w) as the domain of discourse, under

16The validity to denote a set comsisting of finite elements by listing its elements as
{0,1,2} and {0,1,2,3} is given by (S1) in exactly the same reasoning for doubleton
{z,y} and singleton {z}.

17For R(w) to be a domain of discourse, however, it is not necessary for us to treat
R(w) as a set (object) in the metatheory. That is, we may treat R(w) as a certain clear
assertion on z in the metatheory; e.g., we say ¢ € R(w) merely in the sense that z € R(n)
for some number n in the metatheory, so it may be identified with a statement that just
depends on finitistic objects.
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the natural interpretation of the elementhood, we have indeed a model of
ZF — INF.!8

Let us consider formula ¢ that has two free variables, x and y, and
variables z and w that do not appear in . Then we denote by ¢(z,w)
the formula obtained by replacing x with z and y with w. We say (as a
condition on formulas) that formula ¢ with free variables x and y determines
a functional relation if (@(z1,y1) A ©(21,y2)) — (y1 = y2), where three
(mutually different) variables z1,y1,y2 do not appear in ¢. Clearly the
number of such formulas is countable, and we have the next axiom (schema)
of replacement that means that if ¢ is a formula with free variables x and
y defining a functional relation, then for each set u, there is set v such that
for all x € u, every y satisfying ¢ with = belongs to v:

(S7) Replacement Schema
Let ¢ be a formula with two free variables,  and y. Then

((p(z1,91) A p(21,92)) — (41 = ¥2))
— YuIuVaVy(((x € u) A @) — (y € v)).

Here, variables z1, y1, y2 are so taken that they do not appear in ¢, as noted
above. By the extensionality axiom (S1) and the separation axiom (S3), we
can assume set v as exactly the set of all values of y that satisfy ¢ with a
certain value of x in u, say, the range of the functional relation on domain u.
An important role of the replacement schema is to guarantee the existence
of Cartesian product between two sets. Given two sets u and v, for each
element x of u, we may obtain (by (S7) with (S1) and (S2)) the set of all
ordered pairs, v, = {(z,y)|y € v}, as the range of the functional relation,
“z is an ordered pair of x and y,” with free variables y and z and domain v
for y. Take w as the set (again by (S7) and (S1)) {v|z € u}, the Cartesian
product, u x v, is obtained as the union (under (S4)) |Jw.

As a subset (by (S3)) of Cartesian product (by (S1)(S2)(S4)(S7)) u x v
a function f on u to v may be defined as f = {(z0,%0)|((z0,y0) € u x v) A

18The validity of (S1) is trivial. To show the validity of other axioms, the next property
of R(w) plays an essential role. Class M is transitive if for all x € M we have z C M.
R(w) is transitive since an element of R(n 4 1) is a subset of R(n), so it is a subset of
R(w) for each n = 0,1,2,.... Moreover, since R(0) C R(1) holds, we can see that each
element x € R(1) (a subset of R(0)) can also be identified with a subset of R(1), so it is
an element of R(2); hence we have R(1) C R(2). It follows that if we use mathematical
induction, R(n) C R(n + 1) for all n = 0,1,2,.... With the fact that each element of
R(w) is a finite set, one can easily verify that (S2), (S3), (S4), and (S5) hold. It is also
easy to verify for axioms (S7) and (S8) introduced below (see p. 214, Footnote 20).
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©(20,%0)}, where ¢ with two free variable determines a functional relation
and variables zp and yo do not appear in ¢. Function f on u to v is said to be
one to one if for all zg and z;1 in u, (20 # 21) A ((20,%0) € f)A((z1,31) € [)
means (Yo # y1)- f is said to be onto if for all yo in v, 2z in u exists such that
(20,90) € f. With respect to the power set whose existence is maintained in
(S5), it is known that there is no one to one and onto f on u to 2 (u).!® To
represent the fact that one to one and onto function f on set x to y exists,
we say that the cardinality of set = is not greater than y. The cardinality
of set & (u), therefore, is always greater than w.

The last axiom of ZF is the axiom of foundation that asserts that for
each set, the existence of an element that is minimal in the sense of €. More
precisely:

(S8) Foundation
Vady((z £ 0) — ((y € 2) A (£ Ny = 0)).

Here, Ny denotes the intersection of sets x and y whose existence and
uniqueness are guaranteed by (S3) and (S1). If (S8) is not satisfied, there is
set x such that all elements of  have an element that may also be identified
with an element of z.2°

We add the next axiom of choice as an axiom (S9) of set theory. We
have already seen it informally in Chapter 1, Section 1.3.1 (p. 15):

(S9) Choice
VaVyIwVa VaoVas(((z # 0) A ((y € ) — (y #0))) — ((w C
exJz)A((((21,22) € w)A((21,23) € w)) — ((22 = 23) A(22 € 21)))))-

19Tf £ : uw — & (u) is one to one and onto, then for all y € & (u), there exists z € u such
that (z,y) € f. Consider set y1 = {z|(z € u) A (((2,y) € f) — (2 ¢ y))}. This set is a
subset of u, so it is a member of & (u), and member z; in u exists such that (z1,y1) € f.
Then we have (21 € y1) < (21 ¢ y1), a contradiction.

20 Now, we can confirm that R(w) is a model of (S7) and (S8). With respect to (S7),
since R(0) C R(1) C --- C R(n) for every n, we may assume for every u € R(w)
and function f on w, the range v of f (a finite set) is a subset of R(n) for sufficiently
large n. Hence, v is an element of R(n + 1). To see (S8), let « be an element of R(w)
such that for each element z of x, there is element y that may also be identified with
an element of z. Since x is a finite set, we have a sequence of elements of z satisfying
Z2YDy1 D DyYr DzDy D . For z in z, n exists such that z ¢ R(n — 1) and
z € R(n), the first n such that z € R(n). Then y € z is an element of R(n — 1) and the
first m such that y € R(m) is less than n. By repeating this argument, the first my such
that yx € R(my) is verified to be less than n. Then z € yy, is an element of R(my — 1),
which contradicts the fact that n is the first number such that z € R(n).
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Of course, the axiom asserts the existence of choice function w for any non-
empty class z of non-empty sets. The axiomatic system (S1)—(S8) is called
ZF, and the total system (S1)—(S9) is named ZFC (the axiomatic system
of ZF with axiom of choice). Since every x € R(w) is finite, the choice
axiom is obviously true in R(w). Hence, R(w) is also considered a model of
ZFC — INF.

The axiom of choice has many important (equivalent) theorems. One
of the most famous assertions is the next theorem about well-ordering. As
in Chapter 1, Section 1.3.1, let us call a subset (under (S3)) of Cartesian
product (under (S1) (S2) (S4) (S7)) = x y as a (strict mathematical sense
of) relation on x to y. Relation 3 on x to x is a preordering on x if
Vz(z 3 2) (reflexivity) and VzoVz1Vza(((20 Z21) A (21 S 22)) — (20 3 22))
(transitivity) are satisfied. A preordering on z is an ordering on z if we
have V2Vy(((z Zy) A (y 32)) — (2 = y)). Ordering < on z is said to be a
total ordering on x if V2Vy(((z € ) A (y € 2)) — ((z 2 y) V(y = 2))) holds.
Relation < on x to z is a well-ordering on z if < is a total ordering on x
and for every non-empty subset w of z, an element y of w exists such that
Vz((z € w) — (y < 2)), where y is called the <-least element of w. If we
define 0,1,2,3,... as before (under (S1) (S2) (S3) (S4)), we can verify on
each 0 =0, 1={0,{0}} = {0}, 2 = U{1,{1}} = {0,1},... that relation
€ may be identified with a well-ordering.?! Moreover, under (S5) and (S6),
on the set of all natural numbers N = {0,1,2,...}, € is also a well-ordering.

THEOREM 9.1.1: (Well-Ordering Theorem: Zermelo) In ZFC, for
every set x, there is a well-ordering = on .

PROOF: If x is a finite set, since n € N is well-ordered by €, we can
obtain well-ordering < on x by defining it as € on n through the one to one
function between x and n. If = is infinite, let C be the class of all non-empty
subsets of z (under (S5) and (S3)) and f be a choice function on C (under
(S9)). Denote by W (a subset of & (x x ) under (S3)) the set of relations
on z such that < is a member of W if and only if < is a total ordering on
a subset y of z, and for all z C y, z # y, if (v € 2) A (u 2 v)) — (u € 2)
(z is an initial segment of y under <), f(x\z) is an element of y and is
the least upper bound of z in y under <. Since the empty relation on the

21 Precisely, we must say that € with = may be identified with a well-ordering. Generally,
if < is a relation and relation < defined by < with equality = (i.e., z < y if and only if
z <y or x = y) gives a well-ordering, we say in the following that < is a well-ordering,
<-least element, etc., without referring anything to relation <.
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empty set and the identity relation on {f(z)} belong to W, W is not an
empty set. Union [JW (under (S4)) gives the well-ordering on x. Note that
each member of W is easily seen to be a well-ordering since for each < on
y C z in W and for each non-empty z C y, intersection zo = ({{v|(v =
u) A (v # u)}|u € z} # y is an initial segment of y and f(x\zp) must be
the least upper bound of zg. Moreover, if <1 0 on y; C z and <37 @ on
y2 C x are two elements of W, we must have y; C y2 or yo C y;. Indeed,
let y3 be the common initial segment of y; and y on which <; and =<5 are
identical. Since {f(x)} is included in y3, y3 is not empty and must equal
y1 or ya. (If not, f(x\ys) must belong to both y; and ys; hence it also
clearly belongs to ys, a contradiction.) Now it will be easy to check that
union =*= (JW itself is a member of W. It remains for us to show that
domain y* = {u|Jv((u,v) €=3*)} of =* equals . Assume not, and then
f(z\y*) can be added to y* as the maximal element by extending <* on
y* U {f(z\y*)}, and the extended relation may also be identified with an
element of W, which contradicts the fact that the domain of | JW does not
have point y*. |

It is obvious that the well-ordering theorem implies the axiom of choice
(S9). (Given class z of non-empty sets, by the well-ordering theorem we have
well-ordering < on Jz, and we can define for each y € z, f(x) € Jz as
the <-least element of y.) Therefore, we can freely replace the well-ordering
theorem with the axiom of choice (S9) to obtain an equivalent axiomatic
system with ZFC.

Assume (S1)-(S8) and that there is a well-ordering < on set x. As in
the case with replacement schema (S7), for formula ¢ with one free variable
x, let us denote by ¢(y) the formula obtained by replacing variable z in
@ with term y, where it is assumed that variables in y do not appear in
¢ except for x. The next theorem is known as the method of transfinite
induction.

THEOREM 9.1.2: (Transfinite Induction Theorem) In ZF, let <
be a well-ordering on x, and denote by u < v relation uSv Au # v. If
Yu((u < v) — @(u)) implies (v), then, we have Yu((u € z) — ¢(u)).

PROOF: If not, then there is at least one u in x such that —p(u), so
y = {u] (v € ) A —p(u)} is a non-empty subset of x. Since = is a well-
ordered set, y has the <-least element v*. Since every u < v* satisfies
condition ¢(u), v* must satisfy ¢(v*), so we have a contradiction. [

Now we utilize the above two theorems for arguments to assure the
existence of maximal elements. Let X be a non-empty set and W be a
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subset (under (S3)) of the power set of X (under (S5)). N' C W is a nest
in W if for all z and y in N,  C y or y C z holds.

THEOREM 9.1.3: (Hausdorff Maximal Principle) Let x be a non-
empty set and W be a non-empty subset of & (x). Under ZFC, for each
nest N in W, there is a C-maximal nest M in W such that N C M.

PROOF: By the Well-ordering Theorem, there is well-ordering < on W.
Denote by y < z relation (y<z) A (y # z) in W. Let £ be a nest in W
satisfying the following conditions:

(1) NcL,

(2) L\N is well-ordered by <, and

(3) for each y € L\N and initial segment I(y) = {z](z € L\N) A(z C
Y)A(z £ y)} of L\N, the S-least element of (L\N)\ I(y) is the <-least
element in W of {N*|N UI(y) U{N*} forms a nest}.

Consider class MM of all such £, which is non-empty since N € 9. Then,
we may define M as M = [JM. [ ]

A family of subsets of set z, V C & (z), is of finite character if it
satisfies the next condition: For y C =z, y € V if and only if each finite
subset of y belongs to V. If V is of finite character, for each z; € V, y € V
exists such that for all zo € V, (y C 22) — (22 C y), i.e., y is a maximal
element in V including z;. This result is known as Tuckey’s Lemma.

THEOREM 9.1.4: (Tuckey’s Lemma) Under ZFC, if V C & (x) is of
finite character, then for each z1 € V, there exists C-maximal element y in
V such that z; C y.

PROOF: By the Hausdorff Maximal Principle, there is maximal nest M
of V including {z}. Define y C x as |JM. Since V is of finite character,
each finite subset of (JM is a finite subset of a certain member of nest
M CV,s0y =|JM is a member of V under the finite character of V.
Clearly, y is a C-maximal element of V including z;. |

Let =X be a preordering on set x. If the restriction of < on subset y of
x is a total ordering, y is a totally ordered subset of x under 3. Element
u € x is an upper bound of subset y of z under 3 if v Su for all v € y.

THEOREM 9.1.5: (Zorn’s Lemma) Let 3 be a preordering on x.
Under ZFC, if every totally ordered subset y of x has an upper bound under
=, then for each v* € x, Z-mazimal element u* in x exists such that v* Ju*.
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PROOF: For each u € x, denote by y(u) set {v|(v € z) A (vZu)}.
Consider family V = {y(u)|u € =} C & (z). By the Hausdorff Maximal
Principle, we have maximal nest M in V including {y(v*)}. Note that
with respect to M = {y(um)| m € M}, for each m,n in nest M, we have
(m Cn) < (Um ZUn), 50 2 = {tm| m € M} (under (S9) and (S7)) is totally
ordered by <. Hence, z has upper bound u*. u* is a maximal element of
under 3. If not by taking element @ € x such that u* 2 and -4 Zu*, we
obtain set y(@) € V. Then the existence of family M U {y(@)} contradicts
the maximality of M. |

In this section, we have seen that many basic mathematical concepts,
ordered pairs, products, natural numbers, relations, and functions, assumed
in Chapters 1-8, can be formally constructed under ZF or ZFC. One
can easily verify that such construction is also easy for other objects like
the set of integers Z rational numbers Q real numbers R etc.?? For our
purpose in the remainder of this chapter, finite and finitistic methods are
sufficient. Hence, I deliberately avoid using notions related to ordinal and
cardinal transfinite arithmetic. A certain minimum level of treatment for
such concepts and the notion of Continuum Hypothesis (CH) will be given
in Mathematical Appendix III.

9.2 Individuals and Rationality

In this section, we see a serious constraint for set-theoretical formal descrip-
tions of human society incorporating our quite natural and important
kinds of inference (recognition) ability. There are many causes for the
impossibility of obtaining a ‘complete’ social model in the sense that every
feature of the world is completely described. Indeed, standard economic
theory allows many types of ‘externality.” There are many unknown struc-
tures in the real world, especially in scientific technologies, information,
preferences, expectations, etc. It seems, however, that such problems have
been recognized by theorists as merely the gap between an idealized

22We can identify Z as the quotient set of N x N through equivalence relation ((a,b) ~?
(¢,d)) < (+(a,—()) = +(c,—(d)), where + and — are identified with functions. In
the same way @ may be considered a quotient set of Z X Z under equivalence relation
((a,b) ~9 (c,c)) « (x(a, (b)) = x(c,(d)~1)), where x is treated as a function on
Z x Z and (-)~1 is also treated as an operation (function) on Z\{0}. Let R be the subset
of Z(Q) such that A € R if and only if A has a S-upper bound. Define equivalence
relation ~" on R as A ~" B if and only if the set of upper bounds of A and B is equal.
Then we may construct set of real numbers R as R/~".
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economic model and reality. What I am concerned with here is not the gap
between them but the impossibility of the notion of an idealized model itself.

If the purpose of economics is to describe human society as theoretical
and well-founded mechanisms of ‘rational’” individuals, an economic model
must rigorously describe a system of rules that enables each agent’s
behavior to be called ‘rational.” To formalize such (economic) ‘rationality,’
however, as seen in this section, we should premise a certain restricted view
on individual prospects or thoughts about the entire world. If we don’t, such
a view of the world necessarily becomes inconsistent (hence, every action
may possibly be rational). On the other hand, with such a restricted view of
the world, agents are not allowed to ask whether the world is exactly as they
are thinking (in their view of the model). In other words, a consistent view
(description) of the world must be introspectively incomplete in the sense
that every agent cannot be convinced of the rightness of the view itself.

The result in this section can be related to Godel’s second incom-
pleteness theorem. Indeed, the main theorem in this section may be
considered a transformed version of Tarski’s truth definition theorem,
which is another important result of Gédel’s lemma for the incompleteness
theorem.?? Note, however, the important difference between the foundation
of mathematics (Godel’s theorem) and the foundation of our view on society
including ourselves (the social sciences). The former problem concerns what
mathematics can do to formalize our “true” rationality, and the latter is an
argument for formalizing rationality itself. We may change and reconstruct
the rules of mathematics through our convictions and beliefs. To formalize
our rationality, however, any restriction may cause our formalization to fail
to characterize our “true” thoughts or recognition ability; there is no simple
way or regular routine to formalize our general intelligence.?*

In this section, rationality is treated as an attitude with which to
accept certain kinds of formal assertions written in formal language.?’> The
syntax for such a language and semantics (especially for the meanings of

23These theorems may be found in the standard literature in mathematical logic and/or
theory of sets, e.g., see Kunen (1980), Jech (2003), Fraenkel et al. (1973), Shoenfield
(1967).

24Hilary Putnam wrote, “The impossibility (in practice at least) of formalizing the
assertibility conditions for arbitrary sentences is just the impossibility of formalizing
general intelligence itself” (Putnam 1983, Introduction, p. 18).

25In this book, I borrow several concepts and some terminology from analytical
philosophy; e.g., with respect to notions of rationality and truth, I use many from the
recent works of H. Putnam (after 1980s, Putnam 1983, Putnam 1990, Putnam 1995,
Putnam 2004, etc.), concepts in Kripke (1972), Kripke (1975), and works in cognitive
science such as Lakoff (1987).
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rationality) is given by a certain theory of sets Z = (Lp, Rp,Tg) called
an underlying theory of sets.?6 We assume that each person i using his/her
formal language has theory .%; = (L;, R;, T;) that is (1) sufficient to describe
A, and is (2) written by (constructed as objects in) the underlying theory of
sets %.27 In other words, we are considering a situation where person i can
treat his/her assertion # in the language of i (theory .%;) as set-theoretic
object "07 through basic underlying theory 9. The problem we treat in
this section is whether we can construct formula P;(z) of person i in one
free variable x such that P;("07) “means” that # is a rationally acceptable
assertion of 7. Of course the answer depends on properties requested for the
“meanings” of “rational acceptability.” What we are concerned with here
are logical consistency (P;("07) and P;("—67) never occur simultaneously),
introspective completeness (P;("07) means P;("P;("0™)™)), and introspective
consistency (P;("07) and P;("—P;("6™)7) never occur simultaneously). The
theorems in this section show that:

(1) If P; is introspectively consistent, then we cannot use the fact as a
rationally acceptable assertion (see Theorem 9.2.1).

(2) Under an introspectively complete view of the world, if we want to
maintain the validity of using P;’s logical or introspective consistency
(such as the law of excluded middle), we must understand that such
an assertion causes introspective or logical inconsistency (see Theo-
rem 9.2.2).

(3) A further reliance on the logical consistency (e.g., a presumption like
P+ CONS(P;)) will cause the impossibility of defining rationality from
the social scientific viewpoint (see Theorem 9.2.3).

Therefore, all economic agents in a standard economic model should
dogmatically believe in their rational choices without knowing whether
being rational is “truly” rational. Players in non-cooperative game theory
must believe in their own rational behaviors as well as their opponents’
without knowing what rationality exactly means. This seems to be a
failure in all mathematical models in social science based on methodological
individualism from the introspective viewpoint. The concept of ‘rational
individual’ (consistency) always prevents us from providing a satisfactory
answer to the question: ‘What exactly is our society?’ (introspection). Every

26 This is not necessarily ZF nor ZFC.
270f course there must be an appropriate translation between his/her formal language
and the language for 2.
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such agent, therefore, necessarily fails to define his/her “true” rationality
(non-definability). This is not to say, however, that attempts to describe
society as the totality of rational individuals are meaningless; instead it
suggests that such attempts can never be completed even in an asymptotic
sense. True rationality, if it exists, cannot be treated as a personal matter,
and we must allow for its relation among our developing recognition ability
and alternatively possible views of the world.

9.2.1 Views of the world

We treat each agent’s reasoning to choose an action by identifying individ-
ual rationality with the consistency of actions to a certain view of the world.
Let I = {1,2,...,m} be the index set of agents. For each i € I, denote by A;
the set of possible actions for agent i. Each action profile, (a1, as,...,am) €
[L;cr Ai, in the economy decides consequence ¢; in set C; for each i € I.

In standard economic arguments or non-cooperative game theory,
stories (mathematical structures) exist about equilibrium and/or solution
concepts that enable each agent ¢ to justify his/her choices of action
a; € A;. Since there are many reasons for mutually exclusive actions to be
chosen, many equilibrium and solution concepts may also exist. Rationality
(reasoning) in this sense crucially depends on such views of the world
(each equilibrium or solution concept). It would be possible to interpret
arguments in this section as showing that such rationality is different from
our ‘true’ rationality (thoughts or recognition abilities) and that the use (at
least a part) of our true rationality may lead us to deny any such specific
view of the world and rationality in a restricted sense.

In the following, we suppose that agent ¢ has a (private) theory (written
by a (private) formal language) .%; = (L;, R;,T;) for obtaining a reason to
decide action a; € A;. L; is the list of all symbols for the language, R; is the
list of all syntactical rules including construction rules for terms, formulas,
and all inference rules (making a consequent formula from original formulas,
e.g., modus ponens, instantiation, etc.), and 7T; is the list of all axiomatic
formulas for the theory. We assume that each element of L; may be uniquely
identified with (coded into) an object in a certain basic theory of sets, B =
(Lp,Rp,Tp), written by the first-order predicate logic discussed precisely
in the previous section. We call % an underlying theory of sets for .%;.%8

28 The reader may identify % with ZF or ZFC in the previous section. Since such a coding
argument may usually be treated in the domain of finitistic objects, a minimal theory
may be ZF~ —P—INF, ZF without the axiom of foundation, the power set, and infinity.
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The first important assumption of this section is that such a set theory
is so basic that every agent could develop (understand) it by its own
language:

(A.1) Language . = (L;, R;, T;) is sufficiently rich to describe 8 =
(L, Rp, Tg).2? (Here, we implicitly assume an appropriate translation
between the languages for .%; and Z. Throughout this section, such a
translation is assumed to be fixed, and we suppose that each formula
¢ in A could be identified with the same formula in .%;.)

The second assumption in this section is that the structure of theory
%, i.e., each symbol in L;, the rules in list R;, and list 7; may be treated
as objects in the underlying theory of sets, . More precisely:

(A.2) & describes & in the following sense: (i) Each member of list
L; is a term (a set) in theory 2. (ii) List R; consists of formulas in
theory Z. There are formulas in one free variable, T'erm;(x), Form;(x),
Form}(z), in two free variables, Neg(z,y), in three free variables,
Sbst(x,y, z), in the language of %, maintaining, respectively, that in
%, x is a term, x is a formula, z is a formula in one free variable,
x is a negation formula of formula y, x is a substitution formula of
term z into the single free variable of formula y, based on descriptions
of construction rules for them written in theory .30 Every inference
rule, as a relation among formulas of 4, is also written in the language
of B as a well-defined set-theoretic procedure. (iii) Axiom;(x), which
defines formulas of i belonging to list T}, is written in the language of
A as a well-defined set-theoretic procedure.

Assumption (A.2) is intended to be a sufficient condition in which a
combination of inference procedures, such as a proof procedure in theory
%;, may be identified with a set-theoretic procedure written in the form of a
formula in theory 4. Note that each term, formula, and inference procedure
(including the proof procedure) of i may not be finitistic (recursive) since

29For example, # may be identified with a part of .% so that every theorem in 2 is a
theorem in .Z;. (This is not necessarily the case, however, since the concept of the proof
in .%; will play no role — will be replaced by concept P; — in the following arguments.)
30By “based on descriptions of construction rules,” I mean that the set of formulas in
L; is closed under such formation rules that are well-defined in set theory 4. That is,
if 0 is a formula in L;, then =0 is also a formula in L;; if P(z) is a formula in one free
variable z in L; and if ¢ is a term in L;, then P(¢) is also a formula in L;; and so forth.
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the set-theoretic methods in % may possibly be much stronger than the
finitistic method. (Descriptions for them, however, are given in the language
of A as set-theoretical objects and processes that are well-defined in set
theory A.)

Under (A.1) and (A.2), agent i can treat assertion (formula) € in the
language of 7 (theory .%;) as set-theoretic object 67 through the underlying
theory of sets, #,3! as an object in theory .%;. (It can be said, therefore,
that theory .Z; is at least assumed to be so rich that it can treat its
statements as its objects.) In the following, we construct the worldview of
i as theory .&; = (L, R;, T;), satisfying these two assumptions, (A.1) and
(A.2). The worldview may include many features of the real world by adding
additional axioms and syntactical rules, if necessary, and we suppose that
agent ¢ chooses a ‘rational’ action a; € A; under worldview .%;. The third
assumption concerns the possibility of such a structure in the worldview
deciding ‘rationality’.

(A.3) Formula P;(z) in one free variable x, in the theory of ¢ denotes
that x =767 for a certain formula 6 of 7 and 0 is rationally acceptable
for i. (Note that under (A.1) and (A.2), the theory of i can treat its
formulas as its objects.) The meaning of P;(x), as a way to decide such
acceptable sentences, is given as a set theoretic property in theory 4,32
so P;(z) may be described by (replaced with) an appropriate formula in
2. In the following, by considering this fact, we always use notation P,
for such a replaced formula in % instead of the original formula in .%;.

Under (A.2), one of the most typical set-theoretic properties in 4 satisfying
conditions in (A.3) for P;(x) (the rational acceptability) would be the
formal proof procedure in ZF under # = ZF. (In this case, “the existence
of a formal proof for a certain sentence from axioms in ZF through the
inference processes” is described (could be maintained) through a formula
in %, though I have no intention to confine ourselves to this most familiar
example.)

31For finitistic objects, notation " ' is called Quine’s corner convention.

32We may freely utilize the axioms in T} to define P;, so we may not require the method
to define the rational acceptability to be finitistic even when 4 is finitistic theory ZF~ —
P — INF. For example, we can decide that Continuum Hypothesis (CH) is rationally
acceptable when C'H is contained in list T; in 4 even when C'H is not an axiom in
%. When all methods in % are restricted as finitistic, the requirement for P; being
considered here may be restated as the “set of axioms defining property P; is recursive.”
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In ordinary settings in economics, such a P; may be considered the
foundation of all arguments allowing for each person to choose, at least, one
assertion specifying a certain character of a;, € A; as a reason (justification)
for a possible final decision rationally acceptable for agent i. For example,
such arguments may be a class of assertions (based on specific R; and T;)
compatible with “final decision a; € A; of ¢ is a price taking and utility
maximizing behavior,” for an ordinary microeconomic view of the world;
“final decision a; € A; of i is a best response given other agents’ behaviors,”
for Nash equilibrium settings; and so on. It follows that agent 7 € I chooses
action a; € A; if there is a sentence of i, 6 that is rationally acceptable,
(P;i("07)), asserting that it is appropriate for agent i to choose action a; as
his/her best decision.

9.2.2 Rationality

The main concern of this chapter is to incorporate economic models with
each agent’s recognition structure for rational behaviors. In the previous
section, such a structure is represented by formula P;(x) for agent i under
a worldview constructed as theory .%; = (L;, R;, T;) of i. We shall make in
this section a further specification on the property (meaning) of P;(z) as
the rationality of 1.

Perhaps the most important condition for P; to be called the rationality
of i is consistency. It seems, however, that there are two kinds of consistency.
One is logical (or the extensional part of) consistency and the other is
introspective (or the intentional part of) consistency. P;(z) is logically
consistent if for any sentence 6 of i, P;("07) and P;("—67) do not hold
simultaneously. The logical consistency of P;(x) as a fact in underlying
theory of sets # is denoted by CONS(P;). Formally;

(D.1) CONS(P;) is a formula in £ that is equivalent to:
Formi('—e—‘) N (P,;('_Qj) N —.Pi(l’—.g‘l)).BB
The introspective consistency of P; is the requirement that for any
sentence 6 of i, P;("6") and P;("—F;("6™)") do not hold simultaneously.
This condition may naturally be obtained if we request that P; be logically

consistent and introspectively complete in the sense that for each sentence
0, P,("07") — P, ("R (T07M)7).

33 As noted in (A.2), we assume that for each formula 6 in .%;, =@ is also a formula in .%;,
and that the translation process between "6 ' and " =6 may be written in a formula in
2. Note also that as stated in (A.3), P;(x) is considered a formula in 4.
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(D.2) COMP(P;) is a formula in Z that is equivalent to:
Form;("07) — (P,("07) — P,("P,("6M)7)).

Since CONS(P;) means P,("P,("0")") — -F,("=P;("6™)"), under
CONS(PF;) condition COMP(P;) automatically implies the introspective
consistency. The introspective consistency, however, itself has a sufficiently
clear and important meaning. One may confirm it by rewriting it in the
next contrapositive form of P;("07) — —P;("=FP;("6™)7).

(D.3) IntrCons(P;) is a formula in % that is equivalent to:
Form;("07) — (P(T—P;("07M)) — =P (T07)).

In the following, logical consistency CONS(P;) and introspective
completeness COMP(FP;) are treated as the most desirable properties for P;
to satisfy. Logical consistency asserts the soundness in our development of
theorems, especially, enabling us to exploit the reductio ad absurdum (or the
law of excluded middle). On the other hand, the importance of introspective
consistency stems from the natural social scientific viewpoint that we are
describing the world including ourselves (so everything that we know must
be known by ourselves described in the model).

Assumption (A.4) below asserts that we use £ as the fundamental
belief in constructing P;, and (A.5) says that as conditions for P; described
under B, we use COMP(P;) as one of the most basic requirements:

(A4) If Z+ 0, then B - P;(T07).3
(A.5) B+ P;(TCOMP(P,)").

We do not directly treat the two conditions, COMP(FP;) and CONS(F;),
since (1) we may concentrate our attention to how these conditions are used
to construct P;, and (2) condition (A.5) is weaker than assuming COMP (P;)
directly as long as we use (A.4), i.e., Z as the basic theory constructing
rationally acceptable sentences under P;. We do not treat COMP(P;) and
CONS(P;) even in parallel since our main concern is to describe logical
consistency from the introspective viewpoint of social sciences. In this sense,
in this section we treat COMP(P;) as a more fundamental requirement than
CONS(F;).

34 As stated in the previous section, symbol - means that the right hand side formula
is deduced under the list of the left side formulas merely through the two inference
rules (R3-1 and R3-2: Modus Ponens and Instantiation) together with the purely logical
axioms with equation (T1-T3).
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We also use the following two conditions (A.6 and A.7) for P; as
additional basic conditions, if necessary:

(A.6) B+ Form;("07) — (P,(TPi(707)7) — P,(707)).

This condition may be identified with a sort of introspective consistency.
(One may confirm it by considering the contrapositive form, = P;("707) —
=P;("P;("6™M)™).) We rarely use this property, but as the introspective
consistency in (D.3), the condition has a quite natural meaning for P; as
the rational acceptability of i; i.e., the rational acceptability of the rational
acceptability of 6 should always mean the rational acceptability of 6.

(A7) Bt (Form;("0")AForm;("n") — (Pi("0 —n") — (P("07) —
Pi("n™)).

If & — 1 and @ are rationally acceptable, then n is rationally acceptable.
That is, the assumption means that rationally acceptable statements
are closed under the modus ponens. This assumption is essential in our
argument since under (A.4) it assures the following:

(A8) If BF O < n, then B+ P(T07) « P("n7).

Note that if we define P; as the proof procedure under %, which is at
least as strong as ZF~ — P — INF, then under (A.1), (A.2), (A.3), and
(A.8), condition COMP(P;) is automatically satisfied.?® (In this case, it is
also obvious that condition (A.4) is automatically satisfied.) On the other
hand, we never know whether CONS(P;) is satisfied.?¢

9.2.3 Rational acceptability

In the following, the main result of this section is given as three theorems,
which are different aspects of the same fact; i.e., a restriction on what we

35Indeed, in this case, P("6) is equivalent to the assertion that % F 0, so by (A.1)
and (A.2), to an assertion in Z that is equivalent to saying “there is a finite sequence
of statements (as a set of objects, Z, in %) constructing the proof in % to statement
6 (object "67").” Let us denote this assertion by 3Z(¥(Z,"0")). Tt is also possible to
show that # F 3Z(¥(Z,"67)) since Z is a finite object for any given 6 and 2 is possible
“to construct” and “assure the existence of” such a set of finite objects. Hence, we have
BFPMON —3AZP(M3Z(¥(Z,"6)M.

36 This fact is known as the Godel Second Incompleteness Theorem. In this book, we
shall see its generalized form in Theorem 9.2.2-(2).
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can rationally accept if we require such rationality to be introspective as
well as consistent. The first theorem does not depend on (A.5) and (A.6).

THEOREM 9.2.1: Under (A.1), (A.2), (A.3), (A.4), and (A.7),37 we see
that

(1) B+ P("IntrCons(F;)") — —IntrCons(P;), and that
(2) # + -=P("TCOMP(P;)") v ~COMP(P;) Vv =P,("TCONS(F;)") Vv
-~CONS(F;).

PROOF: Let 6 be an arbitrary formula in one free variable in .%;. Define
formula ¢(x) in one free variable x in % through the set-theoretic process
defining formula ¢("67) as an equivalent formula of P;("—=6("6™)7). (Under
condition (A.2), we can confirm that the procedure, "7 — T=0("67)7,
is well-defined through formulas in Z. For example, we may define this
procedure as “for each x such that Form!(z), define y as the unique set
satisfying Neg(y,v), where v is the unique set satisfying Sbst(v,z,z)”. Of
course, P; may be identified with a process in % under (A.3).) Since &
q("q") < P;("q("q")"), by defining @ as ¢("¢"), we have

Z Q= P(T-Q7).% (9.2)
If we define Z as —Q), we also have
BrZ—-P(TZ7). (9.3)
By using Z we can prove the first assertion as follows:
B, IntrCons(P;) F P,("T=P;("Z™)™) — =P;("Z7)

B P(=P("Z7)) = P("Z7) (by (9.3) and (A.7)

B, IntrCons(P;) - ~P("T-P;("Z™)7) (by (9.4) and (9.5))

9.
)
(
(
P+ IntrCons(P;) — —P,("T=P,("Z™)7) (

9.
9.
9.

37TMore precisely, as assumptions for a metatheorem, these conditions (all facts listed)
are treated as “really true” and will be used everywhere they are needed like the axioms
of predicate logic.

38Note that by (A.1)-(A.3), ¢, P;, and Q may be considered formulas in % as well
as .%; though 0 may not be. Since P; is a formula in 4, it may also be possible to
obtain assertion (9.2) as an application of Gédel’s lemma (see, e.g., Kunen (1980, p. 40,
Theorem 14.2)). I have proved it directly for the sake of completeness.
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P+ IntrCons(P;) — —P;("Z7) (by (A.7)) (9.8)
B+ P("IntrCons(P;)" — —P;("Z7) (by (A4)) (9.9)
Bt P("IntrCons(P;)7") — Pi("T—-P("Z7)7)  (by (A.7))
(9.10)
B+ P(TIntrCons(P;)™") — P,("Z7) (by (A.7)) (9.11)
. B P(TIntrCons(P;)") — —IntrCons(P;). (9.12)
The final line comes from the contradiction given through (9.8) and (9.11

11).
For the second assertion, let us use formula Q. Since B, COMP(P;) +
Pi("-Q7) — P("R("=Q7)7), by (9:2) and (A.7),

%, COMP(P,) - P,(T-Q") — P,("Q"). (9.13)

Hence, we have %, COMP(P;), P,("—Q™), CONS(P;) + —-FP;("——=Q") A
P;("Q"), which also means (since by =—@Q < @ and (A.7), the right hand
side is contradictory) that

2, COMP(P;), CONS(P;) - —P;("=Q7), and (9.14)
%, COMP(P;) F P;("-Q™) — ~CONS(P}). (9.15)

By the contrapositive form of (9.15), #, COMP(P,) + CONS(P;) —
-P;("-Q™). Hence, we also have by (A.4) and (A.7) that

B+ P,(COMP(F;)) — (P,(TCONS(P;)™") — P("T-P,("TQ™M) ™), (9.16)
which by considering —P;("=Q") < —Q with (9.15), means

B, Pi("COMP(P;)7), COMP(P,) - P,(" CONS(P,)7) — ~CONS(P;).

(9.17)
It follows that under %, P;("COMP(F;)™), COMP(P;), P,("CONS(P;)7),
and CONS(P;) are contradictory. Hence, we have the result. |

Thus, we see that: (i) 4t is hard to demand our rationality to be
introspectively consistent, and (ii) it is also difficult to accept both the
introspective completeness and logical consistency (for under (A.4) and
(A.7), P,("COMP(P;) A CONS(F;)") implies P;("IntrCons(P;)™)). This
situation actually forbids us to have a deterministic view of the world
(in the sense that from P;("07), we cannot exclude the possibility of
P;("=P;("6™M)™), as long as we incorporate the structure of introspection
into our knowledge-construction framework from the natural standpoint of
social sciences.
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THEOREM 9.2.2: Under (A.1), (A.2), (A.3), (A4), (A.5), and (A.7),

we have
(1) B+ P(TCONS(P;)") — —IntrCons(P;).
(2) If B+ COMP(P;),3° then # + P;("CONS(P;)") — ~CONS(P;).
PROOF: By (9.15) in the previous proof, we have

B, COMP(P;) - ~CONS(P;) — —~P;("T=Q"). (9.18)
Then by (A.4), (A.7), and (A.5),

PBE P,(TCONS(P;)") — P(T=P("T—QM)7). (9.19)

Since ~Q «— P;("T—=Q7), it follows from (9.19) and (9.18) that

%, COMP(P)) - P,("CONS(P;)™) — ~CONS(P,), (9.20)
B, COMP(P;) - CONS(P;) — —P;("TCONS(P;)™), (Contraposition)
(9.21)
PBE P,(TCONS(P;)") — P;("T=P,("TCONS(P)™M™), (A4,A7T,A5)
(9.22)
o B, P,("TCONS(P;)") b —IntrCons(P;). (9.23)

The last line comes from the contradiction obtained by %,
P,("CONS(F;)7), and IntrCons(P;), hence we have proved the first
assertion. The second assertion is obvious from (9.20). |

The above result shows that if we base our arguments on the standpoint
of social sciences (A.5) or a stronger assumption like 8 + COMP(FP;),
then we cannot expect P; to have logical consistency without damaging its
1nirospective consistency.

THEOREM 9.2.3: Under (A.1), (A.2), (A.3), (A4), and (A.T), we have:

(1) B, P,("IntrCons(P;)") F ~IntrCons(F;).

(2) B, COMP(P;), CONS(P,) F —~P;("IntrCons(P;)™).

3) If Z + P,(TCOMP(P)") and B - Pi("CONS(P,)"), then B F
- CONS(F;).

391In this case, (A.5) may be reduced under (A.4).
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PROOF: Assertion (1) follows directly from (1) of Theorem 9.2.1. More-
over, as stated before, CONS(P;), COMP(P;) i IntrCons(F;). Hence, the
second assertion also follows from (1) of Theorem 9.2.1. By assertion (2) of
Theorem 9.2.1, if 2 - P,("COMP(P;)7) and % I P;("CONS(P;)7), then
%A, COMP(P;) + -CONS(P;) and #,CONS(P;) - ~COMP(P;). Hence,
we have by (A.7),

B+ Pi(TCOMP(P;)™) — Pi("=CONS(P;)7), and (
B+ P;("CONS(P;)") — Pi(T=COMP(P;)7). (

Therefore, we have # F P;("-CONS(P;)") and # + P,("—COMP(F;)")
under the conditions # F P;("CONS(P;)") and # + P;("CONS(P;)7). It
follows that we have - ~CONS(F;). |

Theorem 9.2.3 shows the inconsistency among natural requirements
for P; under £, especially between COMP and CONS. Since i believes
P to be an underlying theory of sets, it would be hard to interpret such
an inconsistent P; as representing rationality for ¢. Therefore, if we really
think that such conditions (like logical and introspective consistency) are
indispensable, we must treat Theorem 9.2.3 as an impossibility theorem in
defining P; through methods that can be described (in the sense of (A.3))
in A.

We can sum up the three theorems as follows. With respect to the
introspective consistency, we can believe it (introspective consistency) but
we cannot use it as a rationally acceptable assertion (Theorem 9.2.1). If we
want to use part of its consistency like the reductio ad absurdum (the law
of excluded middle), we must understand that its use also means (automat-
ically) the inacceptability of consistency —=P;(CONS(FP;)) (Theorem 9.2.2).
A further reliance on logical consistency (e.g., a presumption like
%+ CONS(P;))* may cause the impossibility of defining rationality from
introspective or consistent viewpoints (Theorem 9.2.3-(2) and -(3)).

The impossibility result clearly shows the different standpoints between
the foundation of mathematics (or our knowledge) and the social sciences.

400f course, this is one of the simplest examples of &  P(" CONS(P;)"). Since
CONS(P;) immediately means the consistency of % under (A.4), the result for such cases
as # = ZF may directly be shown through Goédel’s Second Incompleteness Theorem.
Condition 2+ P(" CONS(P;)") may include more impressive cases, however, such that
to be P;(" ¢ "), we only request finitistic 4 to describe axioms in .%; = ZFC and consider
the proof process for ¢ under .%; = ZFC. In such a case, it may be possible for & to
prove P;("¢ ') even when % cannot prove (.
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For mathematics (or to be the foundation of our knowledge), we can resign
ourselves to referring to a certain kind of introspective consistency as seen
in the standpoint of formalists over the Godel’s theorems. From the social
scientific introspective viewpoint, however, since we cannot stop arguing
whether our view of the world is “really” true, we have to make allowances
for the existence (consider some possibility) of inconsistency among our
assertions to define what our “true” rationality is.

REMARK 9.2.4: (Non-definability of Rationality) If we change
(A.3) to (A.3') so that it states all the properties of P; except for the
existence in (A.3), the above theorem asserts that under (A.1) and (A.2),
no P; satisfies (A.3), (A.4), (A.5), and (A.7) together with full logical and
introspective consistency.

REMARK 9.2.5: (Tarski’s Truth Definition Theorem) The proce-
dure to define @ for P; in the proof of Theorem 9.2.1 merely depends on
conditions (A.1), (A.2), and (A.3). Hence, for arbitrary formula P(z) in
one free variable x in .Z;, maintaining a certain property about formulas
in .%; (under (A.1) and (A.2)), and being possible to be described as a set
theoretic process in % (instead of (A.3)), we may construct @ satisfying
A Q « —~P("Q") in exactly the same way as before (Gddel’s lemma). 4!
The special case that Z = %, = ZF and P; is considered a definition of
“truth” (which is assumed to be described as a process in %) is easily seen
to be contradictory. Indeed, if P is a definition of truth, there is a sentence
Q@ that is “true” if and only if “not true”; hence, we cannot have such a
definition of truth. This result is known as Tarski’s truth definition theorem
(see Kunen (1980, p. 41)).

REMARK 9.2.6: (Non-definability of Rational Common Knowl-
edge) Let us return to the argument in Remark 9.2.4. If two agents,
i and 7, have the same rationality described in common underlying set
theory &, ("P,7 = TP;7), then (D.2) is a necessary condition for their
rationality to be common knowledge, i.e., P;("07) — P;("P;("0™")") and
P;(#) — P;j("P;("6")7). Hence, the non-definability of rationality may
also be interpreted as a non-definability theorem of rationality as logically
consistent common knowledge.*?

41To obtain this, replace P; and "—=6("6")" with =P and "0("0"), respectively,
throughout the process described in the theorem.

42Since we do not restrict # to be finitistic, the problem cannot be improved merely by
strengthening the infinitary methods for the defining process.
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9.3 Society and Values

In this section, we continue to analyze formal set-theoretical constraints
for describing the world. The results in the previous section may be
characterized as the failure to formalize human society as the whole of
‘rational’ individuals (methodological individualism). This section shows
that the problem does not vanish even when we look for a structure
describing the world as a whole by allowing for many other normative
criteria without specifying a rigorous micro foundation.

A description of society without micro foundations needs other mech-
anisms of wverification to assure the validity of the description itself. A
fundamental attitude of logical positivism considers the world (society) as
the whole of logical sentences that may or may not hold, and the purpose
of social science (if it may be called a science), is to find assertions that
are true (or at least may be called adequate) for a description of society.
If we require such a verification for validity, however, there always exists
the problem of introspective and logical consistency, as is the case with
structures for rational individuals. That is, such social validity cannot be
introspectively consistent as long as we require it to be logically consistent.

As before, denote here by P(x) the assertion in certain formal language
Z, meaning that “the society is such that assertion x holds.” Here, the
meaning of P(x) is more directly related to the “truth” of the world
than personal P;(z) in the previous section. In other words, we are more
interested in the foundation of our knowledge (like the foundation of
mathematics) than the foundation of social sciences (like the existence
of introspectively consistent rationality). Language ¢ = (L,R,T) is
supposed to be treated as a list of objects in a certain theory of sets,
% = (Lp,Rp,Tp), which is also written by formulas in language .. We
consider # a set theory under first-order predicate logic. (For simplicity,
one may identify & with ZF', Zermelo—Fraenkel set theory, under first-order
predicate logic.)*® Hence, we may deal with each formula 6§ in .# as a set-
theoretical object, "07, in Z. Moreover, assume that formula P(z) in one
free variable x is a set-theoretically well-defined property (i.e., we may also
replace P(z) with a formula in %), or an object in Z. These assumptions
((B.1),(B.2),(B.3) below) are completely parallel to those in the previous
section ((A.1),(A.2),(A.3)). The meaning of P(z), however, is not given

43This is the same setting as in the previous section, except that .Z and % are not
private but public language and theory, respectively.
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from the previous social scientific viewpoint, i.e., we take logical consistency
(instead of introspective consistency) as the most basic requirement for
P(z). Then, with several natural conditions, we have the following results:

(1) A mathematical truth (Z F 0) exists that isn’t socially valid (£ +
—P("07)) (see Theorem 9.3.1).

(2) We cannot verify the introspective consistency of description P(z) itself
(see Theorem 9.3.2).

(3) We cannot define (formally describe) society as long as we require it to
be introspectively consistent (see Theorem 9.3.3).

These arguments may also be restated as follows: if we identify the
description of society by deciding what is valid in society, then social validity
(a value judgment in society) is always restrictive in the sense that we are
not allowed to ask exactly what society is (as long as we require it to be
logically and/or introspectively consistent). Of course, the result may also
be interpreted as a general statement on various social values, i.e., we cannot
completely describe social norms, justice, and/or validities as well-defined
structures (mechanisms) as long as we require them to be logically and/or
introspectively consistent (non-definability of social values).

These results are closely related to the arguments in the previous
section in which the logically consistent rationality of individuals makes
the description of society introspectively inconsistent. In this section, the
logically consistent values in society makes verification of society introspec-
tively inconsistent. Although truth and/or rationality in our society are
determined by ourselves, no single (consistent) mind is sufficient to define
or construct them from an introspective (social scientific) viewpoint.

9.3.1 Society

As in Section 9.2, we assume that all mathematical arguments and
theorems are supposed to be given in a certain basic formal set theory,
%# = (Lp,Rp,Tp), where Lp is the list of symbols, Rp is the list of
syntactical rules, and Tg is the list of axioms. Moreover, we also assume
that in describing society, language . = (L, R, T') is used, where L (list of
symbols), R (list of syntactical rules), and T (list of axioms) are sufficient
for developing theory % under first-order predicate logic in the sense that
every formula in % may be identified with a formula in .. Intuitively, £
is our basic belief. We require it to include finitistic objects and methods
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to encode the first-order predicate logic into it. .Z is a theory with more
axioms and methods that we do not require to be finitistic to describe the
world and define concept P(z) to mean that “society is such that assertion
2 holds.”** Precisely, we assume the following:

(B.1) & is a set theory under first-order predicate logic with equal-
ity.*> All symbols, terms, formulas, inference rules, and logical (non-
mathematical) axioms in % can be written by the symbols and formulas
in .Z. (£ need not, however, be a stronger theorem than 4.)

Moreover, we assume that % is formalized under %:

(B.2) # describes .¥ = (L,R,T) in the following sense: (i) Each
member of list L may be identified with a set in theory Z. (ii) List
R consists of formulas constructed as objects in theory %. Especially,
there are formulas in £ in one free variable, Term(xz), Form(x),
Form!(x), Neg(z,y), and Sbst(z,y, z) that describe, respectively, “x
is a term of .Z,” “x is a formula of £)” “x is a formula in one free
variable,”
and x is the formula obtained by substituting term z into y.” Every

x is a negation of y,” and “y is a formula in one free variable,

inference rule, as a relation among formulas in %, can also be described
as set-theoretic objects in 4. (iii) Aziom(x), which defines the formulas
of .Z belonging to list T, can also be described as objects in A.

Assumption (B.2) enables us to treat each assertion # in £ as a set-
theoretical object "7 in theory 4. Since all the terms and formulas in %
are also in . by (B.1), through theory £, language .Z can be formalized
into .Z itself. Language . is rich enough to treat each of its formulas as
objects. Hence, as in the previous section, we can assume that the concept
of society is given in logical formula P("67) in one free variable 707 in %,
maintaining that “assertion # in £ is valid as a description of society.”
That is, we identify the problem “what is society?” with “what assertions
hold in society?” Hence, if a complete description of society exists, we may

44As Pi(x), P(x) is a formula in .#. To describe the property of z, it may use many
axioms that do not belong to 4, e.g., P(z) in . may use the axiom of choice that may
not be included in #. We may assume, however, that & can describe the process in
which P(x) uses the choice axiom to define the property “society is such that assertion
z holds.”

45Tn exactly the same way as before, we may suppose that the minimum requirement for
Bis ZF~ — P —INF.
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obtain all the relevant assertions on what society is, what we are in society,
what we should do in society, etc. We suppose (in exactly the same way as
P; in the previous section) that such a structure representing “validity” in
the world (society), i.e., the meanings of P, is given through a set-theoretic
procedure on the formulas in .Z that can be described in the underlying
theory of sets %. Formally:

(B.3) Formula P(x) in one free variable x in . asserts that “x is a
formula in £ that is valid for a description of society.” We further
assume that P as a property in formula z in . can also be described
as a set-theoretic procedure in % as an appropriate method for formula

4

x to define whether it is “valid” based on notions and axioms in .Z as
well as #; so it is also described by (can be replaced with) a formula
in A. In the following, we always treat P(x) as a formula in 4 in this

sense.

Of course, by (B.1), every formula in 4 is also in .%, so formula P(x) in 4,
replaced by the original one in £, is also identified with a formula in Z.
Such P(x) (as identified with a formula in .£ ), however, is a completely
different formula from the original one.*® The “validity” stated above will
be discussed axiomatically in the next subsection. However, assumption
(B.3) at least maintains the standpoint that we identify the world with all
valid logical formulas regardless how validity is defined.*” Hence, in this
sense, we identify society with all valid sentences in it.

9.3.2 Social validity and mathematical truth

We are considering in assumption (B.3) that to describe society is simply
to decide what its valid descriptions are; hence, it is merely to decide what
validity in society is. Such thoughts are not new but quite common. Indeed,
such attitudes toward the truth of the world are nothing but the standpoint
of logical positivists. Our result in this section, therefore, has an important
relation with the methodology of social sciences as well as the formal (or
mechanical) definition of “values” in society.

46 A5 the case with P; in the previous section, formula P is more desirable to be referred
to as the original formula in .Z than the replaced one in #. Even if it is written in 4,
the meaning of P is given in theory Z.

470r, at least, we are considering that a complete description of society should decide
(in the sense of %) a set of logical formulas that are valid views of society.
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As a mechanism that defines validity in society, we will naturally expect
P to have the following properties, even though we do not directly assume
all of them:

(C.1) (Logical Consistency) CONS is a sentence equivalent to:
Form(707) — (P("07) — —~P("=07)).

(C.2) (Introspective Completeness) COMP is a sentence equivalent to:
Form("07) — (P("07) — P("P("6™)7)).

(C.3) (Introspective Consistency) IntrCons is a sentence equivalent to:
Form("07) — (P("—P("67)") — —P("67)).

For P, we treat CONS as a more fundamental property than COMP. The
following assumptions will be used to supply more general conditions for P
than (A.4) and (A.7) in the previous section.

(BA4) f B+ 0 — n, then BEF P(T07) — P("n").
(B.5) It Z+ P("07), then B+ P("P("67)7).

(B.6) It ZF —-P("07), then Z+ P("T=P("0M)7).

(B.7) T #A+60— P("n"), then Z+ P(T67) — P("P("n™)7).

(B8) f B+ 0O — —P("n7), then B+ P("07) — P("=P("n™")7).

Note that condition (B.4) is much weaker than assuming the conditions of
(A.4)- with (A.7)-type. We also use some conditions (B.5)—(B.8) that are
weaker than (A.4)- with (A.7)-type conditions.*®

Now we have the following result.

THEOREM 9.3.1: Under (B.1), (B.2), (B.3), (B.4), COMP, and CONS,
we have a mathematical theorem that is not socially valid.

PROOF: Let 6 be an arbitrary formula in one free variable in .Z. As in
the proof of Theorem 9.2.1, we can define formula ¢ in one free variable in
2 through a process that identifies ¢("67) with an equivalent formula of
P("=6("0™)7) (see also the discussion in Remark 9.2.5, Gédel Lemma). Let
Q be formula ¢("¢") and Z be —Q. Then, as before, we have:

B Q— P(T-Q7), (9.26)
B 7 -P("Z). (9.27)

48Tf we use a condition of the (A.7) type, e.g., “if ZF+ 6 — n, then Z F P("6" —
P("n™),” we can verify that if there is at least one sentence 1 such that & F 1 and
B+ P("4) (socially valid), then all mathematical sentences become socially valid.
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By COMP, we have Z F P("T-Q") — P("P("=Q™)"). Hence, by (9.26)
with (B.4), we have

Z+ P(T-Q7) — P(TQ). (9.28)

By CONS, we have Z+ P("Q™) — —P("=Q"). Therefore, by considering
the fact that &, P("T-Q™) - P(Q) A ~P("Q™), a contradiction, we have

PB = -P(MT=-QM). (9.29)
Again by considering (9.26) and (B.4), we obtain
Pt -P(MT=-P(M=-QM)7). (9.30)

Let ¢ be a sentence that is equivalent to —P("—Q™), then by (9.29) and
(9.30), v satisfies the condition of the theorem. [ |

It may not be clear that a mathematical truth, which cannot be socially
valid in the above theorem, may have some crucial meanings in the view of
social science. The sentence, however, has important relations with many
kinds of assertions on the structure of P itself as seen in the following
theorems.

THEOREM 9.3.2: Assume (B.1), (B.2), (B.3), (B.4), and (B.8). Then
we have the following results:

(1) B+ IntrCons — —~P(IntrCons).
(2) #Z+ P("CONS A COMP™) — —IntrCons.
(3) B,CONS, COMP + —~P("COMP N CONS™).

PROOF: Let Q and Z be the same formulas defined in the previous proof
of Theorem 9.3.1. Note that (9.26) and (9.27) also hold under the setting
of Theorem 9.3.2. For the first assertion consider these formulas:

B, IntrCons - P(T-P("=Q™")7) — ~P("T=Q™) (by IntrCons), (9.31)
PBEP-P(M-QM)7) — P(T=Q7) (by (9.26)), (9.32)

so we have

B, IntrCons - -P("T=P("T=Q™)7). (9.33)
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Then by (B.8),

P+ P(IntrCons) — P("T—P("T=P("T=Q™M)™M7), (9.34)
B, P(IntrCons) F P(T—P("T=P("—Q™M)™)7), (9.35)
B, P(IntrCons) - P("T—P("T=Q™)7) (by (9.26)). (9.36)

Hence, by (9.33) and (9.36), conditions P(IntrCons) and IntrCons are
contradictory in %, and we have assertion (1). Using CONS and COMP,
we obtain the following assertion in exactly the same way as with (9.30):

A, CONS, COMP - =P("=P("=Q™)7). (9.37)
Hence, we have
P+ (CONS AN COMP) — —~P("=P("=Q™)7). (9.38)
It follows by (B.8) that
P+ P("TCONS AN COMP™) — P("T=P("=P("Q™M™M)7). (9.39)
Since ~P("T—-Q™) « —Q, we also have
P+ P(TCONS A COMP™) — P("=P("T=Q™M)7). (9.40)

Then, (9.39) and (9.40) show that &, P(" CONS A COMP™), and IntrCons
prove P(T=P("T=P("=Q™M)™")™") A =P("=P("=P("=Q™)™7), a contradic-
tion. Hence, (2) follows. Since CONS, COMP F IntrCons, (3) follows
from (2). |

Last, we see the inconsistency among many properties in (B.1)—(B.8)
and (C.1)—(C.3) with underlying theory of sets #. It may also be possible
to understand the theorem as a non-definability theorem of the concept of
“social validity.”

THEOREM 9.3.3: Under (B.1), (B.2), (B.3), and (B.4), we have the
following results:

(1) If Bt IntrCons, condition (B.6) does not hold.
(2) Under (B.8), if B CONS, we have B, IntrCons - -P(COMP).
(3) Under (B.8), if B+ COMP, we have '+ CONS — —~P(CONS).
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PROOF: Let Q and Z be the same formulas defined in the previous proof
of Theorem 9.3.1. Assume that % F IntrCons; then

B P(C-P("Z7)) — ~P("Z7), (9.41)
BE P(—P(Z7)) < P(CZ7) (by (B.4)), (9.42)
. BF -P(C-P(Z7)). (9.43)

If (B.6) holds, we have by (9.43), Z F P("-P("=P("Z™)™)7)), which also
means by (B.4), ZF P("Z7). On the other hand, (9.43) means by (B.4),
PBE -P("Z7), so we have a contradiction and result (1) follows. Assume
that 2 = CONS. Under (B.8), we may consider that (9.37) holds. Note
that @ < P("=Q™). Under (B.4) and CONS, we have by (9.37),

B+ COMP — ~P("-Q"), (9.44)
B+ P(TCOMPT) — P(T-P(T-Q™)7) (by (B.8)), (9.45)
.. B P(CCOMP™) — P("-Q7) (by (B.4)). (9.46)

On the other hand, (9.45) with IntrCons means that
B, IntrCons = P(TCOMP™) — -P("T=Q7), (9.47)

which with (9.46) we have (2). For (3), assume that  F COMP. Again by
(9.37), @ = P("-Q7), and (B.4),

%+ CONS — -P("T-Q"), (9.48)

P+ P(TCONST) — P("=-P("—-Q™")7") (by (B.8)), (9.49)

B+ P(TCONS™) — P("T-Q7) (by (B.4)). (9.50)

Hence, we have Z + CONS — —P("CONS™). [ |

One may believe that conditions like # F IntrCons and £ = CONS
are too strong. Note, however, that we base all our arguments on % and
intend to construct P under methods that can be described in 4. Hence, we
naturally demand that P have such strong provability conditions.*® In this
sense, the meaning of (1) of Theorem 9.3.3 is critical since it argues that
as long as we intend to construct P to satisfy introspective consistency, we
have to discard condition (B.6). That is, we have to admit that the proof

490f course, when P("07) necessarily follows from % I 6, condition & - CONS would
be contradictory (too strong, perhaps, for meaningful arguments) under Godel’s Second
Incompleteness Theorem. Note that even in such cases, condition % - P(" CONS™) still
has meaning since we allow & + P(" CONS™") even when % - ~CONS.
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under & of the assertion that 6 is not classified as valid cannot be classified
as valid even when the validity is clearly defined under 2. (Here, note
n (B.6) the difference between Z + —-P("07") and ¥ P("07).) Perhaps,
there is a way to renounce condition (B.6), but it seems more appropriate
to regard Theorem 9.3.3 as an impossibility theorem.

REMARK 9.3.4: (Non-definability of Social Validity) If we change
(B.3) to (B.3’) so that it merely asserts the property of P without
maintaining its existence, the above results insist that there is no set-
theoretical possibility (in % under (B.1), (B.2), and (B.3')) for defining
the concept of social validity P in a natural sense that satisfies important
properties (C.1)—(C.3). For example, we can see by (1) of Theorem 9.3.3:

Non-definability Theorem: Under (B.1), (B.2), (B.3'), (B.4),
and (B.6), no P satisfies IntrCons.

Indeed, if there is such a P, we have “Z F P(T-P("T=Q™")") — -P("T=-Q")”
by IntrCons, and “# + P("T-P("T=Q™")7) — P("-Q™)” by the definition
of Q. It follows that we have # + =P("=P("=Q™)"). Again, by IntrCons
and the definition of @, however, we may obtain “% + —-P("=Q7)” and
“BE P(MT-QT),” a contradiction.

REMARK 9.3.5: (Other Conditions for P) The discussions we have
treated in this chapter are merely an introduction to rigorous set-theoretic
arguments about the basic methodology of social sciences. More natural
conditions and general treatments may exist for various aspects of P.
For example, we have not used “provability” in 4 itself as a property to
characterize P. It would be natural to request that P satisfy

(WeakIntrCons) If Z+ P("67), then Z¥ P("-P("6™)™).

The condition may be considered a weak version of introspective con-
sistency. If we use this condition for Theorem 9.3.3-(3), we obtain
BY¥ P(TCONS™).5Y 1t is also true that we have not treated many assump-
tions in a comprehensive way. For example, in Theorem 9.3.3, we can obtain
the same result of (2) under Z = COMP and of (3) under & + CONS.
Further developments would be meaningful since these arguments, even
when they are impossibility results, are directly related to the knowledge
about this world itself, so they construct the basic knowledge of social
sciences in a truly introspective manner.

50For Z+ P(" CONS™) — P("-P(" CONS™) ") by Theorem 9.3.3-(3).
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REMARK 9.3.6: (Relation among Conditions) The following clas-
sification will be useful for our assumptions in this chapter. At first, we
may classify them into two categories: logical (conditions between sen-
tences described under P) and introspective (conditions between sentences
described under P and P("P7)). Second, we may further classify them
into two categories: consistency (a requirement for the non-existence of
a sentence based on the existence of its negation) and completeness (a
requirement for the existence of a sentence based on the non-existence of

its negation). The following are the six most basic categories:*!

Logical Consistency) P("67) — —P("=67) (CONS)

Logical Completeness) —P("=07) — P("07)

Introspective Consistency 1) P("07) — —P("=P("07)7)  (IntrCons)
Introspective Completeness 1) —P("T=P("07)7) — P("07)
Introspective Consistency 2) —P("67) — -P("P("607)") (A.6)

- (
- (
-
-
- (
. (Introspective Completeness 2) —=P("P("07)7) — —P("6™) (COMP)

1
2
3
4
)
6

As noted above, we have already seen conditions 1, 3, 5, 6 in this and
the previous sections. Condition 2 is the ordinary sense of completeness
when P is identified with the proof procedure. If we use condition 4, say
IntrCompl, under (B.1), (B.2), (B.3), and (B.4), we have the following
immediate contradiction between COMP and CONS. As (9.37), we have

P, CONS, COMP + -P("=P("=Q™)7), (9.51)

B ~P(P(-Q)) = -P(-Q) (by (BA)),  (9.52)
Bt -P(=P(M=Q")7) — P("=Q™) (by IntrCompl), (9.53)
P, CONS, COMP - -P("=Q™") A P("T=Q7). (9.54)

Thus, we have the next theorem.

Theorem (IntrCompl): Under (B.1), (B.2), (B.3), (B.4), and
IntrCompl, we have B, COMP + —CONS, and A, CONS
-COMP.
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philosophical writings, e.g., the recent works of H. Putnam (Putnam 1981,
Putnam 1983, Putnam 1990, Putnam 1995, Putnam 2004) for rationality
and truth, concepts in Kripke (1972) and Kripke (1975) for a fixed-point
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Chapter 10

Concluding Discussions

10.1 Fixed Points and Economic Equilibria

10.1.1  Equilibrium concepts in economics

From Adam Smith’s The Wealth of Nations (1776) to recent works in the
theory of general equilibrium, economic theorists have attempted to view
human society as an integrated system whose behavior follows scientifically
determinable laws. Though the word “scientific” (or the notion of “scientific
objectivity”) has been severely attacked since the 1950s, we have treated
the world as a systematic structure whose properties may gradually but
eventually be clarified through mathematical or physical investigations.®

In economics, the state of the world is mainly captured through the
concept of equilibrium. The concept of equilibrium, however, is usually
based not only on the physical sense relating to what we call facts (e.g.,
market clearing condition, feasibility conditions under budgets, production
sets, and strategy sets) but also on the mental (moral) or epistemic
sense, including our value judgments (e.g., utility maximization under
given prices as our “rational” behaviors, “rational expectations” compatible
with underlying models, the condition for Nash equilibrium strategies
considering other players’ strategies as given, and many kinds of stability
conditions in arguments for the refinement of Nash equilibria).

LAfter World War II, the methodology of economics as a social science was founded
on the philosophy of empiricism (logical positivism). Even today, we often say that we
can avoid metaphysical problems based on the distinction between facts and values.
As Hilary Putnam argues (2002), such a fact/value dichotomy is closely related to
the analytic/synthetic dichotomy criticized by W.V.O. Quine in his famous essay
“Two dogmas of empiricism” in 1951 (reprinted in Quine (1953)), which has historical
importance to the streams of philosophy pursued in the last century. One purpose of this
book (as seen in the previous chapter) is to show (by purely mathematical arguments)
that to see the “real” human world, we cannot “stand outside it and take the stance
of an observer with perfect knowledge,” since “we are organisms functioning as part of
reality” (Lakoff 1987, p.261).

243
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General equilibrium theory after the 1950s (from Debreu 1959, Arrow
and Hahn 1971, and Hildenbrand 1974 to Mas-Colell 1985, Balasko 1988,
etc.) has treated such epistemic conditions as a given hypothesis or a matter
outside of theory. Of course, the moral or epistemic side of equilibrium
conditions are nothing but our value judgments or beliefs concerning the
society to which we belong. Therefore, such a viewpoint had to gradually
change the meaning of economic equilibrium based on the rigorous and
rigid beliefs from that of human society as a whole (as in traditional works
from Walras (1874) to Hicks (1939)) to that of a small and partial market
mechanism.?

Value judgments (the moral or epistemic side of equilibrium conditions)
have a special importance, however, since they inherently include our
judgments regarding the difference between “facts” and “values,
sities,” “contingencies,” and “possibilities,” and so on. In other words,
they determine our concept of “world,” i.e., our basis for recognition or

” “neces-

“rationality.” Putnam calls the targets of such value judgments epistemic
values (2002, p. 30).3

Implicitly or explicitly, an economic equilibrium “concept” always
presumes such epistemic values.* Based on one such belief, a view of the
world, we claim that our actions and plans are “rational” and that we
can explain our motivation (incentive) to follow an equilibrium choice as
rationality based on this view of the world. For example, the general market
equilibrium is a physical market-clearing condition with incentive (mental
or moral) conditions of individual profit/utility maximization under the
(epistemic) assumption (a special view of the world) that all prices are
given. Furthermore, the Nash equilibrium of an n-person game is a physical
list of available personal strategies with the incentive (mental or moral) part

2 As rightly pointed out by Balasko (1988, p.2), “A widespread but rather unfortunate
practice of economic theory is to consider the market as universal, in the sense that it
is unique and that every commodity is traded there, an interpretation that cannot be
seriously defended. --- we would first have to understand the workings of every single
market, each of which is already quite complex because each involves numerous different
commodities.”

3The collapse of the classical fact/value dichotomy caused by such epistemic values
is argued in Putnam (2002) with an intimate relation to the collapse of the analytic-
synthetic dichotomy, which is an essential part of Quine’s critique of empiricism.

40f course, this is by no means a new way of thinking but rather a traditional one. For
example, we can see the same thought in Max Weber’s emphasis on the “empirically
impossible proof of the validity of the evaluative ideas” (1904, paragraph 66) in his
argument about the objectivity of social sciences as well as his famous advocacy of
“Wertfreiheit” and “Idealtypus.”
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of each person’s best response condition under the (epistemic) supposition
(a view of the world) that no other person changes his/her current strategy.
As a description of human society, the epistemic condition (or a moral
condition in the sense of a condition describing what our society is or should
be) is far more important than the physical condition.

10.1.2 Fixed points and social validity

Unfortunately, however, we have little to say about the validity of such
a basic belief (a view of the world) itself. It is even possible that such
beliefs (at least in the ordinary sense) seem too restrictive or false, as in the
concepts of general market and Nash equilibria. Indeed, agents can change
prices as long as they have positive market powers (positive measures in
the general equilibrium model), and other players are allowed freely to
change their strategies under the settings of an n-person game. The criteria
for the rationality of such a belief, if it even exists in any rigorous sense,
cannot be given by reference to “rationality” based on the belief itself.®
On the other hand, we can always freely compare the consequence of our
actions (experiences in the world) with those in our presupposed beliefs
(views of the world). Since the world (society) includes ourselves, our beliefs
or views of the world also shape part of it. (Needless to say, this is the
most idiomatical feature of social sciences.) As a minimum requirement
for equilibrium concepts in social sciences under an epistemic viewpoint,
therefore, it is quite natural to suppose that such a belief (a view of the
world) is not self-refuting; that is, the consequences of “rational” actions
under the belief do not contradict any supposition that constructs a part
of the belief. Here we can see a profound relation between the equilibrium
concepts in social sciences and mathematical fized points.

Hence, we can relate the fixed-point argument in economic equilibrium
theory with one of our beliefs: a view of the world that is “stable” in
the sense that it is not self-refuting. As stated above, this self-irrefutable
requirement is a minimum requirement, which is merely to say that the
view happens to be self-irrefutable, not that it is justified under a particular

5 «REIET FEMmEE, Hinfss, FAREH, Knowledge must wait for something before it can
be applicable, and that which it waits for is never certain” — ¥ Chuang Tzu — (Six,
The Great and Venerable Teacher, (Watson 1968)). Rationality in the above sense cannot
prove its validity by itself, since for such arguments we have to take such validity for
granted without any proof. (See also footnote 6 below.)
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Figure 49: View of world: Most idiomatical feature of social science

¥

Figure 50: A corner of a cube or a ceiling?

rigorous criterion (just as the three halflines in Figure 50 might be viewed
as forming either the corner of a cube or a room). It is even possible (or
perhaps most likely) that an equilibrium is based on an incorrect view
of the world as long as we have no chance or ability to observe it. We can
support the concept of Nash equilibrium since, in the equilibrium, no player
has an incentive to change his/her own strategy. For the general market
equilibrium, it is even possible to consider a converging path of prices to an
equilibrium as long as agents continue to regard their price-taking behaviors
as rational. The meaning of such “stability,” therefore, fluctuates based on
what kind of knowledge (or ability to think) is presupposed for each member
of the model of the world. Of course, it should really change based on the
development of our real knowledge in the future, especially with advances
in ways to describe our knowledge (knowledge about our knowledge).

10.1.3 Rationality and economic equilibria

Consider, however, that the most important knowledge obtained in the
previous century was that such developments in our knowledge never end
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from a highly rigorous viewpoint. This may partly be observed through
purely mathematical results like Gédel’s Incompleteness Theorem (1931),
partly by works in analytical philosophy such as Wittgenstein’s Tractatus
Logico-Philosophicus (1919) and Philosophische Untersuchungen (1953) as
well as Quine’s “Two Dogmas” (ibid.) and “Indeterminacy of Translation”
(1960), and by developments in many other academic fields related to
the problems of the mind, such as psychology, linguistics, anthropology,
computer science, and cognitive science. A complete description of human
society, in a rigorous sense, can never be accomplished because we cannot
produce a complete description of our knowledge.® The situation seems to
make our standpoint on objectivity in the social science to be erected on
a platform equivalent to that of Max Weber, where the word objectivity is
merely used as a tool of research and is not considered a research target.”

To know what a society is, we have to know the view of the world,
the value judgments, of each member of that society. On the other hand,
if we have obtained a certain fact of the world based on some value
judgments, our knowledge development of the fact may also affect those
epistemic wvalue judgments. In particular, knowing such a special fact
about epistemic values as “we cannot have a complete description of our
knowledge” forces us to appraise the idea that there is no satisfactory way to
define “rational” behavior. In other words, to be “truly” rational, we must
reconcile our irrationality with any actual choice. However, the problem
is not so simple that we can resolve it with the word “irrational,” since
admitting irrationality, even in part of an argument, usually introduces
a contradiction into our logic and renders the totality of our logic useless.
(Indeed, in standard logical arguments, a contradiction is a proof applicable
to every statement, so that we obtain rigorous proofs for all unreasonable
statements like “1 = 0,” “You and I are the same person,” and “Every
square is a triangle.”) The situation is just like Epimenides’s liar paradox in
ancient Greek philosophy (Figure 51). Needless to say, it would be absurd to
base an argument on economic or game-theoretic settings in which agents

6 In relation to Godel’s theorem, we encountered this problem in the previous chapter.
In the social sciences, it follows that epistemic values like “individual rationality” and
“social validity” are impossible to be described as purely mathematical objects in a
satisfactory manner.

"Weber’s “objectivity” based on “Idealtypus” and “Wertfreiheit” is in this regard
quite different from the scientific objectivism of logical positivists. He insists that “the
‘objectivity’ of the social sciences depends rather on the fact that the empirical data are
always related to those evaluative ideas which alone make them worth knowing and the
significance of the empirical data is derived from these evaluative ideas” (1904, ibid.).
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Figure 51: Circle of irrationality: To be rational one must recognize one’s own
irrationality

have such impractical logical abilities. It remains important, however, to
describe the world as it is, based on the knowledge that “we cannot have
a complete description of our knowledge,” since this condition is related to
the truth of our world.

In economics, if we are concerned merely with the classical static frame-
work, the above paradoxical feature of rationality may not cause any prob-
lem, since rationality may simply be identified with behaviors that are justi-
fied as optimal under a certain formalized (possibly personal) fixed view of
the world. (Of course, this type of argument is all that we have developed
so far in the theory, and Chapters 3—5 of this book may also be considered
one consequence of this tradition from equilibrium or fixed-point arguments.)
However, if the word rationality is used in the dynamic context of our ability
to recognize, like “rational expectation,” it may cause problems, since “true”
rationality (as long as the word is used as something related to general human
intelligence) should recognize that every model-specific view of the world
is not complete. The paradox may also have serious consequences in game-
theoretic settings, such as agents’ common knowledge of rationality.

10.1.4 Fixzed points and view of the world

The problem is how we treat truth, rationality, and value in relation to
our developing knowledge and recognition. Of course, there are impossible

81In the previous chapter, we saw the undefinability of common knowledge (Remark 9.2.6),
which means that in ordinary (n-person) game theory, to describe agents’ rationality as
a common knowledge, the players of the game must be limited to those who cannot use
ZF set theory as their basic knowledge.
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results in the previous chapter such as non-definability theorems in
Remarks 9.2.4 and 9.3.4 for this problem. In describing the world, therefore,
we have to forsake at least one of the following requests: (a) to treat our
general intelligence (like ZF), (b) to treat our developing knowledge (like
social recognition), and (c) to describe the world in a deterministic way
(through ZF as a process to determine what happens). Although this is
not the type of problem that has a final answer, a fixed-point concept
provides an important method for constructing views of the world. To define
“truth” in a mathematical model of language, for example, Kripke (1975)
used a fixed-point argument to incorporate the necessary infinite-order of
regression in the ordinary usage of our sentences. He changes the problem
of defining truth to a fixed-point problem for a developing language (fized-
point language).

We may treat problems like individual rationality and the many kinds of
social values (morals, conventions, institutions, credits, money, etc.) in the
same way, not as given constants but as variables for fixed-point arguments,
including all of our actions and developing knowledge. The significance
of a fixed point as a way to grasp the world in the above sense will be
discussed and formulated further in the next section. The argument will
be methodologically founded on new thoughts and directions for social
sciences directly based on the impossibility of freeing the basic theory of
social science from discussions on the epistemic problem.”

Even in the hard sciences, we are not allowed to recognize the total
world as an absolutely unique and complete readymade system. We can
recognize a “chair” or a “stone” as a simple collection of molecules or as a
wave form from the point of view of wave equations.'® In the social sciences,
the situation is more serious, and we are not allowed (at least in a purely
ideal theoretical sense) to recognize the total system as a unique artifactual

9 As seen in Section 10.2, one may relate some part of our arguments with the new theory
of references, the concept of metaphysical necessity or possible worlds (c.f. Kripke (1972),
Putnam (1983)), internal realism, cognitive semantics (see Putnam (1981), Putnam
(1983), Lakoff (1987)), and, moreover, to a certain pragmatic standpoint like Quine
(1951), Putnam (1995), or James (1912).

10 “physical objects, small and large, are not the only posits. Forces are another example;
and indeed we are told nowadays that the boundary between energy and matter
is obsolete” (Quine (1951) Two Dogmas of Empiricism). “Moreover, the quantum

mechanical Weltanschauung that emerged from the 2nd Solveg Conference — the
‘Copenhagen Interpretation’ — remains controversial even today. A substantial minority
of cosmologists have deserted it for the so-called ‘Many Worlds Interpretation’ — an

interpretation which implies, among other things, that there are ‘Parallel Worlds,’...”

(Putnam (1995) Pragmatism).
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object. At the same time, we have to choose our actions as long as we live.
Consequently, we have to choose our rationality, including many kinds of
epistemic values, under the condition of self-reliance. The significance of
fixed-point arguments is the ability to describe this self-reliance.

10.2 Rationality and Fixed-Point Views of
the World

In this section, by incorporating the arguments in Sections 9.2 and 9.3 of
the previous chapter, rationality or social validity may be determined as an
equilibrium of the social model in which the cognitive features of members
are treated explicitly. Intuitively, the model in this section describes the
situation in which each member can choose an arbitrary finite number
of models of the society, one’s possible worldviews, to approximate the
‘real’ world. Even though the candidates for such models of society for
each member may not be finite, and members are not convinced by their
approximation to be complete, we can expect the existence of an equilibrium
for the list of each person’s view of the world and ‘rational’ behaviors based
on it, as long as the total space for behaviors is not so large, e.g., a compact
Hausdorff space. In the equilibrium, those behaviors are compatible with
each person’s view of the world; i.e., actions are tested in the light of their
experiences and beliefs for the validity of the model.

The results in Chapter 9 testify to the difficulty of describing ‘individual
rationality’ and/or ‘social validity’ as artificial (well-defined) objects. In
the following, by considering the space of the action configurations of
all members, X = [[,c; Xi, as the set of rigid designators that are
identified across all possible worldviews, we characterize a pair of rational
behaviors (“justified” for each agent under a view of the world) and
possible worldviews (“compatible” for each agent with such behaviors) as
an equilibrium situation for recognition of society.

By such arguments in Section 9.2, a “justification” procedure for
‘rational’ actions (under a view of the world like an economic model) may
be consistent though it may not be complete enough to justify what is
every “possibility” for all views of the world. Judgments for “compatibility”
(to determine what is appropriate to be called possible worlds), therefore,
should be another social validity based on the same view of the world
that recognizes it as valid. Section 9.3 also argues, however, that we
cannot expect such “validity” to be strong enough to maintain the validity
of itself as long as we require it to be consistent. It follows that any
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attempt to rigorously determine the “possibility of the world” through a
class of necessary and sufficient conditions will fail. We have to leave the
extension of such a concept somewhat receptive to the situation of the ‘self-
reliance’ of our minds, to our ‘willingness’ to seek another possibility of the
world, or certain ‘beliefs,” if such ‘really’ exist.!!

To describe and verify the existence of equilibria, we use a certain kind
of mixed strategy (with expected utility) settings for the simplicity and
familiarity of arguments. A view of the world in this section, therefore,
is taken as a mixture of possible worldviews (e.g., a probability measure
on the set of possible worldviews). The justification for behaviors and the
judgment for compatibility, first associated merely with each possible world
(worldview), are supposed to be extended over all such mixtures.!? The
essential feature of this section’s approach, however, does not depend on
such a special framework. The central ideas discussed here characterize
human’s “rationality” (at least in the sense of “rational behaviors” for
game-theoretic settings in social science) and “validity” for a society, not as
terms or objects fixed by a set of criteria laid down in advance but as refer-
ences or equilibrium fixed points in determining the extensions of the terms

that refer to them using classes of laws not all of which we exactly know.'?

11 Note, however, that it is inappropriate to think that we can further formulate such
‘self-reliance,’ ‘willingness,” or ‘beliefs’ as a part of our rationality, since such an attempt
(to formalize our rationality) should be treated as a possible worldview itself. In this
sense, there is no room for our ‘rationality’ to play over the list of all possible worldviews
or the ‘self-reliance’ of our minds. It is natural and interesting to treat the totality of
such possible worldviews as a black-box mechanism for each person from the radical
empiricist’s standpoint (James 1912).

12 One may ask why such a view of the world (in the above sense of mixture) itself is
not classified into one of the possible worlds (worldviews). Of course, we may call it a
possible world and select it from the list as a candidate for possible worldviews among
which further mixtures (views of the world) are taken.

13 The concepts may be related to natural kind words in the sense of Kripke (1972)
and Putnam (see, e.g., Putnam (1983, 4.Reference and Truth)). Their approaches
(independently advanced in the 1960s and 1970s) are called the new theory of reference;
at least in this section, the concept of “possible world(views)” is used in relation to this
context. I am not going to say, however, that we should (or we can) “define” rationality
as a natural kind word, but merely to state that as long as we want to treat it under
mathematical (and social scientific) arguments, mathematics should (and can) treat it
properly through characters fixed by considering all possible views of the world. Note
also that the term, “natural kind,” is sometimes used under the tradition of classical
view of objectivism or metaphysical realism (c.f. Lakoff (1987, Chapters 16-17)). The
approach I have taken here does not favor such externalism but the internalism (internal
realism) of Putnam (1981). For this, as stated in footnote 11, we should not (and cannot)
formalize the totality of possible worldviews.
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10.2.1 Individual and society

Let I = {1,2,...,m} be the index set of members of society. For each
i € I, denote by X; the set of possible behaviors for individual i. For
simplicity, we assume that each X; is a non-empty compact convex subset
of a Hausdorff topological vector space. We also assume that X; covers all
behaviors observable by others for each i € I and that each behavior profile
(71,22, ..., 2m) € [l;e; Xi is sufficient to decide consequence ¢; € C; for
each i € I.

10.2.2 Languages and possible worlds

Each member ¢ is assumed to have a set of logical formulas T;, inference
rules R;, and language %; that may be considered a list of symbols
describing the terms and formulas. Triplet (%, R;,T;) is called a pos-
sible world (worldview) of ¢. Member i may have many (we suppose
possibly denumerably many) possible worlds, W? = (£,° R, T?), W}l =
(LY RLTH, W2 = (%2, R2,T?), . ... We assume they may not mutually
be consistent or may not even be translatable to one another.

Let us consider the inductive limit under inclusion (with respect to non-

empty finite subsets of natural numbers directed by inclusion) of abstract
simplices, W; = lim Wia(O),..Wia("), where A = {a(0),a(l),...,a(n)}
and each W ..

(2

simplex A™. In the following, we denote by W simplex W O e

K3 2 2 ?

~Wia(") is identified with n-dimensional standard unit

so we write W; = lim WiA. Point w € W; may be considered to represent a
special standpoint of i’s thought. We call it i’s (extended) view of the world
(worldview).

Let W be set [| ier Wi In the following, we describe the situation where
each ¢ € I cannot specify or grasp totality W; of one’s own thoughts. (It
does not mean, however, that each i cannot understand the abstract level
discussion we are going to have below since we do not prevent each ¢ from
understanding ZF'. In this sense, the discussion in this section is not an
argument from God’s eyes.)

10.2.3 Possible worldviews and behaviors

For each i € I, the possible worldviews (in the narrow sense) of i,
W2 W2 W2, ... represent various kinds of reasoning for a certain behav-

ior, x; € Xj, to be considered better than other others. For example, W/
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may be a possible world of a Nash Equilibrium; i.e., under W}, 4 is
convinced that his/her choice of behavior x; is reasonable since it is part of
a Nash equilibrium strategy profile for a certain game-theoretic model of
society that is completely described and treated as valid in (%™, R, T}").
(In such a case, i’s estimation on the thoughts of other players are also
described sufficiently for the equilibrium concept and treated as valid for
individuals in (Z;™, R}, T;").) It is also possible to consider W a world
of cooperation equilibrium (i.e., ¢ thinks that his/her behavior may be
considered reasonable since everyone’s behavior may be classified as choices
to decide a consequence in the core of a game defined in W;*), a world of an
incomplete information game, a world of an abstract economy (in which the
constraint correspondence is described as a rule in T7*), and so on. Note that
we are assuming that all behaviors that are possible for i are completely
listed in X;. Hence, each X; is defined to include a mixed strategy if such

behaviors are allowed to exist in the formalized model.

10.2.4 Justification and refutability

For each possible worldview (in the narrow sense) W* € W; of ¢ € I, define
for a given profile of behaviors, x = (z;)jer € X = HjGI X, the set of
improved behaviors, ®;(W x) C X;, as behaviors that are better than
x; under worldview W, and the set of compatible profiles of behaviors
EA(WP) C X for each finite set of natural numbers A 3 n. Behavior x; is
not justified under worldview W, if it can be improved (®;(W/, z) # 0).
When (observable state) x is not compatible with W, W is refutable
for i under z and A.'* In the following, we deal with the concept of the
rationality of ¢ based on a justification (reasoning) for behavior z; of profile
z = (zj)jer € [[je; X; under a certain possible worldview that is not
refutable under x. For each non-empty finite subset A of natural numbers,'®
define U (z) as A (z) = {W)'|n € A,z € ZA(W)}. (Note that for each
i, it is possible to treat mappings Z£, a restriction of ®;, and ¥ in a
certain formal theory Wi”,, although it may not be possible to specify ®;
in a certain Wi"l. Even so, it is possible for ¢ to consider correspondences
®; under a certain theory at least in the same abstraction level with our

arguments in this section as long as we use ZF and i is allowed to use ZF.)

14Here, we consider that whether worldview W/ is refutable under an observable state
x or not is dependent on A, i.e., some properties of i outside theory W".
15et us use notation A € .#(N) as in cases with spaces having convex structure.
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As stated before, we consider that i’s view of the world (in the extended
sense) is a point, w; € W; = lim Wia(o) e Wia(n). Each ¢ has no formalized
theory on the rightness among all possible worldviews in W;.16 However,
we do not prevent ¢ from having formal treatments among finite possible
worldviews W2, ..., W/ in a certain Wi"l. For example, we may interpret
point w; € W2 --- W C W; as a representation of the state of i’s thought
as a degree of confidence among possible worldviews, W2 --- W/, and i
has a certain theory integrating those views using concepts like expected
utility. In this sense, we may suppose (for simplicity) that ®; and Ef‘ may
adequately be extended as correspondences on W; x X (WiA x X for each
A) and W; (W for each A), respectively, and we may redefine U#! as
UA(x) = {w; € WAz € Z4(w;)} for each A € F(N).

0 ,wf(i)) € WA may justify or refute

Of course, a certain w; = (wy,. ..
behaviors and other worldviews in various ways based on W, ..., Wf(i) or
through other unknown factors. We may assume, however, that it would
be natural for ®; : W; x X — X;, E4: WA — X, and ¥ : X — WA to
satisfy the following conditions.!”

(A-0) @; : W; x X — X, has the local intersection property at each

(v, ) such that ®;(v;,z) # 0 in W; x X and satisfies the irreflexivity

condition, i.e., for all x = (z;);cr, and v; € Wy, z; & @, (v;, ).

(A-1) z € ®;(vs,2) and y € @, (w;, z) imply that for all A € [0, 1], there
exists A € [0, 1], such that Az + (1 — Ny € ®;(Av; + (1 — Nw;, 2).

(A-2) U4: X — WA is convex valued.

Three conditions may be naturally interpreted. No explanation is needed
for the irreflexivity in Condition (A-0). Condition (A-1) says that a mixture
of better strategies will be supported by a certain mixture of two possible
worlds. Note here that may be different from \. The convexity condition
in (A-2) asserts that any mixture of worldviews compatible with z is also
a worldview compatible with x.

By considering that no complete description of the world exists (results
from earlier sections), it would be appropriate to treat such a standpoint

16The non-definability of such a complete rightness is indeed the consequence of the
arguments in the previous chapter.

17We treat these structures on WZ.A X X as fundamental features of ¢ whose totality
(except for the abstract properties (A-0)—(A-3) below) cannot be known by anyone, or
more precisely, does not affect the abstract argument (on the existence of equilibrium)
we discuss below. See footnotes 11, 12, and 13.
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(to choose behavior z; relative to an extended view of the world) as a base
for discussing the rationality of each ¢ € I. The next section is devoted to
show the existence of such rationality as a fixed point of social recognition.

10.2.5 Equilibrium under social recognition

We assume possible worldviews W2, W W2, ... for each i € I, which
means that person ¢ does not have any formalized ideas on the relation
among ‘all’ such possible views. In other words, W2 W W2 ... are
all formalized ideas of ¢ with respect to society. At the same time, we
suppose that for each ¢ € I, relations ®; and \Ilf‘ exist on subsets of
Wi = lim VVia(O) - V[/ia(ﬁ“‘_l)7 based on justifications and refutabilities.

Let X = [T;c; Xi, WA =1,c; Wit and W = [[,; Wi. Given behavior
profile z = (z1,...,2m) € X = [[;c; Xi and views of the world w € WA,
we denote by ¢ (z) C WiA x X;, the set of pairs, (v;,y;) such that v; €
UA(x) ¢ WA and y; € ®;(v;, 2), i.e., the set of pairs of compatible view v; of
the world with z under A and improved behavior y; better than x; under
v;. When we restrict our attention merely to the behavioral aspects, we
may call state * = (z7);cr € X an equilibrium (under social recognition)
for society (Wi, Xi, ®i, ¥ )ier,acz(n)) if ¢ (z*) = 0 for all i € I and
A € Z(N). Equilibrium z* = (z);cs is said to be rationally accessible if
for every open neighborhood U of z* and A € .#(N), we have A’ D A and
24" € U such that o' (z4") = 0 for all i.'8

THEOREM 10.2.1: Society (Wi, Xi, ®i, ¥{');er acr(n)) has equilib-
rium if (A-0), (A-1), and (A-2) are satisfied.*® Moreover, assume the
following condition:

(A-3) For each i € I and x € X, open neighborhood U of x € X and
A e F(N) exist such that for all A > A, we have W (z) € A (2) for
all ze U.

Then we may also confirm the existence of rationally accessible equilibria.

18Tn this definition, it is possible (and, indeed, more desirable) to take A’ differently for
each i. We use the above setting merely for notational simplicity.

9We use (A-0) (the (Product K*)-type condition in Chapter 3) to assure the existence
of equilibrium. Of course, it is also possible to base our arguments directly on other
conditions like (Product B), (Product K), (Product K1-V4*), (Product K1-V4), and
(Product B or K1).
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PROOF: For each i € I, define X : X — X; as ¢ (z) = {y; € Xi|y: €
prx(pi(z)), A € Z(N)}. By definition, the existence of equilibrium may
be verified by showing the existence of z* = (x});cs such that ¢X (z*) = ()
for all ¢ € I. Therefore, under (A-0), to show the existence of equilibrium,
it is sufficient by Theorem 3.2.1, to verify that each (X satisfies conditions
(P1)-(P3) in Chapter 3. By (A-0), each ¢;X satisfies (P1). By (A-1) and (A-
2), each ¢ is convex valued. Moreover, the local intersection property of
each ®; (under (A-0)) is sufficient to assure the local intersection property
of each X. Hence, there is equilibrium point z* € X. To show the
existence of rationally accessible equilibria, for each A € % (), consider
the equilibrium problem for product mapping:

e WA XX 3 (wiier, (wi)ier) = [ [ @i (@i)ier) € WA x X.
iel
Since W4 x X is compact, we may obtain (through exactly the same
argument with the first assertion under conditions (A-0), (A-1), (A-2), and
Theorem 3.2.1) 24 = (2);e; € X such that ¢ (2?) = ) for every i for
each A € Z(N). Since X is compact, we may obtain a converging subnet
of {xA}Aeg(N) that converges to * € X. By the subnet definition, to see
that z* is a rationally accessible equilibrium, it is sufficient to check that
2* is an equilibrium. Indeed, x* is an equilibrium. If not, for some 7 and
A, we have ¢ (2*) # 0, which means by the local intersection property of
®;, for a certain v; € WA, v; € UA(2*) and an open neighborhood U of

3

x*, ®;(vy, z) # 0 for all z € U. Here, under (A-3), we can take U to satisfy
2z € BN (v;) (5 € UA'(2)) for all z € U for every sufficiently large A’.

2

Therefore, for each A’ D A (since v; € WA and v; € UA'(2) for all z € U),

we have WA (v, 2) # 0, so o (2) # 0, which contradicts that 2z € U for
every sufficiently large A in the subnet. |



Mathematical Appendix I

P-adic Expansion of a Real Number

As stated in Chapter 1, Section 3, we identify the set of real numbers, R,
with the conditionally complete ordered field having the usual order topol-
ogy. This view gives us an axiomatically clear standpoint on the domain
of discourse for the calculus. From this viewpoint, however, the relation
between a real number in this book and a real number in the ordinary
sense under the decimal system is not clear. Precisely speaking, except for
0 (identity element under addition) and 1 (identity element under multipli-
cation), elements of R do not have any previously given symbolic forms.

In the following, we see that for any natural number P 2 2, real number
x € R has an expression through a sequence of natural numbers less than
P, the P-adic expansion of x. Therefore, the set R may be identified with
the set of such sequences of natural numbers less than P.!

Let P € N ={0,1,2,...} be an arbitrary natural number greater than
or equal to 2.2 Since 1+ 1,1+ 1+ 1,14+ 1+ 14 1,... are elements of
R, we may identify P with the element of R obtained by adding 1 for P
times. There are elements of R which are obtained by multiplying P for
2,3,4,... times, which will be denoted by P2, P3, P4 .... There are also
multiplicative inverses of P, P2, P3,...in R, denoted by P~1, P2 P~3, . .,

LOf course, such an expression may fail to be unique as real number 1 has two
decimal expressions like 1.000 - - - and 0.999 - - - . The argument below ((a)(b) and (1)—(3))
describes a process to specify one of those alternatives (e.g., in decimal case, we use
0.999 - to 1).

2Here, the set of natural numbers N = {0, 1,2, ...} is an object defined directly through
the set-theoretic axioms (like Infinity), and it is independent of R. It is also assumed that
on set N we have the ordinary addition and multiplication that are also independent but
can be identified with those in R when N is naturally embedded in R.

257
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respectively. The definition of ordered field is sufficient to ensure the next
relation among these elements:

0<---<P3<P?2<P <P <P <P<P<.... (10.1)

where P? = 1 and P! = P. Moreover, we can verify from the definition of
ordered field that for any real number y > 0, there is a sufficiently large n
such that P~" < y and y < P™. Note also that in the above sequence, each
element (except for 0) is obtained by adding its immediate predecessor for
P times.

For a positive real number z > 0, we can define an integer m(z) and a
natural number a(z) in {1,..., P — 1} as follows:

(a) If 2 =1, let m be the first natural number such that z < P™*! and n
be the first natural number such that z < (n+1)P™. Let a(z) = n and
m(z) =m.

(b) If z < 1, let m be the first natural number such that P~™ < z and n
be the first natural number such that z < (n +1)P~™. Let a(z) = n
and m(z) = —m.

Thus we have defined P™(*) and a(z) satisfying
a(z)P™3) <z < (a(2) + 1) PG,

Define for t = 0, 1,2,3, ..., natural number a,,(;)—(2) in {0,1,2,..., P—1}
by the following process:

(1) Let ) (2) = a(2).

(2) If we have P™(®)=1 <z —q,, ) (2)P™), then let n be the first natural
number such that z < (n + 1)P™®) =1 and define a,,,)-1(2) as
Up(z)—1(2) = n. If pr)-1 > 5 am(z)(z)Pm(Z), let ap,(2)—1(2) be 0.

(3) Suppose that a,,.)(2), Gm)-1(2)s -, Am(z)——1)(2) are defined. If
we have Pm(z)~t <, ZE;S Am(z)—i(2)P™) 70, then let n be the
first natural number such that z — Zf;é Ay —i(2) P71 < (n +
Pt and define a,,(;)—¢(2) as apo)—¢(2) = n. If PmEE >
z— Zf;é A (2)—i (2) P71 et apy()—4(2) be 0.

By the continuity axiom (the conditionally completeness) for R, we have
t—1
= | , m(z)—i
z tirgozgam(z)—z(z)P )
i—

i.e., the series Y570 @y (2)—i(2) P™*) % converging to 2.
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Based on the above process (1)—(3), let us define for a non-negative
real number x 2 0, P-adic expansion of x. Let n(z) = m(x) if m(x) is well-
defined and m(z) 2 0. If m(x) < 0 or is not defined, let n(x) = —1 and let
all undefined ay,(;)—¢ be equal to 0. Then, P-adic expansion of 2 =0 is the
following expression for x by the series converging to z,

xr = Zan(x),t(x)Pn(z)it.
t=0
For negative real number z < 0, the P-adic expansion of x is defined
through its opposite —z as — Y70 ay(—g)— PP

THEOREM Al.1: The conditionally complete ordered field, R, is an
uncountable set having a countable dense subset.

PROOF: Assume that R is countable. Then the subset Z = {z]z €
R,0 < z < 1} of R is also countable. Enumerate the elements of Z as
{20, 21, 22, .. .}. Take a natural number P =4 arbitrarily, and consider P-
adic expansions of elements of Z.

20 =) ey PO
t=0

2= Y Az PP
t=0

2= Y Azt PR

t=0
Note that since 0 < z, < 1 for all n = 0,1,2,..., P**»)~t i3 a member of
{P~t,p=2 P=3 ..} for every t = 0,1,2,.... By using the above list, let
us define a sequence {a;}:2, in {0,1,..., P — 1} as follows.

2 (lf an(zt),t = 1)
at = .
1 (1f an(zt),t 75 1)

Then, the series Z;io a; P17t converges to non-negative real number
2,<3P~! < 1. Moreover, the P-adic expansion of z, is precisely
S o ar P71t However, z, # 2z for ecach t = 0,1,2,..., since a¢ # ap(z,)—t
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for each ¢ = 0,1,2,... (Cantor’s Diagonal Argument), so we have a
contradiction.

R has a countable dense subset since for natural number P > 2, the
set of all real numbers whose P-adic expansion z = Y .o an(z)_tP"(Z)*t
satisfies a,,(,)—; = 0 for all sufficiently large ¢ is countable and clearly dense
in R. |

Urysohn’s Lemma

LEMMA AlL2: (Urysohn) Let X be a normal space and A and B be
two non-empty disjoint closed subsets of X. Then, there is a continuous
function f on X to [0,1] such that f(x) is 0 on A and 1 on B.

PROOF: If we consider the dyadic expansion (P-adic expansion for
P = 2) of each element in the interval [0, 1], it is easy to verify that the
following set,

Dz{%’méN,nGN,néQm},

is a countable dense subset of [0, 1]. Let us define a function g on a subset
of X to D by the following process. (In this proof, for each subset U of X,
the complement of U in X, X\U, is denoted by U*€. It would be helpful
in the next process to interpret U, /,, as the set preserved to have values
less than n/m under f and V;, /,,, as the set preserved to have values greater
than n/m under f.)

(1) For m = 0, define g(z) =0=0/2"onz € A and g(z) =1 =1/2"
on z € B. Let us define Vy = A°, Uy = B¢ Cy = V57 = A, and
C,=Uf=8B.

(2) For m = 1 and n = 1, define closed set Cy/51 = Cn/2™ as Cyjo =
Uf/21 N Vf/Ql, where Uy /o1 and Vj o1 are two disjoint open sets such
that Uy D A =V and Vi1 D B = Uf, and define g(z) = 1/2' on
Crjar-

(3) For m = 2 and n = 1,3, let us define closed sets C/52 and Cs/2 as
Crjp2 = Uf/22 01/16/22 and C3/92 = U?f/zg ﬂV3C/22, where Uy /32 and Vj /92
are two disjoint open sets such that Uy o2 D A = V{7 and V} 92 D Uf/zl,
and Us/p2 and V392 are two disjoint open sets such that Us 2 D Vf/zl
and V352 O B = U{. Define g(z) = 1/2? on Cy/e2 and g(z) = 3/2?
on 03/22.
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(4) Generally, suppose that for each natural number m < k and n < 2™,

the closed set C),/om is defined as C),jom = Un/Qm N Vn/zm and g(z)
is defined to be equal to n/2™ on C,,/om. For m = k and 2n + 1 =
1,3,...,2F — 1, let us define closed sets Cintry/2r as Clpyryjor =
U(C%H)/zk mV%n+1)/2k , where Uy, 4.1) 72+ and V(g,,41) 2+ are two disjoint
open sets such that Ugg,41)/2¢ D V7 o1 and V(g1 1)/26 D Un+1 k-1

Define g(z) = (2n+1)/2" on C(9,,41) 2+ for each 2n+1=1,3,. 2k 1.

We verify in the above process that all C(g,41)/2¢’s are non-empty and
mutually disjoint, so g is indeed well-defined.

Now let us define function f : X — [0, 1] as an extension of g as follows.
For each x € X, if x € C},jom = Uﬁ/Qm N VnC/Qm for some m =0,1,... and

n=0,1,...,2% let f(z) = g(x). If x ¢ Cpjom = Up jom N Vn/Qm for all
mée N and n =0,1,...,m, we can divide set D exclusively into two sets

v=1{n/2"z € Uyjem} and Dy = {n/2™"|x € V,,jom } as D = Dy U Dy
Note that for each » € Dy and s € Dy, we have s < r. Since D is dense
in [0,1], the partition Dy U Dy uniquely defines a real number ¢, € [0,1]
such that sup Dy = t, = inf Dy. Let f(x) = t, for such . By definition,
we have f(z) =0 for x € A and f(x) =1 for x € B, so it remains for us to
show that f is continuous. Since the class of all half open intervals forms
a subbase for the topology of R, it is sufficient for our purpose to show
that inverse images of intervals, f=1((r,1]) and f=1([0,r)), are closed for
each r € (0,1). Let = be an element of f~1((r,1]). Then, we have f( ) >
50 sup {n/2™ 2z € V,,jom} > r. Therefore, we can take m’ and n’ so that
’/2m >rand x €V, w J2m! - For each point z in the open neighborhood
n {QM/ of z, sup {n/2m| z € V,,jom } is greater than 7, so z is an element of
) and f~1((r,1]) is open. On the other hand, if z is an element of
f ([0,7"))7 we have f(x) <7, so inf {n/2™|xz € U, /om } < r. Therefore, we
can take m’ and n’ so that n//2™ < r and x € U,, /om’ - Again, for each
point z in the open neighborhood U, o, of z, inf {n/2m| 2 € Upjom} is
less than r, so z is an element of f~1([0,7)) and f~1([0,r)) is open. |

Partition of Unity Theorem
We can now prove the partition of unity theorem for normal spaces.

THEOREM ALI.3: (Partition of Unity) Let X be a normal space, and
let % = {Uy,..., Uy} be a finite open covering of X. There is a family of
non-negative real valued continuous functions, fi : X — Ry ..., fn: X —
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Ry, such that fi(xz) =0 for all x € X\U; for each i, and >, fi(z) =1
forallx € X.

PROOF: We may assume that X is non-empty, X\U; # 0 for each
i =1,...,n, and that we have a closed refinement ¢ = {C1,...,Cyp} of
% (whose existence is assured by Theorem 3.1.3 in Chapter 3) such that
intC; # (0 foralli =1,...,n.% Foreachi = 1,...,n, since C; and X \U; are
two non-empty disjoint closed subsets of X, there is a continuous function
F, : X — [0,1] such that Fj(z) =0 for all z € X\U; and F;(z) = 1 for all
x € C; by Urysohn’s Lemma AIL2. Note that {C1,...,C,} covers X, so for
each z € X there is at least one ¢ such that F;(z) > 0. Foreachi =1,...,n,

define f;(z) as fi(z) = Fi(z)/ X2, Fj(z). u

3If X\U; = 0 for some i, we may define f; as f;(z) = 1 for all z € X and f;(z) = 0
for all j # ¢ and z. If int C; = 0 for some %, then corresponding U; is not necessary for
family % to cover X, so we may define f; as f(z) =0 for all z € X.
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Vector-Space Topology

A topological vector space over R is a vector space having a topology on
which the addition and the scalar multiplication are continuous (Chapter 1,
Section 1.3.3). More precisely, on vector space X over R,

(LT1) (z,y) — = + y is continuous on X x X to X, and
(LT2) (A, x) — Az is continuous on R x X to X.

If A= {x1,...,2¢} is a linearly independent subset of topological vector
space over R, the bijective linear mapping f : R’ > (ai,...,a;)
a1r1 + - -+ agxy € L(A) is continuous, where L(A) denotes the subspace
of L spanned by the set of all linear combinations among points in A.
In this section, we see that if the topology of L is Hausdorff, f~! is also
continuous, so L(A) may be identified with §A-dimensional Euclidean space.
The discussion includes many important basic properties and concepts on
vector-space topology.

THEOREM AII1l: (Translation Invariance) If X is a topological
vector space over R, for each x* € X and for each \* € R\{0}, mappings
Xoz—zx+z"€ X and X 5 x— Ax € X are homeomorphisms.

PROOF: Since ¢ — 2 — 2* and 2 — A~ 'z are inverse translations of
x+— x+ x* and x — Az, respectively, the theorem holds by the continuity
of vector addition and scalar multiplication. ]

This assertion implies that in topological vector space X, the con-
vergence of net {z”} to point x* is equivalent to the convergence of net

263
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{z¥ — x*} to 0, and thus the vector-space topology of X is completely
determined by the class of 0-neighborhoods. Furthermore, as the next
theorem asserts, we can take a more specialized class of 0-neighborhoods
as a 0-neighborhood base. We say that a 0-nhd, U, is circled if for all A € R
such that |A\|<1, AU C U. A 0-nhd U is said to be radial if for all x € X,
x € AU for all A such that |A| is sufficiently large.

THEOREM AIlL2: (Circled and Radial 0-nhd Base) If X is a
topological vector space over R, there is a 0-neighborhood base 03 such that
(1) every V € B is circled, (2) every V € 0 is radial, and (3) for each
V €8, there exists U € W such that U +U C V. Conversely, for a vector
space X over R, by defining G C X open iff for each z € G there exists
V €9 such that z+V C G, a 0-neighborhood base 3 satisfying (1)—(3)
gives a vector-space topology.

PROOF: If W is a 0-neighborhood in X, (LT2) at (0,0) € R x X means
that there is a O0-neighborhood U and € > 0 such that for all A € (—e¢, +€),
we have AU C W. Define U(W) as U(W) = Uyg(_e, ) AU Clearly, U(W)
is circled. U(W) is radial by the partial continuity assured by (LT2) at
(0,z) € Rx X near 0 € R for each z € X, since AU is also a 0-
neighborhood by Theorem AII.1. The continuity (LT1) at (0,0) € X x X
means that there is a 0-neighborhood V such that V +V c U(W), so if
we take V(U(W)) for U(W) in exactly the same way as U(W) for W, we
have V(UW)) + V(UW)) C V +V C U(W). Hence, if we define 2 as
03 = {U(W)| W is a 0-neighborhood in X }, 2 is a 0-neighborhood base
satisfying (1), (2), and (3). To see the converse, we have to check (LT1)
and (LT2) for the topology given by a certain 2 satisfying (1)—(3). Since
for each z,y € X and open neighborhood = + y + W of = + y, there is an
element U € 2 such that U + U C W by (3), we have (LT1). In order to
check (LT2), assume that \¥ — A\* and 2¥ — z*. Take V € 2 arbitrarily
and Vi € U such that V1 + V4 C V. Let o = |A*|+1 and take U € 20 such
that alpha*U C Vi by using condition (3) repeatedly. There exists 7 such
that Vv > o, |\| < o*, ¥ —2* € U, and (\¥ — A*)z* € U since U is radial.
Then, for all v > U, we have \Vz¥ — \*z* = A (2" — 2*) + (A — \)a* =
(W /a*) (a*z” —a*x*)+ (A = A)z* € (W /a*)V1+U C Vi +V; C V, where
we use (AY/a*)Vy C Vi since Vi is circled. Hence, (LT2) holds. [ |

THEOREM AIIL.3: (1-dimensional Subspace) Every 1-dimensional
subspace of a Hausdorff topological vector space X over R may be identified
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with R. We can take the isomorphism as Axg — X for an arbitrarily fixed
element xq in the subspace.

PROOF: Let L = {A\xg|\ € R}, where g € X and zg # 0, be a 1-
dimensional subspace of X and let f : L — R be the function Azg — .
Since f=' : R 3 A — Azy € L is clearly a continuous bijection, it is
sufficient for our purpose to show that f is continuous. By Theorem AII.1,
it is sufficient to check the continuity of f at 0 € L. Assume that net {z"}
in L converges to 0. Since the vector space topology relativized on L is
Hausdorff, for all € > 0, there is a circled and radial 0-neighborhood V' of
L such that exg ¢ V and —exg ¢ V by Theorem AIIL.2. There is no Ax € V
such that || Z ¢, since V is circled. Moreover, since V' is a 0-neighborhood,
there is a 7 such that for all v > 7, ¥ € V, and thus f(z") € (—¢, +e).
This means that f({z"}) converges to 0 € R. |

Let M be a subspace of topological vector space X over R. Define an
equivalence relation Z on X through M as zZy iff x —y € M for each
x,y € X. On the quotient set, X/%, we may also define the vector space
structure over R as [z] + [y] = [z + y] and A[z] = [Az]. (Note that for
each z € X, [x] = 2 + M and the addition and the scalar multiplication
in X/% may be identified with those among scalars and subsets in X.)
Denote by ¢ the quotient map,  — [z] = = + M. Since for each open
set G in X, G+ M = U,,cpym + G is also open in X, by considering
the relation ¢~1(G + M) = G + M, ¢ is an open map (images of open
sets are open). This also means that if 2 is a 0-neighborhood base of X
then {¢(V)|V € G} is a 0-neighborhood base for the quotient topology on
X/Z%. By exactly the same reasoning, if 23 is a 0-neighborhood base, then
foreachy € X, {o(y+V)=y+V + M|V € G} forms the neighborhood
base at [y] =y + M € X/Z of the quotient topology. We denote by X/M
the quotient set X/% with the vector space structure and the quotient
topology.

THEOREM AIIL4: (Quotient Vector Space) Let M be a subspace of
topological vector space X over R. Then X /M is a topological vector space.
If M is a closed subspace, X /M is a Hausdorff topological vector space.

PROOF: To see that X/M is a topological vector space, we have to check
(LT1) and (LT2). Suppose that [z] + [y] = [z + y] and A[z] = [Az]. Let
20 be a 0-neighborhood base of X satisfying (1)-(3) of AIL.2. As stated
above, {¢(x+ V)|V € B} forms a neighborhood base at [x] of the quotient
topology for each x € X. By (LT1) for X, for each open neighborhood
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z+y+ W of x +y such that W € 9, there are open sets U, and U, in U0
such that (z+U,)+(y+U,) C (z+y+W). Therefore, p(z+U,)+¢(y+U,) C
¢(x +y+ W), so (LT1) holds in X/M. In exactly the same way, by (LT2)
for X, for each open neighborhood Az + W of Ax such that W € 20, there
are open sets Uy of A € R and U,, € U such that a(z + U,) C Az + W for
each a € Uy. Therefore, we have ¢(a(z + Uy)) = agp(z + Uz) C d(Ax + W)
for each a € Uy, so (LT2) holds in X/M. Lastly, if M is a closed subspace
of X, each element [z] = = + M of X/M is also closed in X. For two
elements [z] = ¢ + M and [y] = y + M such that [z] # [y], there is an
element V of 2 such that x + V Ny + M = (. If we take U € 0 such
that U+ U C V,wehave x + M + U Ny + M + U # (. This is because
T+ my 4+ uy =y + mo + uy for some my,me € M and uy,us € U implies
that ¢ + w1 + (—u2) = y+mo + (—m1),so e +U+UNy+ M # 0.
Hence, we can take two disjoint open neighborhoods of [z] and [y] in X/M
as o(x+U) =2+ M+ U and ¢(y + U) = y + M + U, respectively, and
thus X/M is a Hausdorff topological vector space. |

We call X/M the quotient (vector) space (the quotient set under the
quotient vector and topological structures) of X relative to M.

Net {2} in topological vector space X over R is a Cauchy net if for all
0-neighborhood U there exists o such that for all u, v > v we have ' —x" €
U. 1t is obvious that every converging net is a Cauchy net. Vector space X is
said to be complete if every Cauchy net {¥} in X converges to a point in the
space. In R™, every Cauchy net is a converging net, hence R" is complete.
Indeed for e > 0, there exists 7 such that for all p,v > 7, ||z# — 2¥|| Se,
so all u = 7 belong to the compact set B = {y € R"| ||y — 2""|| < €}. Then
there is a converging subnet of {z”} converging to a point z* € B. It is
easy to check that {z"} converges to x*.

THEOREM AIL5: (Finite Dimensional Subspace) Every n-
dimensional subspace of a Hausdorff topological vector space X over R may
be identified with the n-dimensional Euclidean space R™.

PROOF: For n =1 the theorem holds by AIIL.3. Assume that the theorem
holds for n = 1,...,k. We see the case for n = k + 1 in the following.
Let {z!,...,2% 21} be a linearly independent subset of X. Denote
by L(k) and L(k + 1) the subspace of X spanned by {z!,...,2*} and
{z!,... ¥ x¥*+1} respectively. By assumption, we may identify L(k) with
RE. L(k + 1) is a Hausdorff topological vector space over R, and L(k)
is a subspace of L(k + 1). Assume that a net {z"} in L(k) converges
to a point z* € L(k + 1). Let 23 be a 0-neighborhood base satisfying
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(1)=(3) in Theorem AIL2. Then for all V € 2, we have U € U such
that U + U C V and » such that for all v > 7, ¥ € 2* + U. Since for
all pv > o, a2t —a2¥ = (2t —2*)+ (z* —2¥) e U4+ U CV, {z"} isa
Cauchy net in L(k). Since L(k) is identified with R™, net {z"} converges
to a point 2’ € L(k). Moreover, since X is a Hausdorff space, 2/ # z*
is impossible. It follows that L(k) is closed in L(k + 1). Then by AIl.4,
L(k + 1)/L(k) = {\z**! + L(k)|\ € R} is a 1-dimensional Hausdorff
topological vector space, and thus by AIl.3 it may be identified with R.
Let L be the subspace of X defined as L = {\z**1|\ € R}. As a 1-
dimensional subspace of X, L is identified with R, so L x L(k) is identified
with RETL. Define g : L x L(k) > (A1 2) v Xa*+l + 2 € Lk + 1).
We can see easily that g is a continuous bijection. Theorem AIIL.3 gives
an isomorphism v on L(k + 1)/L(k) > Aa**1 4+ M +— \aF*! € L. Let us
consider v o ¢, where ¢ is the quotient map on L(k + 1) to L(k+ 1)/L(k).
Then L(k +1) 3 z — (v(¢(z)),r —v(¢(z))) € L x L(k) gives the inverse
function of g, which is clearly continuous, so g is an isomorphism between
L x L(k) and L(k +1). [ |

Hahn—Banach Theorem

LEMMA AIL.6: Let L be a Hausdorff topological vector space over R with
dimension greater than or equal to 2. If there is a convex open set A C L
such that 0 ¢ A, there is a 1-dimensional subspace of L which does not
intersect with A.

PROOF: If A = (), the assertion is obviously true. Let us consider the
case with A # (. Denote by K(A) the cone with vertex 0 generated by A,
ie, K(A) ={x € L|z = Ay, A € Ry4,y € A}. Since for each z € K(A),
—x cannot be an element of K (A) (if \a = —Xa’ for some a,a’ in A, we
have Aa + Na’' = 0), there is a 2-dimensional subspace L(2) of L such that
the convex open cone, K(A) N L(2), is pointed (i.e., if z € K(A) N L(2),
—x ¢ K(A) N L(2)). By identifying L(2) with R? (Theorem AILS5), we
can find that the intersection of K (A) N L(2) and the unit circle (i.e., the
range of the projection A 3 2 — 1/||z||) is a connected open arc having no
diametrical points. Therefore, there is an element, z(, in the unit circle such
that both x¢p and —x( are not elements of K(A). Hence, the 1-dimensional
subspace given by xg does not intersect with A. ]

The above lemma together with Zorn’s lemma provides the following
geometric form of the Hahn-Banach theorem.
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THEOREM AIL7: (Hahn—-Banach: Geometric Form) Let L be a
topological vector space over R and M be an affine subspace of L such that
there is a non-empty convexr open subset A of L which does not intersect
with M. Then, there is a closed hyperplane H in L which contains M and
does not intersect with A.

PROOF: By using a translation, if necessary, we may assume 0 € M, so
M is a subspace of L without loss of generality. Since A is open and M is a
subset of closed set L\ A, we have cl M N A = (). Denote by 991 the family of
all closed subspace of L which does not intersect with A. 99t is non-empty
since cl M € 9. If M1 is ordered by inclusion, every totally ordered subset
{M;|i € I} of Mt has an upper bound cl({J;c; M;) in 9T, and thus by
Zorn’s lemma, for cl M, there is a maximal closed subspace M, D cl M in
1. Let us consider the quotient space L/M,. Since M, is closed, L/M,
is a Hausdorff topological vector space by AIl.4. The dimension of L/M,
is greater than 1 since A is non-empty. If it is greater than 1, there is a
1-dimensional subspace of L/M, not intersecting A + M,, i.e., an element
xg € X, w9 ¢ M,, such that Azg + M, N A+ M, = 0 for all A € R.
This implies that the closure of the linear subspace including M, and z(
does not intersect with A, which contradicts the maximality of M, as a
closed subspace of X not intersecting A. Therefore, we have a closed linear
subspace M, of X such that X/M, is 1-dimensional, i.e., there is an element
x1 € X such that X/M, = {A\z1 + M| X € R}, so if we define f: X — R
as f = vo ¢, where ¢ : X — X/M is the quotient map and v is the map
v:X/M 3 Az + M, — A, we have M, = {z € X| f(z) = 0}. |

In the above proof, it is easy to see that f = v o ¢ is continuous since
v is (by AIL2) nothing but the isomorphism between the 1-dimensional
Hausdorff vector space X/M and R. Generally, for a topological vector
space X over R, the existence of a closed subspace M such that X/M
is of dimension 1 is equivalent to the existence of a non-zero continuous
real valued linear function f on X. It is also important to note that the
existence of a non-zero continuous real valued linear function on X may
be characterized (by the geometric Hahn-Banach theorem) through the
existence of non-empty convex open set A # X.

COROLLARY AILS8: If X is a topological vector space, the existence of
a non-zero continuous real-valued linear function on X is equivalent to the
existence of non-empty convex open subset A # X.
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Usually, the Hahn—-Banach theorem is given in a form that maintains
the existence of a continuous linear extension to the total space of a
continuous linear form on a subspace. In the next form of the Hahn—Banach
theorem, no topological structure is presupposed on the vector space. It
essentially asserts, however, the existence of a continuous extension of linear
forms defined on its subspaces.

THEOREM AIL9: (Hahn-Banach: Analytic Form) Let L be a
vector space over R and M be a subspace of L. Assume that there is a
linear form g on M such that for some a € R and non-empty radial circled
conver subset A of L, g(z) < « for all z € AN M. Then, there is a linear
form f on L extending g and satisfying f(z) S« for all z € A.

PROOF: If g(x) =0 for all € L, the assertion is obvious. Assume that
g(x) # 0 for some = € L. Let us define a 0-neighborhood base 2 of L as
B = {(1/n)A|n=1,2,...}. Since U satisfies (1)—-(3) in Theorem AIL2, it
gives a vector space topology such that G C L is open iff for each z € G
there is an element V' € 0 such that 2+ V C G. Then intA 3 0 is a
non-empty convex open subset of L not intersecting {z € M|g(x) = a},
where {x € M| g(z) = a} # 0 since g(z) # 0 for some = € L. By Theorem
ATL7, we have a closed hyperplane H of L that contains {z € M| g(x) = o}
and does not intersect with int A. Given a linear form F': L — R such that
F(z) = ( for each © € H, we can define f : L — R as f(z) = (a/B)F(z).
]

COROLLARY AIIL10: (Hahn—Banach: Locally Convex) In topo-
logical vector space L having 0-neighborhood base 3 consisting of convex
sets (locally convex topology), every continuous linear form g on subspace
M of L to R has a continuous linear extention f on L to R.

PROOF: If g(x) = 0 for all € L, the assertion is obvious. If g(z) # 0
for some = € L, since g is continuous on M, for each € > 0, there is a
0-neighborhood V' in 23 such that on V N M, g(z) < e. Hence, by Theorem
ATL.9, g has an extension f such that f(x) < e for all x € V. By considering
the fact that V' is circled (AV C V whenever |A| £ 1), we have |f(x)| < e for
all z € V. Linear form f is continuous since |f(z)| < e/n for all z € (1/n)V
foralln=1,2,.... |

Given a radial circled convex subset U of vector space L, mapping
pu 1 L — Ry defined as

pu(x) =inf{\ € Ry|z € \U}
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is called the gauge function of U. A gauge function of radial circled convex
subset of vector space L is also called a semi-norm on L. One can prove
that if p is a semi-norm on L, it satisfies the following two conditions:

(i) p(z +y)=p(x) +p(y) for all z,y € L.
(ii)) p(Ax) = |A|p(x) for all A € R and = € L.

Since 0 = [0|p(z) = p(0z) = p(0) = p(—= + z) =p(—=) + p(z) = 2p(z) for
each z € L, p(z) 2 0 automatically follows from (i) and (ii). It is also easy
to see that p is a gauge of {x € L|p(z) < 1}. A norm is a semi-norm such
that p(xz) = 0 means « = 0. It is worth remarking that the Hahn-Banach
theorem has the next general form based on the concept of semi-norm.

THEOREM AIIL11: (Hahn—Banach: Semi-norm Form) Let L be a
vector space over R and M be a subspace of L. Assume that there is a
linear form g on M such that for some semi-norm p on L, g(x) < p(x) for

all x € M. Then, there is a linear form f on L extending g and satisfying
f(z) Ep(x) for allz € L.

PROOF: Let A be the radial circled convex set {x € L|p(z) < 1}. Then,
we have g(z) <1 for all z € AN M. Hence, by AIL9, there is a linear form
f on L extending g satisfying f(z) <1 for all z € A. Since p is a gauge
function of A, we have f(z) < p(x) for all x € L. |

Separation Theorem

Now we can prove the first separation theorem as an immediate consequence
of the Hahn—Banach theorem (AILT).

THEOREM AII.12: (First Separation Theorem) In topological
vector space L, if A is a convexr set whose interior, int A, is non-empty
and B is a non-empty convexr set such that int AN B = (0, then closed
hyperplane H exists that separates A and B. If both A and B are open, we
may choose H so that A and B are strictly separated.

PROOF: Let C be the set —A+ B. Since — int A+ B is an open subset of
C, the interior of C, int C, is non-empty and 0 ¢ int C. The interior of C' is
convex since C = —A + B is convex. Therefore by Theorem AIIL7, there is
a closed hyperplane Hy in L which contains 0 and does not intersect with
int C. Let f be a continuous linear form on L such that Hy = {x € L| f(x) =
0} and f(c) > 0 for all ¢ € int C. Then, for each a € int A and b € B, we
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have f(—a+b) > 0, s0 f(b) > f(a). If we take ¢ =sup {f(a)|a € int A}, we
have f(a)<c for all a € A and f(b) 2c for all b € B, and thus H = {z €
L| f(z) = ¢} is the closed hyperplane separating A and B. If both A and B
are open, we can see that there is no a* € A (or b* € B) such that f(a*) = ¢
(or f(b*) = ¢). Indeed, by AIL3 and AIL.4, the quotient 1-dimensional
Hausdorff topological vector space L/Hy can be identified with R, where
by taking x; € X such that f(x;) = 1, we can define an isomorphism
h:L/Hy — R as A[zg] — A. Since for each x € X, [z] = (f(z)/f(x0))[zo]
in L/Hy, the isomorphism A is nothing but the mapping [z] — h(z). Since
the quotient map ¢ : L — L/Hj is an open map, both ho¢(A) and ho¢(B)
are open subsets in R. If there exists a* € A (or b* € B) such that f(a*) = ¢
(or f(b*) =c¢), hoop(a*) = f(a*) = ¢ (or hop(b*) = f(b*) = ¢) is an interior
of the open set hop(A) = f(A) (or hog(B) = f(B)) in R, which contradicts
the fact that f(a)Scforalla € A (or f(b) Zc for all b € B). [ |
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In Chapter 9, the set-theoretic methods necessary for logical arguments in
Sections 9.2 and 9.3 are restricted to finitistic ones. It would be appropriate,
however, to refer to some transfinite arithmetical concepts like ordinals,
cardinals, and Continuum hypothesis at least to the minimum extent,
because they are fundamental tools for standard axiomatic set theory.

Ordinal

Set x is called an ordinal if (1) relation € restricted on z is transitive,
ie, Vyvz(((y € ) A (2 € y)) — z € x), (2) relation € restricted on z
is irreflexive, i.e., Yy((y € ) — (y ¢ v)), and (3) z is well-ordered by €
(precisely, under the relation (y € 2) V (y = z)). For example, all natural
numbers are ordinals. (Indeed, if  is an ordinal, then | J{z, {z}}, denoted
henceforth by x + 1, is an ordinal.) We can also verify that if X is a set of
ordinals, then [ J X is also an ordinal. The above condition (1) is equivalent
to saying that every element of x is a subset of x, so every element of
an ordinal is also an ordinal. No ordinal can be an element of itself. (For
if z € z, relation € on z fails to be irreflexive.)! The set of all natural
numbers, N, (under (S6)) is an ordinal. We usually denote it by w instead
of N if we treat N as an ordinal. If z # () is an ordinal, €-least element
(more precisely, “€ or =”-least element) of x must be the empty set (). (By

LIf we treat the class of all ordinals, ON, as a set, we have a contradiction. Indeed, if
ON is a set, ON itself also satisfies (1) and (2), and thus it is verified to be an ordinal.
Accordingly, we have ON € ON, which is impossible, since no ordinal x can be a member
of itself (Burali-Forti Paradox).

273
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using this, we may assure that if  and y are ordinals, one (and only one)
relation of the following holds: z € y, x = y, y € z.) Ordinal w is the &-
least infinite ordinal. Moreover, if we denote by w+1,w+2,... the ordinals
(Hw, {w}}, {w + 1,{w + 1}},..., respectively (under (S2)), and for the
limit by taking the union (under (S4) with (S7)), we have w + w = 2 - w.
Then, 3-w,4-w,..., w w. We refrain from denoting w - w by w? since we
want to reserve notation AP for the set of all functions on B to A.? For each
set z, under ZFC, there is a well-ordering < on x (Well-ordering Theorem).
With respect to well-ordered set (z, <) (set z having well-ordering < on
it), we have the following theorem.

THEOREM AIIL1: (Ordinals and Well-ordered Sets) Under ZF,
if (x,2) is a well-ordered set, then there is a one to one, onto, monotonic
function f on x to a certain ordinal (y, €).

PROOF: If z is empty, there is nothing to be proved. Assume that x #
(. Since x has the <-least element and clearly has a one to one, onto,
monotonic relation with the ordinal {0} = 1, the subset z of z, which
consists of all u € x such that the initial segment y(u) = {v|v <wu} has
a one to one, onto, monotonic function on it to a certain ordinal, is not
empty. If z # z, since x is a well-ordered set, there is a <-least element u*
in x \ z. Note that since each v € z has the one to one function f* on y(v),
we can see that z = (J{y(v)|v € z} itself has a one to one, onto, monotonic
function f# on z to the ordinal |J{f"(y(v))|v € z}. We can extend f* to
f* on u* by defining f*(u*) = U{f"(y(v))|v € z} + 1, which contradicts
the definition of z. [

Cardinal

Since two ordinals y and z are equal if there is a one to one, onto, and
monotonic function between them (consider the least ordinal in y U z that
fails to satisfy the required property), the ordinal assured to exist in the
above theorem is unique. By considering the above result together with
the well-ordering theorem, we may correspond each set x with a certain
ordinal. Note, however, that the possible well-ordering on x is not unique.
(For example, on N, we may consider well-orderings like those of w + 1,

2Unfortunately, we cannot reconcile the latter usage with the former. Note that w - w,
w- (w-w),..., including the limit - - - (w - (w-w)), may be considered countable unions of
countable sets. The latter is not countable even in case 2V .
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w ~+ 2.) In general, if set = has a one to one and onto function f* on z to
a certain ordinal y, then the €-least ordinal Card(z) (e.g., as an element
of y + 1) satisfying the same property (i.e.,  has a one to one and onto
function on z to it) exists, and this is called the cardinality of x. In this case,
Card(Card(x)) = Card(z) is satisfied. Ordinal z, satisfying z = Card(x),
is called a cardinal. All natural numbers are cardinals, and w is the first
infinite cardinal. In this sense, we write Rg or wy instead of w to emphasize
the feature. For each infinite ordinal z, consider the set O(z) = {=X | =
is a well-ordering on z}. Each <€ O(x) defines one ordinal x(=) by the
previous theorem, and by replacement axiom (S7), we have set A = {z(=)|
=< € O(z)} of ordinals. Then, we cannot have a one to one and onto function
f between two ordinals J A and x. (See the proof of the next theorem.)
Hence, we have the following assertion, which is obvious if we use power set
axiom (S5) and well-ordering theorem (or equivalently, choice axiom (S9)).
In the next theorem, we do not require the axiom of choice.

THEOREM AIIL2: (Existence of Arbitrarily Large Successor
Cardinals) Under ZF, for each ordinal x, there is a cardinal x+, the least
cardinal which is greater than x.

PROOF: Indeed, if a one to one and onto function f : x — [J A exists, we
have a well-ordering on z corresponding to the well-ordering on | J A through
fin O(z), so |JA € A. Since z is an infinite ordinal, by replacing the least
element of = as the last element of z, we can see that x+1 € A. Then, since
|J A is the set of elements of elements of A, and since x € = + 1, x is an
element of | J A. Hence, |J A is also an infinite ordinal. Again, by replacing
the first element of | J A as the last element of it, we can also see | J A+1 € A.
Then, since [JA € (U A+1), and since | J 4 is a set of element of element of
A, we have |JA € |J 4, a contradiction. (No ordinal is a member of itself.)
It follows that Card(|J A) is greater than x, so under the well-ordering on
(U A, there must exist 2T, the least ordinal whose cardinality is greater than
x, which is nothing but the least cardinal greater than z. ]

Continuum Hypothesis

We call 7 the successor cardinal of x. We denote by N; the successor
cardinal (Ng) ™. Under the well-ordering theorem (hence, under ZFC), power
set & (Ny) can be well-ordered, so we can define X = Card(Z? (Xg)). The
next assertion is known as the Continuum Hypothesis.
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(CH) Continuum Hypothesis.
The cardinality X of & (Rg) (defined under ZFC) is equal to Rj.

It can be proved through a finitistic method called forcing that if ZFC +
CH (or ZFC + —CH) is inconsistent, then ZFC is also inconsistent. In

other words, as long as ZFC is consistent, there is no proof in ZFC for CH
or ~CH.?

3If ZFC + —~CH (or ZFC + CH) is inconsistent, then by the Compactness Theorem
there is a list of finite axioms in ZFC + —CH (or ZFC + CH, respectively) proving
the contradiction. The method of forcing, however, gives a general finitistic way of
constructing a model in which the list of axioms holds, so we have a contradiction under
ZFC. See, e.g., Kunen (1980, Chapter VII).
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